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NORMAL PROJECTIVE DEGENERATIONS OF RATIONAL AND
RULED SURFACES

BY
LUCIAN BADESCU

This note announces some results concerning the structure of normal
projective degenerations cither of the rational surfaces with the sccond
Betti number <10, or of arbitrary ruled non-rational surfaces. The details
will be published elsewhere.

In order to explain the results, let me first fix the set up. Let f: X—T
be a projective flat morphism from the threcfold X to the smooth affine
curve T, both defined over the ficld € of complex numbers, such that there
is a distinguished point 0 €T with the following properties : X,=f "' (o) is
a normal surface, while for every (=T, 0, X,=f 1{¢) is a smooth surface.
From these assumptions it follows casily that X is a normal locally Cohen-
Macaulay threefold, such that if v =X is a singular point of X, then y=X,
and ¥ is necessarily a singular point of X,.

In other words, f defines a flat projective family {X;},e, of surfaces
with parameter space a smooth affine curve T, such that X,is smooth for
t#0, and X, is a normal surface. In the sequel the normal surface X, will
be referred to as a normal projective degeneraticn of the smooth family
{X,hrer—(o) of surfaces. The problem I want to discuss in this paper is to
describe all possible noimal projective degenerations X, when X, is a rational
(resp. ruled non-rational) surface for all ¢s#0. If X, is smooth and X, rational
(resp. ruled non-rational), then a result of Iitaka (sce|8]) tells that X, is
also rational (resp. ruled non-rational). Therefore one can assume thatX,
has singularities.

Examples of normal projective degenerations of surfaces. 1) Let ¥
be a cubic surface in P* having only isolated singularitics. Then Y is normal,
and in the space of all cubic smifaces in P? {(which can be identified to the
projective space P1?) we can pick an irreducible curve T passing simply through
the point o = Pt* corresponding to the surface Y, and such that the
cubic surface X, cerresponding to every nearby peint £ €T, ##0, 1s.smoorth.
Then Y appears as the degencraticn of the fomily {X}ier (.w1th T =
T— {5}, cxcept possibly finitely miny points) of smooth cubic surfaces
in P3, The geemetry of the cubic suifices in P? with isolated singularities 1s
well known and classical. A medern reference for that is e. g. [7] (see also
[14] for a different treatment). As far as the number and the nature of th.e
possible singularities of such a cubic surface is concerned, one has two possi-
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bilities : cither Y is a cone over an clliptic curve (and henee Y has only one
singularity which is simply-elliptic), or (otherwise) Y is a rational surface
with only rational double points as singularities (and no more than 4), whose
number and tvpe A, D,, II, can be specificated (loc. cit).

2) The metiod of constructing normal degenerations of suifaces that
I am going to describe is classical and known in the modern literature as
the . sweeping out the cone with hvperplane sections”  method (see 97,
page 40). Start with a smooth projective suiface F, a very ample line bundle
Lon F and a smooth curve Y belonging to the complete linear system | L |.
One assumes that L vields an arithmetically Cohen-Macaulay cmbedding
t=i: F-PY (with N=dim 'L '} Then there is a hyperplane H of P¥
such that Y-=F N H. Let C(F, 1) be the projective cone over F in P31 (je.
with respect to the embedding 7). and IT’ the hyperplane ,at infinity™ of
P¥ 1 Then H is a 2-codimensienal linear subspace of P¥+1, which gencrates
the pencil {Hy}eps of allhyperplanes of P¥* containing FI. We may assume
that the parametrization is taken in such a way that Hyis the hvperplanc of this
pencil passing through the vertex of C(F, /) and H.,=H". Then for cvery
t=P'{o}, H,nC(F,7) is isomorphic to F, while H,n C(F, #) is just the cone
C(Y, 7'y over Y with respect to the embedding ¢ : Y-H—=P¥1. Since F is
arithmetically Cohen-Macaulay in P¥, C(Y, ') is a normal surface. In this
way one gets a family {X},¢;» of surfaces such that X,=F for every /o0,
and X,=C(Y,7'). This family is actually an embedded family of surfaces
in P*, i.c. the corresponding morphism f: X—T=P! fits into a commutative
diagram of the form

=T < P¥

N A

\‘T/

with j a closed immersion and p, the projection onto the first factor.

3) If in the construction of 2) onc takes F=P? L=0(s) with s>1,
and Y a smooth plane curve of degrees, one gets an embedded family {X}, e
of surfaces of degrec s* in P¥ (with N =s(s--3)}/2, such that X,=P? for every
t#0, and X,=C(Y, »,}, where 2, is the restriction to Y of the s-fold Veronese
embedding P*—P*. If s=1, X, is of course (isomorphic to) P2 itself.

