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and therefore CM 1, Prop. 4.3 Munkrcs) id
i re AL 1L Prop. 4.3 (2 >5) po 1] Adso 1t s el e
czlnél\lCA-—(hm SA. Thus 57 is 2-CML. Conversely, if we supposc Ht;l;ttlrsg] :;
2- e thelj }.1) is CM and if visa vertex of A, then S(AN v)=SAN v which
im,plics, by the Corollary 1. that AN x is CM. Because dim S{AN 1) =dim SAN
\_(l)nn SA it follows that dim AN v==dim A and thus A is 2-CAI ‘.
{\(’FEI(H;I"’ II]. i _S"g is ACM for an integer 221, then A is CM .
__Infact. Lkya=2 and therclore if SA is ACM then A is CM. Generally
if S*Acls ﬁ(,!\[,;]u:;] S"1A is CM and by Corollary 1, A is CM. e
orollary 4. it intege ' o) & is CM 3
(A C}?, S for an dnteger w z 1, Proj(k[S"A]) is CM then Spec
Theorem 2. 5™\ is « Gorensicin simplicial ¢ ffAq
' : - s ; icial complex 1f f A 4s sa,

I Proaf. By md}lcuc'm' on u, it is sufficient to prove t'hju statement for
%= .ILel A be a simplicial complex over the vertex set V. Let Py be the
c?!o 0_ tf\_._ Le. the subcomplex of A gencrated by the vertices x €A for which
stav={FeA/FU{x}}# 1. Then, by [1, Th. 5.1, p. 75] A is Gorenstein

iff for all FeTy; H(Lke, F k)= ko i=dim Lkp 7
g . f 0,7<dim Lky \[F
-~vow, the theorem follows from the relation I'oy=5SI"y. This relati
i eIy 0 = . s relation holds
btu:u—xsu _1f. X 15111 vertex of I'y, then st.h\.\‘:f-l':u;\cl st_‘-;\'z‘g(st_\x), thlcr::?o(rg
s'l,m.xaé'l U{o, b} and this proves that v is a vertex of I'.y. Then, since ob-
\_musly a, L‘LEFS_\, we obt;nn the inclusion STy =Ty, Conversely, if v is a
\ertex\lof I 3 then v =51y because xefa, b} or vel,, hence T S ST,
_.“clm we can apply the same reasoning as in the proof of Theorem 1.
0 eorem 3. /f S"A s a Buchsbaum simplicial complex, then A is so.
e 1_tI'oof. By induction on #, it is sufficient to prove the statement for
1==1. 1enc;h suppose SA a Buchsbaum simplicial complex over k. This
means [1, Th. 8.1, p. 84] that for all F=SA, F# (5, H(LkuF; &) i
e : J . ? ’ salt ] kT:O’ if
;]d m Lké_x‘I'. If FeA, F# ¢, then as in the proof of ‘the ’i"hcorm)n 1 we
k)a\- ;?S(I(.;(_\II‘}? =rI.k5_~.F._B}-‘ the suspension isomorphism it follows H,(LkaF ;
= rrid (KA I,")=Hf+ (Lk.-AF 1 R)=0,if 14-1 <dim Lk F=di Al ’
41, uRhmh I;eroves that Alis Bsuchsba)lum. | = dm LR F
emark 2, Generally the converse of Theorem '3 i g
Fon . . s not true. In
ifact,Bf “f! cons c'1c1, fo;* example, & a triangulation of the torus, then A
Is ah uchsbaum simplicial complex. If F is a vertex, then the space of LkyF
1s homotopy equivalent to S! and therefore H;(Lk F ; A)=H{S':

