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TERNARY FORMATIONS

BY
ION CREANGAX

The ternary formations or triads 12} are classes of new objects gene-
rated by three objects which belong to three different sets {classes). We extend
here, for ternary formations, some properties of binary forma tions.

I. Ternary relations. The ternary relations on the sets M, M, M,
are the subsets of the cartesian product My x My x My They form a Boolean
algebra. In the case M, =M,=1,=M, we clasify the ternarv relations
In a4 manner th-at recalls binary relations : a}. Refie vivity relations R, R,
Ry, R, respectively on the left side, on both sides, on the right side, total,
Le. for any v, ve i, (v, v, V)= Ry, (v, v vyeR, (x,v,v)eR,, (x jr, a)e
€R,. Clearly R,c R, R,n R,.b) Symmelry relations S,,'S,, S, S: S, (with
the sense as above, S, means cyclic); if for any 1, v,z W, we have :r(.r, \, e
= 5, implies (_y, X, 5} €5, and so on, c). Transitivity relations T,, T, T,. T
(the last being of absorltion), if (x, 1, 2), (s #, 2) = Ty=(x, u, 6’) t-:-r'}',:
(% 3 2), (2. v, u) = Ty=(x, vyu)eT,; (v.a,2), (7,2, 0)= T=>(x,v,uyeT,;
(Vv z) (3 zou), (20, vy e T, v, a), (o, v,3)eT ' B

. A ternary preordering on the left side (resp. on sides or on the right
side) is a left reflexive, transitive, ternary relation (resp. on sides or on the
right). A left ternary equivalence is a left reflexive, transitive, svmmetric
ternary relation. A left ternary preordering having the property : (x, v z)
(¥, .7} €0=x=y is called a partial ordering on the left side. o

. 2. Ternary operations. The ternary operations on the set M are map-
pings < MM M=, (x.y,2), ={=}M. The pair (M, <) is called a
ternaryv groupoid. There exist classes of ternary groupoids which extend
some propertics of binary groupoids. So there exist ternary groupoids with
left (resp. right or two-sided) commutativity, if for all v, y, ze M, we have
(x,_ ¥y m)=(y, v 1) (resp. {v, ¥, 2). =(x, s, 3 or (X, 3, ,:f)..;. (2, 3, x). ; there
exist {ernary groupoids with cvelic commutativity : (x, ¥, 2).={, z, ¥); or
with total commutativity, when the three factors which form the t’ernrary
produc‘t can be changed one another.

. For the ternary groupoids, different manners to introduce the asso-
ciativity have been studied. By extending the associativity from the binary
opera‘glons to the ternary ones, we give the definitions :

1) The operation < is left associative, if ({2, v, 2)e, 1ty 2)e=(x, (v, 2, ).,
)., fo.{)anyl v, gv,h;;, 1, v%ﬂt{ ; th?n (M, <) is a lefl ternar se;m'grouj:. -

) = 1s right associative, if (v, (v, z, )., v).={x, v : (A
is a right teruafv sentigronp. 8 0 % ), whomm(in & % 2))s: (3, )
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i) The two-sided associativity of < 150 (x4, o) o, )= (1, v,
(%0, ¢).), forany elements of M (M, <) is a fivo-sided  ternary semigroup.

iv) If two of the above properties are [ulfiled. then the third is also
fulfiled and we sav that < is totallv associative and (M, =} is a fernary semi-
gronp. ([, 67).

v) S.AL Kiss and G. Birkhoff (17 proposed in 1947 for ternary strue-

tures in lattices the associativity : (x4 v, =)o, o, 2o = ({1 0, v}, v (2, 4, 9).)..
vi) V.V Vagner (4, in 1952, used the associativity : ((v, v,
z)oou, v) == (oo vho vl v (2 0, 0)l)s
vil) At the National Conference of Geometry at Piatra Neamt (1983),
we introduced the associativity @ ((v, v, 7)o v vl ={{x, 2. ¥)., v. ). (sec {23]).

viil) Yoshiake Taniguchi [21] propesed for ternary algebras the associ-
ativity s (n, v, (0, v, 2)2 )= ({1, VLX) Vo z)ob (1 (0, v, A 2 T (U R 720 U T T

3. Ternary groupeids with special elements. Let (3. ) he a ternary
groupoid. If a, b=M, u is called a loff biunity for b, if {a, a, b).=b, while
b is called a right zero of a (sce [13]).

