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The following cxamples of ternary algebras werce considered :

a) F being a symmetric bilinear form over the ficld K, the ternary
operation is defined B (v, v, 2. =F(x, 2)y—F(y, o)y and it satisfies the
conditions : {x, v, z}.+ ( z, X).+(z, X, _\')¢=0 and (v, v, y).=0 and (#, 7,
e, v, 2))-={{8, ¥, X)oy 3, z)._~|~(x, (11, ¥y 300 2le {0, 3 (e, v, 2)2)s, fOr any x, 3,
z, 1, v, hence it is a ternary algebra from the family pro posgd byYoshiaki
T1111gu<3111 [2L].

by B, B,, B, being bilincar forms in F, the ternary operation is
given by (x, v, 2).= B v D)X Bz, x) v+ By(x, 3)2 and the ternary algebra
obtained in 1111<; way has interesting properties.

¢) In the family of algebras given above, we remark the case B,=
=—DB,=B,=DB, B(x, _\')=L(x)L(y), whcrc L isalinear form over K, when
the ternary algebra has some propertics of a ternary ficld (sce [13], [I187).
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A NON-ASSOCIATIVE TERNARY
STRUCTURE
BY
ASILE TAMAS

PROPERTIEs OF

Recently, the algebraic structures with u-ary operations, #3 3, appear
more often in specialized papers. Remarkable results have been ob-
tained in the field known under the name of the n-group and #n-semigroup
theory. All the structures investigated satisfy in one or another form the
#-ary associativity,

In {5], a ternary structure has been introduced which is useful for
the coordinatization of some projective planes. We shall give here some
properties of this algebraic structure.

Definition 1. The non-empty set M on which the ternary operation
(¥, ¥, 2) is defined 1s called the coordinatizing ternary ving, if in M there
are two dif ferent elements denoted 0 and 1 and the following axioms are ful-
filled :

L. Vy,y,zeM, 0, v, 2)= (r 0, z)=z (x 1, =
2. ¥x, v, zeM, ((x, 1,3), L, z)=(x, 1, (v 1, 7)) ;
IV, yeM, {x, 1, ¥)=(» I, x)=(1, x, y),‘
4. VYx, v, 5, €M,  (x, 3 n)=(x13 n)=>n=2,
and analogously for the other places ;
5. YaeM, 3xeM so that (a, 1, x)=0,
6.V, y, 2= M, (x, (3, 2, 0), 0)=((x, 3, 0), 2, 0),
7.V, y,zeM, ((x, 1, ¥),2,0)=(v,20), 1,(y, 2 0)) and
(5, (3 1, 2 0)=((x, 2, 0), 1, (x, 2, 0)).

Remarks. 1 The solution of the equation in axiom 5 is unique. We
denote this solution by —a and we call this element the opposiie of a. 2)
If for any x, veM, (x, v, 0)=(¥, x, 0), the coordinatizing ternary ring is
called commutative. 3) I the equation (a, x, 0)=1 has a solution in M we
shall say that a is invertible and in this case a#0.

Definition 2. If for any aeM, a#0, s invertible, then we say that the
coordinatizing ring 15 a field.
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Proposition 1. [f M is a coordinatizing ternary ring, then M is a binary
ring with unity with respect o the operaticns : x4 y={(x, 1, 3}, yvoy=(x, », 0,
by means of which the ternary composttion is expressed by : (v, ¥, z)=xoy--z.

Remarks. 1) The ternary ring just introduced is not associative in a
ternary sense and thus it is not a 3-group. 2) Let A/ be a ternary commu-
tative ring where any a#0 is invertible. From (a, 1, 0)={(x, 4, 0) and from
the fact that (e, x, 0)=1 has a unique solution, it results that also the equa-
tion (x, 4, 0)=1 has thc same solution. The ternary field is then a particular
case of the general ternary structure introduced by R. Sandler [4]
and used in the coordinatization of a projective plane. This is the reason
of the name of such a structure.