. . X S (LksF R H(ST; k)=0,
for 1<l If Fis an l-simplex, this is a face of just two %—s?mﬁ)lexcs)nnd
therefore the space of the subcomplex LkyF is S°, for which fi’-(Lk_;F s kY=
- o . - i . - . - ! ‘ ! ’
=H (5" ; k)=0if: <O=c'11m Lk,F. Finally, if F is a 2-simplex, then Lk F =
='? and H(J ; k)=0, if 1 < —1=dim @. Thus A is a Buchsbaum simpli-
cial complex. But SA not is so, since if we take F=a, then Lk. F=A and
we have H,(LkooF ; k)=H,(A ; k)=2k#0 although dim Lk F=dim A=2.
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FLATNESS CRITERIA FOR LASKERIAN RINGY
BY
RADU URSIANT

Let 4 be a commutative unity ring. £ an A-module and FzlL a
submodule. Denote the radical of F in E by rg{F)={4 edfyve E, IneN,
a"ve F} and thisis an ideal of 4. The sulmodule F#F is called primary,
if for cach a =.1 and for cach xek, gy =F implics a ery(F) or x&F. The
radical of a primary submodule I is a prime ideal of .1, denote it by P,
and F is called P-primary. The .l-module [ is called a laskerian module,
if every proper submodule of E is a finite intersection of primary submo-
dules of £. A laskerian module is called strong laskerian, if for anv submo-
dule F, there exists # =N such that (r.(F))". E<F. The ring A is called
laskerian or strong laskerian, if it is so as an A-module.

\We remind other facts which are necessary for presenting our results,
Aun A-module E is flat, if for each exact sequence 0—F'—F, the scquence
0—F'® . E—-F®4E is exact. For a morphism of rings i : 4—B and two
modules E over A and F over B, therc exists the exact  scquence of B-
modules : Torf(FE, B)®F—Tor{ (L. F)=Tor{(E®.B. F) (sce (1. V. 3.7.1).

Given an ideal 7 of A, we have the graded ring gr,(.~[}-_®ogr"(.4)

i

and the graded meodule gr,(F}, where gri(A)=A[] and gr, (4}, gr,{E)
are A/I-modules. Therc exists a surjective morphism of .1/I-modules y4.1.2
from gr,(A)@anE[IE to gri{E), defined by v, g (B®u)=v, with B=(3}iz0.
B, being the class of an element b,eIi modulo [+, 2 a class of an element
m;EE modulo 7E and v={(v,};za v; is the class of the clement & n modulo
PHE.

Theorem 1. ([11, IV, 6.12). Let A be a commntative ring, 1 an wdeal
of A and E an A-module. Consider the conditions : a) E is a flat A-module ;
by EIIE is a flat A[I-module and Tor{(A/I. E}y=0; ¢} E/IE is a flat A[l-
modtle and Yap.x 1S an isoviorplism | d). E/I™E is a flat A{I™module, for
any n2 1. Then the following implications hold : a) =b) =c) =d). If Ais
laskerian, T is a finite type ideal and E is ideal-separated in the I-adic fil-
tration, then the conditions given above are equivalent.

It is obvious that in the case A is laskerian Theorem 1 gives criteria
for E to be flat. We obtain another criterion for flatness in:

Theorem 2. Let u: A—B be a morphism of laskerian rings and let I
be a finite type ideal such that IB is included 1n the Jacobsen radical of the
ring B. If E is a finite type 3-module, then the following statemicnls are equi-
valent . a) E is a flat A-moaule ; b) E[IE is a flal A|l-module and
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Tor{{A/[,EY=0; ¢). E[E is « flat All-module and v, 5 15 an
isomorphism . d). (A/I"@.E 1is a flat A["-module for any neN.

Proof. The implications a) =»b) =c¢) =>d) result from Theorem 1.
To prove d) =a), let us note that for F a finite tvpe submodule of E.
F® I is ideal-separated in the 7 B-adic topology, then I is ideal-separated
in the [-adic filtration. hence K is a flat 4-module.

Renarks. 1. In the proof. we use the Lemma 1.4 ([3], §2): ,Let 4
be a ring. [ an ideal of finite tvpe of 4, E a laskerian finite type 4-module.

