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ON RINGS FOR WHICH SOME TYPES OF PRERADICAL IDEALS
ARE TRIVIAL
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In this paper, we study the unital rings R having the property that
a(R)==0 for any preradical ¢ of a_determined type, which verifics the con-
dition ¢ (R) <I, where I is a fixed two-sided ideal of R. Here ¢ may be a
left exact preradical, idempotent preradical, left exact radical, cotorsion
radical, left exact cotorsion radical. For the definitions and basic properties
of preradicals and torsion theorics we refer to [3], [4], (117 : a classifica-
tion of the types of preradicals may be found in [67.

Denote by R-mod the category of left unital R-modules, For a left
R-module M, we define an idempotent preradical £ and a radical Ky by
taking

(X)= Z Im =, Ku(X)= 0O Kera,

aEHomR(.\!,Xj aEHnmR:I.MJ

for every X R-mod.

We give now a lemma necessary for the rest of the paper.

1. Lemma. Let v-and 6 be a preradical and, respectively, an ¢piradical.
If z(R)y=0o(R), then o < 7.

Proof. Indeed, if M is a left R-module and x <M, then ~(Ryxs(I),
therefore t(R) Mct(M), and o(M) = o(R)M = =(R)M =7(M}), hence o<7T.

We shall use the following notations and conventions: N< M( <NM)—N
is a submodule (proper submodule) of 1; I< R(I < R)—[ isa left ideal (proper
left ideal) of R; I¢ J(Id J)--I is not (strictly) included in J; all the prera-
dicals and radicals are in the category R-mod.

Let I be a two-sided ideal of the ring K.

2. Definition. The ring R is called I-simple if I 1s a mininal two-sided
ideal of R.

3. Theorem. For a ring R the following properties are equivalent :

(1) o(R)=0, for every preradical ¢ which verifics the condition (R} <I;

(2) o(R)=0, for everv radical o which verifies the condition s(R)<I;

(3) o(R)=0, for cverv epiradical which verifics the condition s(R)<I;

(4) If o is an epiradical having the property that o(R}<I, then 6==0;

(5) R is an I-simple ring:

(6) Every lefi R-module (cyclic) M with Anng(M)<I is faithful;
(7) For every nonzero right ideal K of R, inaluded in I, R . K=I.
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9. Theorem. The following propertivs are equivalent for a ring R (1)
e(R)=0, for cvery lcfi exact radical g which werifics the condifion g(R) < :
(2) (VIxsd, x40, e (RYy£1: (3) (V)vel, x#0 one of the following condi
tions holds .

(#) vele((V)/ <R wih Any(v)< ). (Ds=R—J and (WK, I
Sfinite, such that, Anng(I'x)e J o sy,

(#2) (z = R—T such (V)] < R,with Ann,(:)< J.(3)s=R— ] and (3)Fc
SR, F finite suchthat Anng(Fx)c [ o s (4) Every tnjective o fi R-module ()
Jor which Ko(R) <1 s faithful.

The proof is analogous with the proof of the theorem 7.

10. Remark. Ko(R}< Re=()=£0, if @ is an inicctive left K-module.

1. Definition. 4 ring which verifies one of the equivalent conditions of
theorem 9 is called a left ICTF-ring.

12. Theorem. [he following properties are equivalent for a ring R
(1) a(R)=0, for every idempotent prevadical o. which verifics the condilion
o{R) <1 ; (2) Every left R-module M with nonzero dual verifics the condition
ta(R) x I ;(3) Every nonzero torsionless left R-module M verifics the condition
tu(R) x I; (4) Every nonzero submodule N of a projective left R-module veri fies
the condition tx(R) ¥ I; (S) Every nonzero left ideal J of the ring R, J<d. verifies
the condition 4;,(R) % I; (6) Every nonzero tiwo-sided ideal | of the ring R. ] < I,
verifies the condition iy (R)+ 1.

Proof.: (1)=(2): Let M bea left R-module with M *x0. Because Ly(R)#0
it results that 7,(R)« 1.

(2)=(3) . If M is a nonzero torsionless left R-module then M*#0 and there-
fore y(R) % I. _

(3)=(4) : Every submodule of a projective module is torsionless and so
in{R)£1.

(4)=>(5)=+(6) : Clear. o
(6}=(1) : Let ¢ be an idempotent preradical with s(R)#0. Then. low[a(R)] % /.
Because t5r<0, we obtain o(R) £ 1.

13. Remark. {,(R)+ R+ is a gencrator for K-mod.

14. Definition. A ring which satisfics one of the equivalent conditions
of theorem 12 1s called a left IG-ring.

15. Theorem. The following properties are equivaloni for a ring R :
(1) o{R)=0 for cvery cotcrsion radical which verifies the condition a(R)<1I;
(2) 1f o 45 a cotorsion radical and if o (R) =1 then o=0: (3} The ring R has
no non-trivial idempotent tdeals [ with J—1.

Proof. There existsa bijection between the set of the idempotent ideals
of the ring R and the sct of the cotorsion radicals of the category R-mod
and hence (1je=(2)«(3).

It results from [1], Proposition 5 and from [9]: '

16. Proposition. : The following properties are equivalent for a two-sided
deal I of the ring R: (1) R|I is flaf as a right R-module; (2) In J=1I. J for
everyleflideal ] of R;(3) =1 . [ for everyleft ideal JofR, ] <I: 4 asi.a,
(Viasl  (5)1.MnN=I_N for every left R-module M and cvery submodule
NofM;

(6) There exists a left exact cotorsion radical a such that o (R)=1.

i
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17, Definition. 1 fivco-seded ideal | of the ring N which satisfies one
H-’;f/z!a equrvalent conditions of proposition 16 s called o left strongd v idem potent
tdedl.

18. Theorem. 7he following properties are cquivalent for a ring K
(1) 8{R)=0 for cveryicft evact cotorsion radical = which veri fies the condition
HR) < f (2} 1/ o is aloft exact cclorsion radical «ith all) - 1. then =0,
(3) There are no non-trivial tico-sided (idempetenty ideals [, ] < T such that
Ry [ are flat asle [t R-modules (4) There are no non-trivial e fi stronsly idem
potent ideals [ ] 1.

19. Definition. A ring which satisfics ene of the cqniedlont conditions
of theorem 8 is called a left 1E2-ring. '

IT / = R then, theorem 3,5, 7.9, 12, 18 we obtain respectively Pro-
position 2.1 from [6]. Proposition 1.10 from 2. Theorem 2.1 from 127
(Theorem 1.7 from [10]. (6] p. 2), Theorem 2.4 from 27 (16 p.91). Theorem
3.1 Proposition 5.1 and Theorem 54 from 6.

Examples of rings in the sense of the above definitions may be found
in {2], [}, [6%. (7). [8), [10]. [12].
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