If there exists =3, such that (w. #. A).=2x for anv x € M, u is called
a left biunity of M. w is a right (Lwo-sided) Wunity, if (v, u, u).=x (resp.
(4, &, w)o=x) for any ve . Aleft (right, mide ) unitv of M is an clument
we M, forany v e M, (i, v. v} = (resp. (v, v a).=vand {1, #, ¥),=x).

In [13] the definitions of left, middle and right zeros ((0, x, ¥),=0,
(¥, 0, v}).=0, resp. (v, v, 0).==0. for anyv x, veM), leff, middle and right
biannulators  ((a, a, V).==a, (a, x, a),=a, (v, a. a).=a, for any x €M) and
left, middle and right unnulators ((a, ¥, x).=d, vesp. (v, a, x).=a and (v,
v, a).=d) were given. We remark that:

1. Any zero is alse a biannulator of the same tyvpe,

2%, The unities, the biunities, the zeros, the biannulators and the
annulators — when they exist — are idempotent.

3% When there exist left biunities and right unities (resp. right bi-
unities and left unities), then they are equal and unique.

4°. In a two-sided ternary semigroup, right unities are also right
biunities. Thie same property on the left,

5% In a left ternary semigroup, if ¢ is a middle unity and a two-sided
biunity. then ¢ is also a right unity ; an analogous property holds for a
right ternary semigroup. In a ternary semigroup any unity is total and
unique. henee this semigroup is called a fernary sronoid ; all the clements
of a ternary monoid are idempotent.

6°. In a ternary monoid, onc can introduce a binary operation *: vsy=
=({e, 2, ¥}, (M, #) is a binary monoid with ¢ as identity.

7°. Let A4 be the sct of left annulators in a two-sided ternary semi-
group ; A is an ideal of M since (M, A, A),=A and (3, M, A),cA4. The
same statement holds for the right annulators A4’ : (4", 4", Ai),=4’ and
(A", M. M).=4".

8% In a ternary groupoid, therc exists at most a zero, which is on
the feft, on the right and in the middle in the same time.

4. Ternary groupoids with cancellation, ternary groupoids with divi-
sion. Ternary groups. Let (7, <) be a ternary groupoid. We say that T
is with left cancellation, if (u, v, ¥)={(u, v, v) implics x=y, with cancellation
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on both sides, i0 (i, v, v).=(u, y, v), implics y=y, with right cancellation,
if (x, 1, v).=(3, #, v); implies x=1,

Remarks. 1). In a two-sided ternary groupoid with left (right) cancel-
lation any left (right) annulator is a right (left) biunity and all the clements
are idempotent. 2). In a ternary groupoid with left (right) cancellation
there exists at most a right (left) unity | in a ternarv groupoid with cancel-
lation on sides there exists 2 most a middle unity.

In the ternary groupoid (7', <), consider the equations : {a, b, x). =,
(ay ¥, 8).=c. (v, a, bjs=c. If onc of these equations has solutions in 7', then
we say that ¢ admits right (resp. middle, left) division with respect to a
and b. If this is the case for anv a. b, c =T, then T has right (middle, left)
division of first by pe.

Renarks. 1), 1t T is with cancellation, the solutions of the above
equations, when they exist, are unique. 2). The unities of 7 divide on the
same side any clement of 7.

We consider now ternary equations with two variables : (a, x, ¥).=b,
(A, a4, ¥)o==b, (x, ¥, a).=h. If for any a, b e T therc exist solutions for one
of these cquations, then we sav that the groupoid T is with division of second
Lyvpe, resp. on the right, on both sides and on the left. Obviously, if T is with
first type division, then 7" is with second type division. 1f 7" is with right
(middle, left) first type division, and # is a right (middle, left) unity, then
there exists for anv a =1, an element a'(a”, a”’') such that (a, a, '), =
=i, ({a,a", a).=u, (@', a, a).=u) which is a quasi-inverse of 4 with respect
to w. If T is with right first type division, for any a = 7', there exists a'= T
for which (u, a, a’).=a; the same for middle and left,

A ternmary groupoid with the properties : i) Total associativity ).
Right, middic and left first type division ; iii) Left, right and two-sided
cancellation, is called a fernary group and we denote it by G, (see [10}).

