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which satisfies the ascending chain condition for R-left and S-right graded
subbimodules, then M satisfics the ascending chain condition for R-left
and S-right sub-bimodules. As a consequence, we deduce
Corollary 4. If R=@® K, is a graded ring of txpe G(R is abelian finitely
aE(:

generated) which is left and right gr-noctherian, then R satisfics the ascending
chain condition for twosided rdeals
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MUTUALLY NON-ISOMORPHIC UNITARY F,-ALGEBRAS
OF ORDER p*

BY
10N D. ION

Introduction. In this paper we determine all unitary F,-algebras
(i.e. unitary rings of characteristic ) of order p¢, where p is a prime natural
number. Since a finite unitary ring is uniquely expressible as a direct sum
of unitary rings of prime power order, it is important to study unitary
rings R such that for some prime p and natural numbers m and u, 0 <m<n,
the characteristic cp of R is p™ and the order | R} of R is p*. Note that in
this case the Jacobson radical of K, J=J(R), has order p*, 0<e<n and J
is the largest nilpotent ideal of R.

§1. Preliminaries. There arc four non-isomorphic unitary rings of
$? elements and, depending on whether p is even or odd, there are respecti-
vely eleven or twelve mutually non-isomorphic unitary rings of order p?
(see (1], Exercise XIX. 9). Bacause in our enumeration of F,-algebras of
order p¢ an important tool is the cardinality of J, we state this result as:

Proposition 1. Let R be a ring with unity of p* elements.

(i) If cp=p and J=0, then R 15 isomorphic to F, or Fy X F,.

(i) If cp=p and [I|=p, then R is isomor phic to F,[X]](X¥).

(iii) If cp=p*, then R is isomorphic fo Z,.

Proposition 2. Let R be a ring with wnity of p* elements, p>2.

() If cp=p and J=0, then R is isomorphic to Fp, Fy, x Fp, or F, X
xF, % Fy.

(ii) If cy=p and | J|=p, then R 1is isomorphic to Fpx F [X1/(X?)
0o F '
(il If cpo=p and | J|=p*, then R is isomorphic to F (X, Y][(¥?, Y,
XY) or Fp[X]/(X?).

(iv) If cp=p°, then J#0 and R 1s isomorphic to ZyuxF, when | [i=p,
fo Za[X (X2 pX) when | J|=p* and J*=0, to Z (XX, X2—p, pX) or
to ZpX1(X3, Xi—dX, pX) with d eF\F; when | J|=p* and J*#0. The
rings Za[X]J(X3, X—d X, pX), d eFN\Fy are mutually isemorphic.

(v) If cx=p2 then R is isomorphic to Zys.

If p=2, the last type in (iv) does not appear.

§2. Unitary F,-algebras of order p*. The enumeration of all types
of unitary rings of order p* seem to be a difficult problem. We restrict our
attention to the case of characteristic p ; we shall prove that in this case

or
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there are twenty mutually non-isomorphic unitary rings. More cxplicitly,
we have :

Theorem. Let R be an algebra with unity over F, of order 3.

(1) If J=0. then the algebra R is isomorphic to one of follnwing tvpes
My(Fy), Fu, FuF,, F,: »Fp, FuxF,F,F,<F,xF,«F,

(W) If 1] =p, then R is dsomorphic to Fpux F,[1/(X3), F,xF,x
X F[X1/(X*) or F,~ F i

0 F,

(uiy If [ =p2 and R[[]~F, then R 1s isomorphic to Fa[X /(X7
or Fp[X, a]/(X%) where Fu[X,, 0] is the shew-polynomial ring over F,. with
automor phism o : Fu—aF o o(x)=27,

(iv) If R is commutative, | =p* and R[] ~F, xF, then R is isomor-
Phicto By < Fl XX F, < F, LY, V(X5 V2, XY) or F{X]/(X?) x Fy[X)/(X2)

(v) If R is non-commutative, | J|==p* and R|J~F,¥F, then R is

isomorphic to

F, V) (5 I F, I F, I

R R M R v
where 1 is a 2-dimensional vector space over F,, S=F, NIX ) and I is the
Jacobson radical of 5.

(V) If | ] =p% then R is isomorphic to Fy[XT/(X4) or F[X, Y. Zjf
[{(X2 Y 22 XY, YZ, ZX).

The statement (i) is an immediate consequence of the Wedderburn-
Artin theorem. For statements (ii)— (vi), we have an elementary and very
long proof. In the sequel we shall present a succinct proof for statements
(ii) and (v).

