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One of the general problems of Graded Ring Theory is to see whether
a graded module having a certain property has a similar property when
regarded without grading. The main difficulty in proving a statement
from the above mentioned class is that from the propertics of a small class
of objects {c.g. graded submodules, graded ideals) one must deduce similar
properties for a larger class of objects (sulinodules, ideals not necessarily
graded}.

In {37, using External Homogenization. we have proved the following
result: 1 f R~ @ Riis a graded ving of tvpe Z, H is o graded filter on R[4,

FEX
Fe{l left ideal of R 3] =H. J<l}isthe Gabricl topologyv [6] gencrated by
H,and M is a graded R-module which is gr-H-noctherian., then M, regarded
ithout grading is an F-noetherian R-wodule. In this note. we coxtend Ex-
ternal Homogenization in order to prove the above result for graded mo-
dules of tvpe (. where G is a {initely generated abelian group, as well as a
similar result {for graded bimodules.

Al rings considered in this note will be unitary. If R is a ring, by an
R-module we will mean a left R-module. Missing proofs and unexplained
notation concerning Graded Ring Theory (resp. Torsion Theory) mayv be
found in [4] (resp. [6]).

Let (- be a fimtely gencrated abelian group and R=® R, a graded

X113
ring of type G. Suppose that G is generated by 6,. ..., 0, The polvnomial
ring R[X,, ..., X,,], l=m<n, becomes a graded ring of tyvpe G if we put
deg X;=0;,7=1, ., m, and R{X,, .., X,},— ¥ R.X=where A=l ey A )y
aenN™
10T=a

X'=X7 .. X and 0°=0} .. 0. The same construction, applied to a
graded R-module M, vields a graded R[X,, .., X ]-module, whose under-
lying module is M[X,, .., X,]=R[X,, ... X )@ xM.

Let xeM and write Y=t + ... +¥%;, as a sum of homogeneous
elements, where
(1) a=007 . 0%, 1<i<p.

Let ty=max{ay, ..., ay}, 1< j<n, a={t, ..., tn) and ;= (ay, ..., aa), 1 £ p.
Then we may associate to x €M a homogeneous (in the above introduced
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grading) clement a¥eM{X .. X,] by putting
.\'*:.l'ﬁlXa R -*:- ‘!“.\‘”‘I‘ R — .”[X,. ana X"}Q'l a
where XI‘“'—-X:‘ o .\”"" ‘w1 g7 poand 870 0 Note that for

Q . . % . N e sare L1y
a given ve M. v* depends on the relations (1), -
© I N is an R-submodule of M, we willlet N Lo denote the graded R (X,

. X, -submodule of M{X,, .., Xa] generated by all v* y&N.
If # is a homogencous clement of AN PR R X, 0. we will 1ot oy denote

the element of M obtained from # by replacing cach of the Xy X, by 1,
I I is v graded submodule of M[N, ... X,] we will put L,={n|uel
and « is homogencous). which is an R-submedule of 1.

With the above notation we have the following - )

Lemma 1. (i) (v¥.=x; (i) {(NF)=: 1 (1) N P =s N2 ¥

Let R and S be graded rings and ¢ : R—S a graded 1110:'1)1]-1561‘[’-1.

Ii H is a graded filter on R, then o(H) 15 a graded filter on S 1 1.1, where
o(H)= {I left graded ideal of S 477(1 : v} = 1. V 5, v ]'IOII'.Ogt!n(‘ﬂl?h‘r.

We recall that a graded R-module M i said lo_hc :r-l.[- nwt]zqrym 3]

(I is a gradcd filter on R) if M satisfies the ascending chain condition fn.r.

graded submodules N with the following property: if v =M is homogenenus

and (N :ay)eH, then velN. . .