Remarks. 1) A ternary group with more than an clement has no
unities. Indecd, if ¢ is a right unity, then ({x, x, 1), ¢, &) .=(u, (¥, ¥, )y €)e=
=(%, v, (1, ¢, ¢),). implies (x, A, ¢);=(x, ¥, 2);, hence v=e¢. 2}. Therc are
other definitions for ternary groups : In [22], a ternary group is a ternary
groupoid T with: i) total associativity ; 1i) two-sided commutativity;
i) any v €7 is a left biunity for any ye€7. In [5], Al. Ghika defined
the ternary group by the following conditions: i) total associativity ;
i) e, ¥oeT, (v, ¢ ¢)=(e, ¢, ¥),; iii) for any xeT, there exist
¥, x € I such that (v, x, el:=(%, ¥, e).=(x, ¢, 2);=(, ¢, §)1=e and these ele-

ments are unique. Moreover x=x, 1r=/(e, ¥, €).
In [17], M. Stefdnescu has defined two types of ternary groups :

;i) 30eG,(x, 0, (v, 7, £).).=((x, 0, Voo T b)e s i) (1,0, 0)p=x;
) (v, x, 0).=0; iv). (x, 3. 2),==(z, ¥, a),, for any x, v, z, t=G.
I i) J0ed, ((v, 3, 0)., 2 0).=(x, (3, 2, 0); 0),: ii} (0, x, 0),=x ;

i) ((0, 0, x);, v, 0),=0, for any v, y, &G,

5. Ternary rings. Ternary algebras. The extension of the concept
of ring to the ternary formations was made in various manners ([117, (183).

4 TERNARY FORMATIONS 49

The simplest way {o define a ternary ring is by giving a ternary associative
operation on a binary abelian group, satisfying a distributivity law,

But some other extensions were already studied or are studying now :
a). (M, -+, =}, such that (M, +) is a group, (M, ) is a ternary semigroup,
+ is distributive with respect to - b). (M, 4, ., 7), where (M, 4, )
is a ring, and = is distributive with respect to +-, (M, =) being a ternary
semigroup ; ). (M, . 7.}, where =, and <, are ternary operations related
by a distributivity law ; d). A ternary groupoid on a module.

Consider a ternary ring given by the axioms :i). (/,, --) is an Abelian
group ; ii}. {/,, 7) is a ternary semigroup ; iii). < is distributive with respect
to + (see [137). We may define : a) Ternarv subrings J, J—J< [, (J, J, Jhe
= ; b) First kind of ideals J, J—J</, (], J, [\).=J — right ideals (],
I, J).€f — two-sided ideals, or (], J).=J — left ideals); c¢) Second
kind of ideals J, J—J< J, (J, {0, I).S ] {(resp. (I, J, T} J and (I, I,, J).S
< J). The concepts of ideals may be defined also in ternary semigroups
or in ternary algebras.

A ternary ring was defincd in [19] by the axioms which are fulfiled
by the ternarv operation <: 1. (x, v, 2).=(y, %, 2);, for any x, y,z€l,;
2,30, tel,, Vxel,, (x,0,1),=xand (1,0, x),=x; 3 ¥Yxel,(0,0,x).=
=0; 4. Vx, x o, vely, (u, 5, v)=(v, 5 yh=2u=v; 5 Vi, ,2el, ((x,
M Do o=y, (v, ), 1), 6. Va, bel,, Ixel, (a, x,0),=0; 7. Vx,
yozmously, (2,9, (50, 1)) ={{v, v, 2),, 0, u).; 8. Vx,y,zel,, ((x, y, 2);=
=(X, o, Z)r(.}" 0, 2)._, l)r .

V. Tamas [20] introduced the concept of coordinatizing lernary rings.

In a vector space V over a field K with the characteristic >0, we
introduce a ternary operation t, and ¥ becomes a ternary algebra 4,. Con-
sider here only the ternary algebras given by the axioms: 1, A4,isa finite di-
mensional vector space over the ficld K ; 2. A, satisfies the condition :
Yy, v,zed,, Va, §, y€K, {ax, v, v2).=a8v({x, 3, 2), : 3. 1 is distributive
with respect to -}, 1.e. (Z a;, 2 3y, X z,,.).,=2h(,\ 635 7). Givena base{ey, e, ...,

i i x id,

H
. in 4., we form the ternary products (e, ¢, l«gjl_)1=k‘2.1 atnes. The coefficients

ofy, determine a tensor and they are caled the structure comstants of
the ternary algebra A,. We have!i) Commutative ternary algebras, if the
tensor {e},} is symmetric covariant; ii) Associative ternary algebras,
if the tensor satisfies certain structure equations,

We note that in finite dimensional ternary algebras over K, by using
the structure tensor, we can find analitically unities, biunities, annulators,
biannulators, and so on. The zero is that of the vector space.

