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LATTICIAL ASPECTS OF SOME RFLATIVE CHAIN CONDITIONS
FOR MODULES
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The concept of {as“ending) Loewy series of an upper continuous
and modular lattice appears explicitly for the first time in Ndstisescu
[2]. The aim of this paper is to show how this notion can be elfiraciously
used to obtain simplified proofs of somc results concerning chain conditi-
ons for modules relative to Gabriel topologies, by placing these conditions
in a latticial setting.

Section 0 of this paper presents mainty the notion of Locwy series
of a lattice. The next section gives a necessary and sufficient cordition
for an artinian, upper continucus and modular lattice to Le noetherian.
From this in a very simple manner a la ticial as wellas a module-theoretical
proof of the Teply-Miller theorem may be derived. In section 2 the
definition of the notion of composition serics of a module with respect to a
set of Gabriel topologies is presented and is outlined a short preof of a
result due to Teply [l], [2] concerning the invariance of the type of
such a composition series, by using iwo simple lemmas on lattices.

The complete proofs of the results presented in this paper are given
in Albu {1], [2].

0. Preliminaries. Throughcut this paper L will denote an upper conti-
nuous and modular lattice with a least element 0 and with a greatcest ele-
ment 1. The notation and terminology will follow Stenstrém [i]

Recall that a nonzero element a<L is an afom if whencver bel
and b<a, then b=0, i.e., the interval [0, a] has cxactly two elements, 0
and a. If x, yeL and x <y, then the interval [x, ¥] is said to be simple if
y is an atom in the sublattice {x, v] of L. The lattice L is called semi-atomic
if 11sa join of atoms, and L is called semi-artinian if for every x L, v#1,
the sublattice [x, 1] of L contains an atom.

The (ascending) Loewy series of L, so(L) <s (L) < ... <sum (L), is de-
fined inductively as follows : sy(L)=0, s,(L) is thc socle So{L) of L (i.c.,
the join of all atoms of L), and if the elements s5(L) of L have been defined
for all ordinals 8 <, then s.(L)=V s3(L) if « is a limit ordinal, and sq(L)=

B

=So([s,(L), 1) if y=a+1; ML) is the least ordiral % such that s;(L)=
=$3..(L), and is called the Loewy length of L.
Recall that a (Jordan-Hélder) composition series of L is a chain

™ O=a,<a,< ... <ap==1,

=
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such that each interval [y, i), 1< i<n is a simple one. The lattice L
is said to be of finite length if L has a composition series | in this case, if {*)
is a composition series of L, then i is called the length of L and will be de-
noted in the sequel by L(L). Tt is well-known that L s of Minite length if
and onbyv if it is both artinian and noctherian.

0.1. Proposition. The fellowing properiics of L are cquivalent :

(1) L is a lattice of finite length. (2) L is an artinian lattice with ML)
[ontte. (3) L is a nectherici wind semi-artinian Latlice. .

I. Loewy scries of a lattice and the relative Hojkins-Levitzki theorem.

t.1. Lemma. [f A is an arlinian and modular lattice with 1, then
there cxists an clement a* e which is the least clement of A such that the
subltftice Ja*, 11 of A ds of finite lenglh.

11 40 is a lattice as in the above Lemma, then £ ([a*, 1]) will he calted
the rediced tength of A, and will be denoted by £¥ ().

1.2. Theorem. Lef L be an upper continuous and modular Lattice salis-
fving the following cendilion :

({¥) For caclt y<2x in L there exists an clenent ay, < Losuch thal ay,. <y,
ayes v oand [0, ay] 13 artinian  in addition, there exists da netural wwmber &
sitch that U¥(0, a,,]) <t fer all y<x tn L. Then L is senl-artinion and has
funite Loewy fength. |

1.3, Remark. The condition ({*) may be reformulated s follows,
if we denote I={(y, v, vel. v<xy and di=dy, for i={(y.x)el:

({*¥) There exists a nonemply family (di)ies of clements of L and a
watural mionber t sueh that 50, a;] 1s artinian for each i €1, each element of L
is a join of « subfumily of {aie; . and *{{0, aly<t for each iel.

By using 0.1, from the above Theorem one deduces immediately :

1.4. Corollary. [ the lattice L satisfies the condilicn (L%), then L 13
aritnian if and only if L is noetherian. )

Note that the condition ({*) about an artinian, upper continuous
and modular lattice L is necessary for L to bic noctherian. Indeed, in this
case, for each y<x in L choose dyp==¥ 1 then CF([0, a1y= ({0, ay )< L(L).

We shall apply now 1.4 to get a simple noncategorical proof of the
relative Hopkins-Levitzki Theorem. Let R be an associative and unitary
ring, and Mod-R the category of unitary right K-modules. Tet I" be a right
Gabricl topology on R, (T (#) the corresponding  hereditary torsion
theory on Mod-R, and ¢ the torsion radical associated to (Cp, (?,,) 1f
1/ eMod-R. we shall denote by Cp(3) the set of all submodules N of M
such that M|N elfy. It is well-known that (M) is an upper continuous
modular lattice with respeet to inclusion, having the lcast clement {p{M)
and the greatest element M.

