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THE LATTICE OF DEDUCTIVE SYSTEMS OF A HILBERT ALGEBRA

BY
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For a Hilbert algebra 4 [3], we denote by Ds{A4) the lattice of all deduc-
tive systems of A and by Ire (1) the set of completely irreducible deductive
systems of .

1f 4 is a bounded Hilbert algebra and v =4, we denote by a*=x—0.

Lemma 1 [2). If A is a bounded Hilbert algebra, then the following
asserfions are cquivalent © (1) A 1s « Boolcan algebra (relatively to natural
ordering) ; (ii) For ¢very x €4, a**=x.

Corollary 2 |2). If Ais a bounded Hilbert algebra, then A is a Boolean
algebra iff for any elements x, ved, (y—yjorv=ux.

For a Hilbert algebra A and x,, vo..., v, =4, we define
(X5, i, oi¥aiy ) = o ! Tf ==l
l Vi (Xg,eey Xp 1) Na)e I 222

Remark 3. [2]. (¢)) If ¢ is a permutation of the set {1, 2,.,n—1},
#22, then (Xg . 0%moy o o) =(¥1, Xayo.0y¥n_1; Xa) ]

(cs) If xed, then y—{xy,.., X0 1 Ya)={%, X1y Ya1 ] Xa)=.. =(¥1peeVn1s
X5 Xa)

(cq) 1f X,y € A, then (X, a8, 0 A= )=(1,,., ,1',‘;1)—+ \',, VY
(ciy HAisa He)tmg algebra, thcn (X1seesXnns Np)={X1 A X2\ A X 1) X

If Xcd, we denote by (X)=n{D EDq (A)y: XD} ((X) is called the
deductive s_\'stem gencrated by X). If X ={x1, Yz..., %}, we denote by (v, 1,,.
o) ={{Vy ¥p...,¥a}) ; the deductive system generated by one element ae A
will be denoted by [«) and is easy to verify that f[a)={xed :a<x}

]‘-01” D]. Dg E])S(A), we put Dl A D2=D1 N Dg, D1 \3 Dz'—(DIU Dg), D| -—
+D,={asAd:[u)nD,cD,}.

:ll"hen (Ds (4), A, Vv, —) is a Heyting algebra [2], where 0is {1} and
1is A.

Lemma 4 [2]. If A is a Hilbert algebra and Dy, Dy € Ds(A), then Dy Dy=
={x e there exist xs,...,x, €D, such that (x4,...,%q ; %) €D,}.

} Corollary 5. If A s a Ililbert algebra, D <Ds(A), a, xy,..,x, €4,
then ;

{co) [upvD)y={xed a-rxeD};
Remark 6. If aed and DeDs(d), then D*=D-{l}={xe4:

[x})n D=1} and so [a)y*={veAd : [x}n[a)={1}}. If A is a Hevting algebra.
then D*={ved v v=1, for every veD}

(€e) (xrptn)={x=A4d : (xy.. .50 x)=1},
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Theorem 6. [f A is o bownded Hilbert algebra, then the following
asserffons are equivalent :

(1) (Ds(A), A, v, *) is a Boolean algehra; (W) A is a finile Boolean
algebra (relatively lo the nalural ordering).

Proof.(1)=(il). Let x = 4; since l)s( A} is Boolean algebra, then [v)* | [v)=
=:. By remark 6, {x)* [\ ={y=.;xoye{y)¥ {\ ed:v—=yvin[v)=
= {1}}, so for cvery _\'6.4. [.r—r-\')n[\) {1} Sincc V=g (v v) ) >
and v<((x—=y)—=a)>x it follows that ((v—v)—a)—=x)s[v=) nly)={1}
and so ((yv—y)—y}—a)=1.

Therefore ((x—y)—a)—r=1.

Since g (v—y)—y, by (1) we deduce that (v—y)—a=y; since ¥
and v are arbitrary, by (OIOHaT\ 2, it follows that A 1s a Boaolean algebra.

Let us prove now that every filter of o is principal. i = Dg(d). then
IV D*— 4 (Lecause Ds(A) is supposed a Boolean algebra) and thII: 0D D*,
and so, by lemma 4 above, there exist v, v v, LI) such that {v,....3, ;) &
= ¥ and so, by remark 6, for every _\'EI). {Xeatn; 0) V_\'-- I.

By (¢y) we obtain succesively {{(v, /ove Ao G p—0) v = T (VA A

AR y= 1 (oA XL AGIANE =0 A LA EY and 50

D=[a), where a=x,Ax.A A Y= D,

T ecause every filter of A is principal. then A is finite [4 ).

(ii}=(i). Suppose that A is a finite Boclean algebra ; because Ds(A)
is a Heyvting algebra, tu prove Ds(.l}) isa Boclean algebra. we must show [1]
D*={1} only for D=, Since A isa finite Boolean 1lgd)m every filter of A is
principal and so D= [‘11, a4 By remark 6, D¥=[a)*={ve v\ y==" for
every a<1}. Since, for vz a, a*V yza* U a=1 it results that a*V v=1 :md
so a* € [a)*={1}, therefore a*=1. It results a=0 and so D=[a)==[0) =

Lemma 7 [2]. 7/ .| is a bonwnded Hilbert algebra, then for every 1 GDS(A)
D=n{M elrc(1) : DA},

In the same manner, we prove:

Theorem 8. /f A is« ‘bounded Hilbert algebra, then the following asserti-
ons are equivalent @ (1) Every DeDs(:1) has « wnigue represcutation as an
inlersection of elements of Trc ). (i) A is a finite Boolean (relatively to
natural ordering).
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