In order to state the results that I was able to prove, let me introduce a
few definitions, Let Z be a normal projective surface. Then it makes sense
to speak about Grothendieck’s dualizing shcaf w,, which is a reflexive
sheaf of rank onc over Oy, and which coincides to the sheaf Q22 ¢ of 2-dif-
ferentials on Z, if Z is smooth. In particular, @, corresponds to a class of
linearly ¢quivalent Weil divisors. Such a divisor K, will be referied to as a
canonical divisor. The sheaf w;is invertible if and only if Z is (locally)
Gorenstein. If # >0 is a positive integer, %' will denote the double dual
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of wf*: o corresponds to the class of the Weil divisor #K | and hence

one can write 0% =0,(nK ;).

Now one can define : the irregularity ¢(Z) of Z by ¢(Z)=dimcH(Z, 0,),
the geometric genus p(Z) of Z by p(ZY=dimH?(Z, O}, and for everv
n>1 the n-genus p,(Z) of Z by p,(Z)=dim, H'(Z, »'¥). By duality on Z,
bZ)=p ().

Theorem 1. In the set wp of the beginning, asswme that X, ts a rational
surface with b.{X,)< 10 for every t#0, where by(Z) denotes the i-th Belti number
of a normal projective surface Z. Then the following statements hold :

1) pa(Xo))=0 for every nz1, b.(X,)<bo(X,}) and b,(\)=¢(X.)=0.

it) If 1: Xg— X, s the minimal desingularization of X, then Xy 1s a
ruled surface, dim; Riuy (Oxs}=q, and by(X,)=2q, where q is the irregularity
of Xo. In particular, if X¢ isrational, then all the singularities of X, are rational
in the sense of [1].

i) If Xg is ruled non-rational, then X, has precisely one non-rational
singularity x, and (possibly) finitely many rational singularities. The irre-
ducsble components of the fibre w ' (x) arc : a section of the canonical ruled fibra-
tion & . Xo— B (with B a smooth projective curve of genus q) plus (possibly)
some components of the degenerated fibres of =, The exceptional fibre of u over
every rational singularity of X, (i f any) is contained in a degenerated fibre of .

iv) b (X)) —bu(Xo) is equal to the number of irred ucible components of
all exceptional fibres of u.

One of the main points of the proof of theorem 1 is to show that p,(X,)=0
for every n> 1. The hypothesis ,,0,(X,)< 10 for f#0" was necessary only to
prove these vanishings. I suspect however that this hypothesis is not
really necessary. For example, this is the case at least if X, is assumed to
be Gorenstein (see [12]). As soon as we know that p,{X,)=0 for every n> 1,
we easily deduce that p,(X¢)=0 for every n 1 (because in general one has
Pa(Xo)<pa(Xo) for every n21), and therefore Xy is ruled by Enriques’
criterion of ruledness (see [4], or [53]). In general the differences p,(X,) —
—pa(Xo) (n> 1), roughly speaking, give a measure of the complexity of the
singularities of X,, and since these are all zero, the singularities of X, are
not very complicated. The statcments concerning the Betti numbers follow
by using the methods of [6] together with an argument of [3].

Theorem 2. In the set up of the beginning, assume that X, is a ryled
non-rational surface for one {and hence for all) i#0. Then the following state-
ments hold :

i) Ppul(Xo)=0 for every n> 1.

i) If ¢(X,)=q and u: X¢—X, is the minimal desingularization of X,,
then X is a ruled surface of irregularity q.

iii) X, has at most rational singularities and their exceptional fibres are
contained in the degenerated fibres of the canonical ruled fibration n : X¢—B.

Theorem 3. [n the set up of the beginning, assume that Xo1s Gorenstein
and the general fibre X, is a rational surface. Then X, is eilher rational
(s.e. Xo is rational) with at most rational double points as singularities, or Xg
ts ruled of irregularity one and X, has precisely one simple elliptic singularity
x and (possibly) finitely many rational double poinis. In the latter case the
support of the fibre w(x) (the notations being the same as in theorem 1) is a
section of the ruled fibration =, and the fibres of w over the vational double points
of X, are contained in the degenerated fibres of m.
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As T have already remarked, in the Gorenstein case, Wilson proved
that p,(Xe)=0 for everv n | without assuming anvthing about the sccond
Betti number of the gencral surface X,. Theorem 3 can then be deduced cit-
her from the classification of normal projective Gorenstein surfaces given
by Sakai in [11], or directly from theorem | above using a standard argu-
ment in order to prove that #™' (x) has only one irreducible componcnt,
which is an elliptic curve,

Theorem 4. [n the sel up of the beginning, asswme that X, is (1somorphic
to) P2 for one {and hence for allyiso. Then the conclusions 1)—1v) of theorem |1
hold, the anti-Kodaira dimension of Xy is 2, and Xg 15 the antrcanonical modcl
of Xo {in the senseof [10]if X ¢ is rational. and o f 2] 1fXq 18 ruled non-rational}.
Moreover, there is a positive integer az 1 such that —aKy, 1s an ample Carticr
d visor (with Ky, a canonical (Weil) divisor of Xo), or equivalently (see [2]),

the anticanonical ving of Xo,éH“(X'D, O (-—nKy)) 15 a fonlely generaled

He= o
C-algebra (the latter algebra is also isomorphic to ®@H"(X,, Ox, (—1Kg))).
ne=={

If we assume moreover that X, is Gorenstein, then X, is isomorphic eilher lo
Pz, or *~ an clliptic cone of degree 9 in Po (of tvpe C(Y, v,), with Y a smooth
cubic plane curve, sce example 3) above).