Recall that M eMod-R is said to be F-noctherian (resp. F-artinian)
if Cy(M) is a noctherian {resp. artinian) lattice. The ring R is said to be
F-noctherian (resp. F-artinian) if the R-module R, is F-noctherian (resp.
F-artinian},

1.5. Theorem (M illcr and Teply [1]) L F be a right Gabriel
topology on the ring R such that R is F-artinian. Then, a right R-module M
is Fartinian if and only if M is F-noctherian.
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Proof. Accoraing to 1.4, it will suffice to check that the lattice Cp(M)
satisfies the condition {{¥).

1.6. Remarks. (1) When the proof of 1.4 1s carried out on the particular
lattice Cp(M), F being a right Gabriel topology on R such that R is F-arti-
nian, one obtains a short moedule theoretical proof of the above Theorem,
which is the relative form of the Hopkins-Levitzki Theorem, and which
is quoted in Faith [1] as the Teply-Miller Theorem.

(2) The above Theorem is proved in Miller and Teply [1]in
a complicated manner ; another module theoretical proof of this Theorem,
also long and complicated, is avajlable in Faith [1]. A short categorical
proof of this Theorem is due to Nastiasescu [1]and it led us to place
the Hopkins-Levitzki Theorem in a latticial sctting. A discussion on the
various forms of the Hopkins-Levitzki Theorem and the connection bet-
ween them may be found in Albu and Nistdiscscu (1.

2. Loewy series of a lattice and relative “¥-composition series of a
module. As in the previous sections, L will denote an upper continuous
modular lattice.

2.1. Lemma. Let (X()oxi<a Do a finite family of elements of L such that
0=X,<X,< ... <X,=1.IfyeL, y#0, then there exist 7, 1<j<n, 2 €%y, X,],
and w10, ] such that the intervals [0, u] and [x; 1, 2] are similar.

2.2. Lemma. Let (X,)ozica be a finite family of clements of L such that

=X <X, < L. <Xy and [Xoq, Xi] arve simple tntcrvals for each 1, 1<i<gn,
If the interval [X,, 1] contuins no atom, then WL)<n and xp=S8;1y(L).

Let F be a right Gabriel topology on the ring K. Recall that M=
eMod-R is said to be F-cocritical if M#0, ME(E, and M{M' €Cp for
evt{ery nonzero submodule M’ of M, or equivalently, if M#0 and Cy(M)=
={0, M}.

An F-com position series of M =Mod-R isa chain tp(M) = Moy<M < ...
<M,=M of submodules of M such that M, /M; 4 is an F-cocritical module
for each ¢, Q<t<#n.

2.3, Lemma. Let M eMod-R and
(*) Me<=M,= ... =M,=M

ie a chain of submodules of M. Then (*) s an F-com position series of M
if and only if (*) 1s a composition serics of the lattice Cp(M). :

Definition. (Teply [11, [2]). Let O be a nonempty set of right Gabriel
topologies on the ring R. A right Homodule M s said to have an -compost-
tion serics if there exists a chain (*) of submodules of M such that

(1) each MM, 1s Ficocritical for some Fie (2} if MM, | con-
tains an F-cocritical submodule for some I €, then F=Iy; (3) FigF.:g...<
< ... <Fp; (4) Mo=ig(M).

If A/ has an “H-composition secries (*), then by renumbering the
Gabriel topologies Fy onc obtains for A a so called @ -composition series
of type (Ey,ny; Faoyna: .o Fo s where k21, u,, #a, ..., #; are natural
numbers =1, and F,, F,, ..,F,e ® such that (i) F,<F, < .. <F
(it) The first n, factors of the series (*) are F,-cocritical, the next =, factors
are F,-cocritical, and so on, the last #, factors of (*) are F,-cocritical.
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By using the previous three Lemmas one proves very casy. in a shght
generalized context, a result established by Teply in a more complicated
Manner :

2.4, Theorem (Teplv [V, [2]) Let be M eMod-IR and & a nonempty
set of right topologies on R.I1f M has an -com position series Mo-= M <. <
=Muy=Mof tvpe (Foymy s daynas cF L ong). then any cther “-com posttion
series of M beginning with Mois of the same tvpe, and the injective hulls of
actors MM are wnique up loorder aid tsomor phism. Moreover. dg;, ()=
'—‘H'h*"a’f oo for each j, I<jsh—1.

2.5. Remark. The notion of an F-semicritical module, as it appearts
in Teply {2] can be reformulated in a latticial setting as follows : an R-
module A is F-semicritical iff M €(£y and Cr(M) is a semi-atomic lattice
of finite length. Note also that the F-semicritical socle series of M is exactly

the Loewy scries of the lattice Cp{M).
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