Let A,and B, be two ternary algebras. A mapping ¢ : A,— B, is called
a homomorphism of ternary algebras, if o(x +y)=0(x)+o(3), elar)=oap(x),
o({x, 3, o)) =(o(x), @), 9(z))., for any x, ¥, €4, and any «=K. If we
choose the bases {¢, e, ..., ¢,} in A, and e, €4, ..., ¢y} in B,, to determine
the homomorphisms from 4, to B;, one must solve the equations:

L]
Z o), Ot zha;’;k.e;, 20n pyq, 1, s=1,2, .,nandd, j, k, h=1,2, ..., m, where
se=1 .4,

m
ple;)=2X Pyei, the mm variables being 85.
=1

1 — Matematici 20t
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The following cxamples of ternary algebras were considered :

a) F being a symmetric bilinear form over the ficld K, the ternary
operation is defined By (v, v, 2), =TIy, 2}y F(x, z)xv and it satisfies the
conditions : {x, v, 2).+ (¥, 2, ¥} (5, ¥, V):=0 and (x, v, ¥), =0 and (u, 7,
(x, v, ) )e={{06, ¥, X}, 3, 2) (0, (1, 0, 3)es 2)e+ (3, (1, 9, 2)5)., fOr any x, v,
z, ut, v, hence it is a ternary algebra from the family proposed by Yoshiaki
Taniguchi [21].

b} B,, B. B; being bilincar forms in F, the ternary operation is
given by (x, ¥, 2).=B,(y, 5)x+ B.(z, v)v+B4(x, 3)z and the ternary algebra
obtained in this wayv has interesting properties.

¢) In the family of algebras given above, we remark the case B,=
=—B,=B,=B, B(x, v)=L(x)L(3), wherc L isalinear form over K, when
the ternary algebra has some properties of a ternary ficld (see [13], [18]).
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PROPERTIES OF A NON-ASSOCIATIVE TERNARY
STRUCTURE

BY
VASILE TAMAS

Recently, the algebraic structures with #-ary operations, #> 3, appear
more often in specialized papers. Remarkable results have been ob-
tained in the field known under the name of the #-group and #x-semigroup
theory. All the structures investigated satisfy in one or another form the
#-ary associativitv.

In {5], a ternary structure has been introduced which is useful for
the coordinatization of some projective planes. We shall give here some
properties of this algebraic structure.

Definition 1. The non-empty set M on whichk the ternary operation
(x, ¥ 2) is defined is called the coordinatizing ternary ring, if in M there
are two dif ferent elements denoted 0 and 1| and the following axioms are ful-
filled :

1.V, 3, ze M, (
2. ¥x,y,26M, ((, 1,3, 1, 2)=(x, 1, (3, 1, 2)} ;
3. Vxy, yeM, (v, Ly)=(x 1, 0)=(1, x, ) ;

4, VYx, 9,2, €M, {x, 3, 5)=(x, ¥, 2z) =>n=12,

0! Vs 2')=2, (T, 0! 2)'—21 (x’ 1!0)=A:

and analogously for the other places ;
5. VaeM, IxeM so that (a, 1, x)=0,
6. Vx, y,zeM, (x, (3,2,0),0)=((x, »,0),2,0),
7. Ve, y,zeM, ((x,1,%),20)=(x,20), 1, (y 2 0)) and

(.\’, (3') 1, ) O)=((x! Ys O)v 1, (:t, Zy 0))

Remarks. t The solution of the equation in axiom 5 is unique. We
denote this solution by —a and we call this element the opposite of a. 2)
If for any x, veM, (x, ¥, 0)=(y, &, 0), the coordinatizing ternary ring is
called commutative. 3) I the equation (a, x, 0)=1 has a solution in M we
shall say that a is fnvertible and in this case a#0.

Definition 2. If for any aeM, a#0, 's invertible, then we say thal the
coordinalizing ring 1s a field.



