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ON MARTINDALE RINGS OF QUOTIENTS
BY
STEFAN GHINEA

The purpose of this paper is to give the behaviour of the Martindale
ring of quotients under the direct products of semiprime rings. The ring
Qo(R} was defined for prime rings by Martindale [3] and extended
for semiprime rings bv Amitsur [13 In [5, 4] this ring appears as a
strong technique for the analvsis of the liberal or normalizing extensions
of rings.

This Note essentially splits into two parts. Scction 1 is devoted to
prove RC is centrally closed for R a semiprime ring and C the extended
centroid of this ring. In Section 2 we obtain the main result about Martin-
dale ring of quotients under the direct product of rings; then we prove
that the notion of centrally closed ring is an invariant under the direct
products.

1. Centrally closed rings. Let R be a semiprime ring with identity,
let (F be the collection of all nonzero twosided ideals of R which are essential
as left R-modules (i.c. rt ann pl =1t ann ,U=(0)). Then the Martindale
ring of quotients Qu(R) is defined to be the ring of left quotients with respect
to (F that is Qu(R)=1im Homy (., zR), where Hom (.4, xR) denotes

A €F

€
the set of left R-module homomorphisms from .| to R. A more explicite
description of Q4{R) is given in [2]. Note that we can view R as a subring
of Q,{R) with the sume 1.

The center C=C(R) of Qu(R) is called the extended centroid of the
ring R. The subring RC of Q4(R) is called the central closure of R and R is
centrally closed if R=RC. One can casily check that R is centrally closed
iff C<R. The following lemmas contain some basic properties of QoK) and
C(R) (see (17, Theorems 3. 5, Lemma 4 : [2], Lemma 1).

Lemma 1.1. Let R be a semiprime ving, let Qo R) be tts Martindale ring
of quotients and let C be the extended centroid of R. (i) For each q=0Q, (R),
there cvisls an ideal A e(F with Ag= R. (i7). If ¢ =Qo(R) satisfies Ag=0 for
an ideal A =(E, then q=0. (iii). Qo(R) is a semiprime ring. (1v) C is a field
iff R is a prime ring. (v) Evéery nonzero (R, R)-subbimodule of Qo(R) intersects
R nontrivially.

Lemma 1.2. Lot R be a semiprime ring, Qo(R) and C as above. Then

we have: C=1{q GQO(R)Iq=f, fipA— R, A=CE, [~ (R, R)-bimodule homo-
morphism= {(] S0 (R) |gr=rg, V7 = R}=Co,r XK.

Some examples of rings of quotients in Martindale sense are: 1. If R
is a semiprime simple ring with identity, then the filter (7 is {R} and Q.({R)=

.J‘,,,_
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=R. Thus RC=R and R is centrally closed, € bei
. ind R s ¢ : sed, ‘ing the usual ¢
In particular any division ring is centrally closed ¢ ol conter of &
2. If R is a principal commutative domain th i
. . v 8 aln, then any nonzero ideal
of R belongs to 7 and Hom(Ra, R)~ R, hence R I
: H I , = H = ¢ (=
i1s centrally closed. o TS S C I
%‘Ec follbowing rfusult gives a new class of centrally closed rings
eorem 1.3. /f R is a semiprime ring then the rine RC i .
closed. € being the extended centroid of R, ) ) 5 contrally
t Proof. ]fCC, i.;‘e}hc extended centroid of the ring Q4(RC), then we have
o prove that €, € RC. 1t is enough to prove that C,=C, sinc
diagram shows : ' e Ce s the

R ——>RC—=>0,(R)
c’

RC1 C}’RC—»QU (RC)

I L
-

Cq

Consider c=C, r=ﬁ fSeHomg(l, R) and I =7, By Lemma 12, fe

({, R) and 12t us denote Jy={r=InR|f(r) E%} \‘%"e can shiw'llé(;fle?&n;gir?
by 1.2, feHem e pe(f, RC). Considering f, : [,—R, f(x})=f(x}, for any x =
e Itl', we obtain that the map f—/, is a homomorphism of rin,g:s which is in-
jective.