Proof of the statement (ii). By Proposition 1, RjJ may be isomorphic
to Py F,xF,, FuxFy or Fp. Because [ is nilpotent, we have J#T
since | /'=p we deduce that f2=0. It follows that J is a module over RI[:
if RIJ~Fp,, then |p=!JI2{Fp» =p° which is a contradiction. Hence the
case R[f=~F, is not possible. '

Let @ be in J, a#0. Since [ is a vector space over F, and [ J=p,
we have f=={ta f<eF}. :

Case 1: KR[J=F,xF,»F, Since idempotents modulo J may be
lifted, we have l=g,+v;-+¢, where the ¢, are mutually orthogonal idem-
potents in R with ¢,=(1,0,0), e,==(0, 1, 0), ea=(0,0, 1) in RjJ. The set
tey, €3, e, u; 15 lincarly independent over F, and since |R| =44, we have
R=e,F,@e.F,@¢,F,@aF,. Clearly ca, ae; e f={ta|t F,}, 1<i<3: in fact
we have ¢a, ae; {0, a}, a<i< 3. 1f R is non-commutative, thgn by rearran-
ging the ¢, if necessary, we have cya=dq, e;a=c,a=0, ae,;=0, aey==aey,=0,
ar=0

»

L F, F .
If we choose in F,x (0’ F") the following elements

»

gl G P R O P ) . O N IR CY B

. . . F, F,
then there ecxists an algebra isomorphism ¢ : R—F,x [0’ F”J such
F.

that gle)=L;, 1<1<3 and gfa)=4.
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Suppose now that X is commutative. Since R[S~ F,<F,xF,, R
is not a local ring. Bug R is artinian and then R~ R~ ...« R,, where the
R, are commutative Ibeal rings, n>1 (sce [2]). Becanse | R =pi. w1,
JEIR)=J(R) 2 o x J(Ry) and {[|=p, by Propositions | and 2 we
conclude that K=F,xF,»F [X]/(X:).

Case 11: R|J~F,»xF,. We have I=e+-f. where ¢ and f are orthogonal
idempotents in R with e=(1, 0) and f=(0, I} in R//. Let o - IR—F,s be the
composite of canonical maps R— R[], Rf[~F, »F, and Fu - F,—F,.. Cl-
arly ¢ is a surjective zlgebra homomorphism and | U = p*, where U=Ker .
The set /. ab is lincarly independent over F,: since o, fell and {7 b
we conclude that U=fF,@aF, We have f:=/. fus=af=u, a'=0. It follows
that U is a subring of R with identity /. By Proposition 1. { =~ F, XX,

We can also prove that K=eRe @ L and since eRe~ R/~ R/ Ker o
=F,, we conclude that R~Foo« F[X](X¢).

Proof of the statement (v). We have I=e--/, where ¢ and f are ort-
hegonal idempotents in R with e=(1.0) and [=(0, I} in Rij~F,<F,.
First we prove that 1:=0 for any ve/. Supposc that for some ae J we
have a*#0. Then {u, a*} is a F-basis for J and it is vasy to show that ea,
ae={0, ) and hence fu, afe{0, al. Suppose that ca=«a and hence fu=0.
Then {e, /. a. a*} is a Fy-basis for R. Consequently R=/F, @ fF,@®qF,@a'F,.
If 4e=u and hence af=0. then R is commutative, which is a contradiction.
Thus we have co=a and ar=0; it follows that gea=u(ca)= a0 and aea—
==(ae)a=0, which 18 a contradiction. We conclude that x*=0 for any veJ,

Now we can prove that J:=0. Let {a, b} be a F.-basis of f. We have
ab=ba=0. Indeed, suppose that ab#0, alb=ia-}-j,, where i, j&F, Since
O=ab=1a*4-jab=jab, O=ab'=iab and ab#0, we deduce i=j=0, hence
ab=0 which is a contradiction. Similarly ba=0. It follows 1y=0 for any
v.ve J o hence Jr=0, C]:_‘a]'l}' j;‘f®fj-—:jc®jf Since (Iimypj=2 it fol-
lows that ¢, £/, fe and Jf arc subspaces of J with dimensions 0, 1 or 2.

We exaumine only the case:

(dimg o f, dimg, [/)=(2, 0} and (dimg, Je, dimg, Jf)=(0, 2).
Let {ir. &} Lie an Fy-basis for J. We have a*=d =ab=bu=0 and {e, f.

a, b} is a F-basis for K. Clearly eau=a, ¢b=10, ac=0, be=0 and hence fa=0,
J6=0, af=u and bf=0.

Let 17 be a 2-dimensional vector space over Fy and {u, ¢} a Fp-basis
. . . . F, T
for V. Then there exists an algebra iscmorphism 6 R-—»(o" : ]such that

[N 0 0 0 u ¢ v F, V
— I Al .7 = M ] o~ ? .
gle) (0 0) ; if] (0 1) , ol (0 0] ) [0 0] and R [0 FJ
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