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An important and much developed chapter of lattice theory deals
with residuated lattices, pseudocomplemented lattices and relatively pseudo-
complemented lattices ; sec cr. Birkhof{ {4] c¢h. IX §12. ch. XI §5,
ch. XIIT §§1—3, Balbes and Dwinger [2] ch. IX. Rasiowa
(13 ch. TVand Griatzer [71ch 11 §6 ff. As a matter of fact the concept
of pseudocomplement and the more genceral concept of relative pseudocom
plement apply exactly as they stand to mect semilattices and the theory
has been extended to relatively pscudocomplemented semilattices and even
to pseudocomplemented semilattices : see eg. Frink [6), Nemitz
[12,, E. T. Schmido {155 Katriadk [9], [11], Varlet 18],
Venkatanarasimhan [20], J. Schmidt and Tsinakis
(171, J. Schmidt [16] and the litterature quoted in these papers.

It is a natural idea to extend further the basic concepts of the theory
of (relative) pseudocomplementation from semilattices to poscts. The pione
ering work in this linc was done by de Barros [3], Katrinak [10],
Venkatanarasimhan [19] and J. Schmidt and Tsina
kis [17], who dealt mainly with the Glivenko-Frink theorem,
the connection with ideal theory and the connection with join-extensions
and mect-retractions.

Our long range aim in this amd a series of subsequent papers is to re-
capture as much as possible of the theory of relative pscudocomplementation
for semilattices within the framework of Hilbert algebras with least element.
In view of the theorem proved in this paper, the expected theory will apply
in particular to relatively pscudocomplemented posets with least clement.

To be specific, we recall first that Hilbert algebras were introduced by
Henkin [8]in dual form, as an algebraic counterpart of Hilbert’s positive
mplicative propositional calculus {cf. Rasiowa [13] ch. II) and they
were intensively studied by Diecgo [3]. A Hilbert algebra is an algebra
<A,—,1 > of type(2,0) satisfying certain axioms which will be reproduced
below. Every Hilbert algebra is made into a poset <A, <, 1 = with greatest
element t under the ordering x< y«sx—y=1. Conversely, every poset <P, <,

1> with greatest clement | becomes a Hilbert algebra <P, i, 1 >, where
H
x—y is defined to be [ if x< v and y otherwise. Morcover, the order structure
N
induced in the above way by the Hilbert algebra structure <P, =, 1>
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coincides with the orginal poset <P, =. |~ : let us refer 1o this property
as the consisfeney of the Hilbert algebira with the original poset.

In this paper we show that for every relatively pseudocomplemented
posct =P, = = there is a second Hilbert algebra structure consistent with
the original ordering. namely </, . 1=, where — is the operation of
taking relative pseud’o omplements and |- the sreatest element of 2. Thus
the class of relatively pseudocomplemented poscts 15 a proper <ub lass of the
class of Hilbert algebras ; moreover, it 15 also distinet from the subclass of
Abbott and Kleindorfer's plicative algebras @ =ev cg. Abbott [t
and  Rasiowa [13] ch. I,

In a series of subscquent papers we shall introduce and studv a new
almost Boolean™ algebraic structure for Hilbert algebras with least element,
as an attempt to recapture much of the theory of 1elative pseudocomple-
mentation for lattices and semilattices ; of. [147. As Hilbert algebras with
least element essentially coincide with hounded posets, our theory will also
refer to the latter and in view of the theorem proved in this paper it will
apply cven better to relatively pscudocomplemented  posets with least
clement (to the effect that the operation of relative pscudocomplementa-
tion — seems to be more natural than — ).

Let =P <> be a poset (partially ordered set) and let . b 1°. The
relative pscitdocomplement of a with respect to b, denoted by a — b, is an elemoent
of P such that for every x () the following cquivalence holds

iy (Ve(zga&kr g v b)) ergash.