Proposition 2. Any commutative ternary field is a pseudo-planary
rimg in Sandler's sense.

Some properties of these rings:

I. The associativity can be replaced by intreducing a ternary sum :
PTla;=
=1

By complete induction we can
]

STay=(...((ar, 1, a:), 1, a3), ..., 1, a,}) and a ternary product:

t=1

= (..., {(a1, as, 0), as, 0), ..., 4a,, 0).

prove that for Igm<n—1, STa;=((ST a,), 1, (ST a;)) and PI a;=({PT a,),
i=1 [T bam 1 =1 [

(PT a,;),0), for any a,€M, i=m. \We can introduce also the concepts
tem1

of multiple and power for an element aeM. We obtain :

na:S'} a={(...((a, 1,a),1,a).., 1, a),

f=1
an=PT a=(...((a, a, 0), 4, 0)..., a, 0).
=1

The calculus with multiples and powers is similar to the usual one.

II. For the ternary rings we can define : subring, ideal, factor ring.

Definition 3. The subset I+ &, IS M s called a ternary subring in M,
if Iis aternary ring with respect to the induced operation.

Proposition 3. T 7s a subring iff 1« and for any a, bel (a, 1, —b)
eI, (a, b, 0)sl.

Because the intersection of ternary subrings is a ternary subring too,
we can introduce the notion of subring generated by a set.

Given the subring I M, let us define the relation : Va, beM, aRbw
< (a, 1, ~b)=l.

We show that R is an cquivalence on M and thus it determines a
decompositicn of the initial rivg in closses,

The set of classes will be denoted Ly M[I and we shall call it the
fuctor set determined by the subring 1.

If for a = M we denoic by C, the class of equivalence of a, then Co=
={I, 71, a).

The)problcm of terawy structuralizatio n of the set A1 is not possible
unless; 1. Ya, bel, Vie/l, (a4, i 0)=l, 2. YaeM, viel, {i, b 0yl
These conditions can be written as fullows
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(0, I, )T, Va, bed, (I.b,0)c], Vbe M.

Such a subring will be called fernary ideal and the corresponding factor
ternary ring of M with respect to the ideal 1. .
ITI. In the ternary ring we can also put the problem of divisivility.
Definition 4. We sav that a dizides b and we shall write alb, if ceM
exisis so that {a, c, ())=Ea.'This relation has the following properties :

1. aja, Yas M.
Indeed from the axicm | we have (a, 1, 0)=a, thus r=1.
2. Il afb and bfc=eajc.

From the definition it follows that there exist u, v =M so that (a, #, 0)=
—b, {b, ©. 0)=c. Replacing & in the second relation and having in view the
axiom 6 we obtain: {{a, 1, 0), v, 0)=c. {a, (¥, 0,9}, 0)=c. But (x,0,v)s
e M thus (1. 0, v)=w and (4, w, 0)=c that is afc.

3. I alb and b/a there exists #, » € M so that (i, 0, 9)=1 and (v, 0. 2t) ==
—1t. Indeed there exists 1, zeM so that: b=/(a, #,0} and a=(h, v, 0).
Substituting successively @ and b we obtain ((b, v, 0}, u, 0). b and
((a, , 0), v, 0)=a.

Using the axioms 6 and I, we have: (b, (v, 0, #}, 0 =b and (a, (i, 0,
v), 0)=a and thus (#,0,v)=1 and (v, 0, u)==1. o .

This property suggests the introduction of the association relation
in divisibility a~b if a/b and b/a.

4. If a/b and c=M, then af{b,c,a),

5. If a/b and afe, then af(b, I, c),

If M is a commutative ternary ring then if a/b then (a, ¢, 0)/(, ¢, 0)
and if ¢#£0 (a,c, 0}/(b, ¢, 0), then afb. ‘

If \fe cgll z’erc))lsh'm'sor)s the elements a#0, b#0 for which (a, b, 0)=0,
then we remark that the ternary ring offers the possibility of solving the
problems of divisibility in a similar way as for the binary integral domains.
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