If I is containcd in the Jacobson radical of A, then ﬁol"E=0”.

2. If Bis an A-algebra, A is a laskerian ring and B is a strong laske-
rian ring, then the condition of finitness of the ideal / can be cancelled
{sec [31, § 2, 1.5).

Denote by A4 the /-adic completion of the laskerian ring 4 and assume
that A is also a laskerian ring. (Although this statement is not proved, all
the laskerian rings which arc known have this property).

We can state now some flatness criteria in terms of A, whose proofs
are based upon Theorem 1, Remarks 1 and 2.

Corollary 1. Let A be « laskerian ring, I an ideal of A of finite type, A
the completion of 4 into I-adic topologv, A laskerian. Then A 1s a flat A-
modil .

Corotlary 2. Let 4 be a strong luskerian ring, I an tdeal of A and 4 the
I-adic completion of 4. If A is a laskerian ring, then 4 is a flat A-module.

Corollary 3. Let B be an A-algebra which is a laskerian ving, I a finite
Lype tdeal of A with IBSry(B), E a finite type B-module. If E is a flat A-
module and E[IE is ¢ flat B{IB-module, then E is a flat B-module.

Proof. Consider the diagram :

gry AT @, 1 (E1IE) dane

—= gry(E)
(E/IE] /
GB/N {B,IB,E

A IBB gr;(B) e (E/ IE)
B/IB

All the morphisms in the diagram are surjective by construction or because
the functor — ®@uxE//E is exact, and, since y, . ¢ is bijective (E is a
flat A-module), the other two morphisms are bijective. Now B is a laskerian
ring, 7B is a finite type ideal of B, E is ideal-separated in /B-adic topology,
since E is a laskerian B-module, 7B is contained in the Jacobson radical
of B. By using Theorem 1, we obtain that E is a flat B-module.

Corollary 4. Let A= B5C be an exact sequence of local morphisms and
laskerian rings, 4 being a flat morphism. Let E be a finile type C-module and
I a finite type ideal of A. The following statements are equivalent : a). E

e
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'S B-module: ) E is a flat A-module and E[IE 15 a flat B/i B-module.
: afl"ll'to prove it, W()r appl_\-‘fCorollary 3 and Theorem 2 (for v : B—C, the
ideal 1B and the C-module E). . . _

Proposition. Lef v: A—B be a norphism of lasieu_frumﬁrmgs and Lot [
be a finite type ideal of sitch that 1B= ru(B). Letu: E —F bea ;.narphesm
of finile type B-modulgs, E being a fl:rt_,.:l-modnlcr. The fcllowing .stcrtem‘enés
are equivalent @ a) u is injective and E .=.Cokcr HoiS f‘l-':'rt A-module ; f])
1 =A@ a1 A/IQ . E' - A[I@AE is injective and EVIE" is a flat All-
nlﬂti!t!};roof. a)=b): By applying the tensor product by I to the exact
sequence 0—E'=> E— ["—0, we obtain the exact sequence 0=Tor{ (.»f!].{,
E'"Y— A .'I®_4E’-+.~’1/I®_4E-ul.']®_4E”——>0, since E" is ftlat. '?her_'f*'fqrc u' s
injective, and, by applying Theorem 2, it follows that E''[JE'" is a flat
i IT;:))(L’ULL) First, by using Theorem 2, we optai}}‘ that £’ is a flat A-
module. Then, the exact sequence 0—Im u—E—E'" gives us that Im«
is a flat A-module. The exact sequence 0=Torf(A[I, Im 1)—.1[/I@ Ker u—

—>A[I®1E'-'—'>,-1/I®,,Im u—0 gives that v is an isomorphism. [ being a
finite type ideal of 4, we can apply the Nakayama lemma to (Ker #/IKer u)=
=0, ar.d we obtain Ker =0, hence u is injective.
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