2. Martindale ring of quotients for a direct product of semiprime rings,
First we give some propertics of the direct product of rings. Let R be
the direcet product _I'!IRi and f; a twosided ideal of R, 1=7, then 1l J, is a

i igl

* . e - -
1.\"051_c1cd'1dcal of I \}'h:c!l is essential when . are essential. W heave also
?h{l]t)lf J 1sjan (cssential) ideal of R, then p,(J) arc twosided (essential) ideals
m iy, 151,
Theorem 2.1. If (R));e; s an arbilrary collection of semi '
ier ? v col rime rings
then .LIIQD(RE):QD(HIR,) 15 an isomorphism of vings. ’ =
i X3

) r : . . Y
Proof. We define 0 .‘_IE]!QH(R,-)—»QO‘(_IE'lI Ry}, by 0({g;}ier)=f, where ¢, =
€Q4(R). g=fi =] and fieHomp(I,, R}, which is an isomorphism of
rings.
Using the properties of the product of rings and Theorem 2.1, we
obtain the following corollarics : ’
Corolnlary 22. 1f (Riier,w is a finite set of semiprime rings, then

oa('_g'_él )=®0uR).

Corollary 2.3. I/ (R;)ier is a sel of semiprime vings, C is the extended
condroid of'ﬂ! Ry and C, the extended controid of Ry, i <1, then 1C~C
PE ) ) el ' )

Corollary 2.4. 1f (R)ier s an arbitrary collection of semiprime centrall y

closed rings, then 11 R, is a semiprime centrallv closed ring.
=14 )
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5 el 1 bitrary collection of semiprine rings,
Corollary 2.5. 1 (it e o eed. . C 1 tended centroid of Ry

then the ring MH(R,C ) is centrally closed, where C 1s the exte .a .
. Semiprime rings, R=®R,,

iel -
Corol]a?y 2.6. Let (R)iiw be a finite set of fis '_;_1
C the extended centroid of R and C the extended centrotd of Ry =1, %, then:
i) G"aC ~C: 4). If Ry is centrally closed for each i==1, n, then R is centrally
B j— N A

r'lo;e-rli; 111}, e)"REC,- is centrally closed.
=1
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EXTENSIONS OF LEFT NEAR-RINGS
BY
MIRELA STEFANESCU

In the theory of groups, the problem of constructing a group E such
that it has a normal subgroup A’ 1somorphic to a given group A and its
factor-goup E|[4" is isomorphic to another given group B has known a nice
development, since, in 1926, Schreier [12] had written his paper.
Schreier’s extensions of groups inspired the same constructions for rings
(Hall [5], Everett [3], Szendrei [14], Rédei (11]), for universal algebras
(Zitomirskii [17]) and monoids (Strecker [13], van Buggenhout [16],
Coudron {2], Hancock [6], Inasaridze (7). If 4 is an abelian group,
then the extensions of 4 by B can be described in terms of the cohomology
theory and this solution, although not exhaustive, is more illuminating.
Lausch {8, 9] used the cohomology theory in order to build the exten-
sions of a ring by a distributively generated near-ring.

In this paper, we include a brief outline of the general extension problem
for zero-symmetric left near-rings by using Schreier’s idea. Recall some
definitions and notations in the near-ring theory. For other informations,
see Pilz {107,

Definition 1. A left near-ring is a triple (N, 4.}, where N is a nonvoid
sely A" and " are binary operations such that: 1. (N, +) is a group (not
necessarily abelian); 2. (N, ) is a semigroup; 3. for all x, y,zeN, x (y+z)=
=x-y+x -z

We consider only the left near-rings for which 0 ¥=0, forallx=N,i.e.
the zero-symmetric left near-rings. Such a near-ring is, for example, the set
of affine transformations of a linear space, with respect to the pointwise
addition and the mappings composition.

Definition 2. 4 nonvoid subset I of aleft near-ring N is called an ideal
of Nif:(I,+) is a normal subgroupof (N, +),N. I<] and for all x,yeN
and iel, (i+x) - y—x-yel.

We note that each ideal 7 is also a subnear-ring.

Definition 3. Let N and N’ be two left near-rings. A mapping ¢ NN’
1S a near-ring wmorphism, if o(x-+y) =o(x)+9(¥), o(v. ) =q¢(x) - 9(3),
Jor all x, yeN,

The kernel of ¢, Ker p={x €N/[p(x})=0"=N"'} is an ideal of N. Given
the ideal 7 of N, we may talk about the factor near-ring N/I. The notion of
exact sequence is similar with the same notion for groups.