Proposition 2. [f H-_GB(RG is a graded ring of tvpe G whereG is a fini-

sl : N _—

tely generated abelian group, H is a graded fulfer on R - RIX,, LA

is the inclusion and M= @ M, is a gr-H-noctherian K-module, then M[X, ..,

=

vy X ds gr-i(H)-noetherian, N

Proof. By induction on ». The case n=1. as well as (3:2.1.1s a mere
transcription of the ungraded casc [1; 1.12]. Let now 2<m<an. If G is gene-
rated by 0, ..,0, and ==G. then M[X,, ., Xul:= z h:Ue,X,l i X =

17,
691"'6..="
. R Y
( = M,Xfl X:?;‘I)X:;" = X M[X...,X,.,lX,» which makes
):n kyhy g k
o =1 uel-- B, € 30 =7
16 gEG tEG

the inductive step work. o

Theorem 3. Lol R=@® R, be a graded ring of 1y pe G(G 15 fintely genera-

aEl

ted and abelian}, M a graded filter on R and M a gmdr-.! R-module which is
gr-H-noetherian. Then, if I s the smallest Gabricl topology containing H,
M s an F-noetherian R-module.

Remark. The proof of Theorem 3 is the same as the one of [3; 2.2]
and it provides an affirmative answer to Problem 2.6 of 5] g

Let now R and § be two graded rings of type G, where G is a finitely
generated abelian group. As extended above from the case G=2Z to the case
of the gradation over finitely generated abelian groups External Homo-
genization may be easily applied to the case of bimodules as well. Procee-
ding as above, one can show that if M is an R-left and S-right bimodule
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which satisfies the ascending chain condition for R-left and S-right graded
subbimodules, then A satisfics the ascending chain condition for R-left
and S-right sub-bimodules. As a consequence, we deduce :
Corollary 4. If R=@® K, 1s a graded ring of type G(R 1s abelian finifely
ac

gonerated) which is left and right gr-noctherian, then R satas fies the ascending
chain condition for twosided ideals.
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MUTUALLY NON-ISOMORPHIC UNITARY F,-ALGEBRAS
OF ORDER p

BY
10N D. ION

Introduction. In this paper we determine all unitary F,-algebras
(i.e. unitary rings of characteristic p) of order p%, where p is a prime natural
number. Since a finite unitary ring is uniquely expressible as a direct sum
of unitary rings of prime power order, it is important to study unitary
rings R such that for some prime p and natural numbers # and n, 0 <m<n,
the characteristic cp of R is ™ and the order | R} of R is p*. Note that in
this case the Jacobson radical of K, J=J(R), has order p*, 0<e<n and J
is the largest nilpotent ideal of R.

§1. Preliminaries. There arc four non-isomorphic unitary rings of
$? elements and, depending on whether p is even or odd, there are respecti-
vely eleven or twelve mutually non-isomorphic unitary rings of order p?
(see (1], Exercise XIX. 9). Bacause in our enumeration of F,-algebras of
order p* an important tool is the cardinality of J, we state this result as:

Proposition 1. Let R be a ring with unity of p* elements.

(i) If cp=p and J=0, then R 15 isomorphic to Fp, or FyxXFy.

(i) If cp==p and |1 =p, then R 1s isomor phic to F,[X[(X#).

(ifi) If cy=p*, then R is isomorphic lo Z,.

Proposition 2. Let R be a ring with wnity of p* elements, p>2.

(i) If cp=p and J=0, then R is isomorphic to Fp, Fp X Fp, or Fyx
x F, % Fy.

(ii) If cy=p and | J|=p, then R 1s isomorphic to FyxF [X]/(X?)
o FEJ '

(iii) If cp=p and | J|=p?, then R is isomorphic to F (X, YIf(Y?, Y?,
XY) or Fp[X]/(X3).

(iv) If cp=p% then J#0 and R 15 isomorphic {0 Ly xF, when | J|=p,
to Za[X (X2, pX) when | J|=p? and ]*=0, to ZA[X (X3, X2—p, pX) or
fo Zu[X])(X3, X2—dX, pX) with d =F, ¥y when | JI=p* and J*#0. The
rings Lp[X]J(X3, X2—dX, pX), d eF,\F; are mutually isomorphic.

(v) If cp=p* then R 1s isomorphic to Zys.

If p=2, the last type in (iv) does not appear.

§2. Unitary F-algebras of order p*. The enumeration of all types
of unitary rings of order $* seem to be a difficult problem. We restrict our
attention to the case of characteristic $ ; we shall prove that in this case

or