The above definition is due to Katridak {10]; in the case of
a mect semilattice it reduces to the usual definition aArx<besy<a—b. As
in the case of semilattices, a-+b is uniquely determined by o and b (because
it is the greatest element of the sct of those x which fulfil Yz (: € akz< v=2<b)).
If a—b exists for cvery a, b€ I’ we say that Pis a relatively pscudocom-
plemented  posct. Again as for scmilattices. onc sees that every relatively
pseudocomplemented poset P has greatest clement t =—a—a for any ae P
(because the property Yr(s<a&e< y=1<a) is true for every v. hence Vg a-—a).
Asnotedby J. Schmidtand Tsinakis [17]and following an idea of
Venkatanarasimhan {19], the definition (1) can be given the
following shorter formulation :

(1) (a]N (x]= (bl (x]< (amsb].

where (c] stands for the principal ideal gencrated by c,ie. (cl={z€P | z<c).
Recallalso [57 that a Hilbert ulgebra is an algebra <A, —, 1>of tvpe (2,0)
satisfying the following axioms : for every a, b,¢, =4,

(2,) a—l=1,

(3) a— (b—a)=1,

4 (- (b)) (=)= amsc)) =1,
(5) a—=b=b—oge=|=a=b,

The Hilbert algebra structure induces a partial order < on A, defined by
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and 1 is the greatest clement of the induced posct <.l < =, Conversely,

every poset with greatest clement - . <. 1 can be made into a Hilbert
H . "o .

algebra = Po— 01 = where the operation — is defined by

H Jl. H oagh,

— [,
e | 4. otherwise.

We are now in a position to establish the main result :

Theorem. Lot < I, < = be a rlatived v pscrdocom plemented poset. Denote
by — the operation of takine relative pseudocom plements and byt the greatest
eement of I Then <P, .t s u [{ilbert algebra and ils indiced order (6)
cotncides with the original ordirs<.

Proof. We have to chek {2)- (6) using (1).

To prove (6) notice that if a<h then Yave(r<aksg v=rgh), hence
Viiga—d by (1), therefore a—bh—1. Converselv, if a—b=1, then a<a—h,
hence by applying (1) with v=a we obtain V(s <a=:<h) taking further »=q,
we get agh,

Now we are goine to use (6) i the remainder o the prool. Thus (2)
and (5) are obtained as mere translations of ¢ <1 and antisvmmetry, respec-
tively. Further notice that V(s b&z<a=srga) henee 1< b—a by (1), thus
proving (3).

To prove (4) note first that.

(7) Vi(s<adr ga—o=rgb)

by (1) with v=a—b. On the other hand, (4) is translated as

{8) a—(bsc)< (a—b)— (u—c)
by (6}, while (8) is cquivalent to
(9) Vi(r€a—l& < a (b—c) =< a—c)

by (1). To prove (9) take = such that s<a—=b&:<a—{b—e). Take further ¢
such that i<a & i<z Then f<a—b and ISa—(b—c), hence (<6 and 1<boe
by a double application of (7). therefore t<c¢ again by (7). We have thus
proved that V(i a & i< =< ¢}, henee z<a—e by (1), So (9) is established,
completing the whole proof.

Examples. The posct in Fig. 1 is the simplest relatively pscudocon:;
plemented poset that is not a meet semilattice. The operation—coincides with—
and is given in Table I. It is easy to check that (= V) y=(r— )=y
for every v, y, therefore this Hilbert algebra is also an implication algebra by
[1] Theorem 26, 1

- a b1

a 1 b1

B! ali1

a b 1 a b1
Fig. 1 Table 1
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[he relatively pscudocomplemented po:vi in Fig. 2 is neither a mecet-

nor a join-semilattice. The operations — and —
5 i

respectively ; we see that t=V=1r=v=1| whenever v< oy, s expected. Sinee

{d—c)—c=c while (c—a)=a=1. this Hilbert algebra is not an implication

are given in Tables 2 and 3.

algebra,
, ) - 0 a b ¢ d 1 11 0 a h ¢ 5] 1
: . S
0 1 1 | 1 1 0 1 1 I 1 1 1
alb b 1 1 a 0 b 1 1
¢ 4 b a a | 1 1 1 b t a 1 1 t 1
s c t a h o 0 ) [SH A B Y PO BT 1
|/ di0 a L e 1 i d 0 a e 1 i
0 / [ 1 |0 "a h ¢ «l 1 i 0 a b ¢ d 1
Table 2 Table 3
Q

Fig. 2
Open problem (A. Montciro). Decide whether or not relatively pseudocom.
plemented poscts arc equationally definable. (It is known that Hilbert alge-
bras arc so [5]. Sec also [14] for new computational possibilities),
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