1 suspect that much more than the statement of theorem 4 is true, na-
mely that the only normal projective degencrations of P¢ arc essentially gi-
ven by the example 3) above. Theorcm 4 tells us that at least in the
Gorenstein case this is true.

I end this paper by explaining briefly what the anticanonical model ¥
of a smooth projective surfacc X with anti-Kodaira dimension 2 is (scc
[107, [2]). The fact that the anti-Kodaira dimension of X is 2 means for
example that the function n-»dimg He(X, Ox(—nKy)) behaves quadratical-
ly with #. Let then —~Ky=P-N be the Zariski decomposition of an anti-
canonical divisor of H (see [13], [10]), with P a numerically effective Q-
divisor, and either N=0, or N >0 and in the latter case the intersection
matrix of Supp (N) is negatively defined. Moreover, we have that P.E=0
for every component E of Supp (N). The fact that the anti-Kodaira dimen-
sion of X is 2 is equivalent to P2>0, and this implies that X is ruled. Let
then A be the set of all irreducible curves E on X such that P . E=0. Since
P2 >0, the Hodge index theorem implies that A is a finite set and the inter-
section matrix of it is negatively defined. Therefore the connected compeo-
nents of A can be blown down to a finite number of singular points of a
{unique) normal compact analytic surface Y (by a criterion of Grauert),
and the point is that ¥ turns out to be actually a projective surface. This
surface is called the anticanonical model of X. If X is rational, Y has only
rational singularities and —aXKy is an ample Cartier divisor for some a>0
(see [10}). If X is ruled non-rational, the singularities of Y are described in
[2], and there is a positive integer a >0 such that —aKy is an ample Cartier

divisor if and only if the anticanonical ring éH,(X, Ox(—-nK,)) is a finitely
Nemd

generated C-algebra. It may happen that in the non-rational case the latter
algebra is not finitely generated over € (unlike in the rational case).
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ARTIN APPROXIMATION THEORY AND APPLICATIONS
BY
DORIN POPESCH

§1. Artin approximation properties. et 4 be a noetherian ring,
ac A an ideal and A the completion of A in the a-adic topology. We consider
the following statements : . ) o L

i (AP) Every finite system of polynomial erjuations over . ha:,fl?:-.sctlof
solutions in .4 dense with respect to the a-adic Atupology in the sct of its solu

o ;] LIS 143" 1 T
tions in A, i.c. for every solution ¥ from A and every positive integer ¢

there exicts a solution Y, in 4 such that Y, = \ mod ”El e
(SAP) For cvery finite system of polynomial ejuations f over A there
exists a function v:N—N with the following property : i
For every positive integer ¢ and for every system of cl?mc}r}ts fY fi;on;
A which form a solution of f modulo a”¢’, there exists a solutionY, of fin .

such that Y,=Y mod a'. o
We call (1, a)an AP-couple {resp. SAP-couple) if it satisfies (AI.’)
{resp. {(SAP)). A local ring (A, m) is called a ring with the property of Ariin
a pproximation or an A P-ring if the couple (4, m) is an AP-c_ouple.
The study of these properties started with the following result due to
‘ ti A, (AL ‘ . )
M- A({ 0)l r'}hgao;tjam{ (;Lthin). The convergent power series rings in X _-(Al,, o
X over a valued field of characteristic zevo, m'ui the Izeﬂsehzatw?; on ;z ko'itad
;fl:',ng “which is essentially of finite type over a field or an excellent Dederi
. ])- ] N . . -
e a)’:e c(:upi’:%ji, a) is called guasi-excellent if 4 is noetherian and
the completion map A=A s regular, A4 being the <:omp1eti01;1 otf A in the
a-adic topology. A recent resnlt (sce [P,] Theorem (1.3)) say’s tha i g
N (1.1) Theorem. Every quasi-excellent henselian ccj;: I};Ie 1s an A P-couple.
ticular every excellent henselian local ring is an -ring.
o Pm:l'tli? Z:chve ‘theorem gives a positive answer to Conjecture (lf.S)Afn:;r)l
[A;]. The converse of Theorem (I.1) is not com.pletely solved. I_ (1, ”
is an AP-ring then A4 is henselian and the formal fibers of the canonical map

{ i [Br] ] icular a two dimen-

2 ometrically normal (see [Br] or [CP)). In particular a _
‘:io_x:‘:l ilgsagierin; Ais gl’ iff it is excellent hens[ellil]an ](an Acf’—ﬂlngt l: ;at}i%ﬁ:i;
K], Ch. V). Recently C. Rotthaus showed  tha ;
3yi§ Ie{:Ecellent i)f A7[X1 );s also an AP-ring. If 4 is an AP-ring then the hen



