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ARTIN APPROXIMATION THEORY AND APPLICATIONS
BY
DORIN POPESCL

§1. Artin approximation properties. I.ct 4 be a noetherian r?ng,
ac A z;n ideal and A the completion of 4 in the a-adic topology. We consider
t] lowing statements : ) . o o
s I?}XT";“Ei'cry finite system of polynomial equations over A hasfl"tf-%élsf
solutions in 4 dense with respect to the a-adic Atopology in the sct of 1ls s

1 . ¢ AT 11y i PO
tions in A. i.c. for every solution ¥ from .1 and every positive integer ¢

there exitts a solution Y, in 2 such that ¥, = }’ mod Lfr..'l. A
(SAP) For cvery finite system of pelynomial e 1uat101?5 [ over e
exists a function v : N—N with the following property : -
For every positive integer ¢ and for every system of cl_emc}rfxts 1}/'{1;1;10:21
A which form a solution of f modulo a%€), there exists a solutionY , of fin

such that Y.=Y mod a". o
h We call (., a) an AP-couple (resp. SAI’-couPle) if it satisfies f}AtP)
{resp. (SAP)). A local ring (4, m) is called a ring with the property of Artin
approximation or an 4 P-ring if the couple (4, m) is an AP-c-ouple. N
The study of these properties started with the following result due
2 . Al (AN . ‘ .
" A(l{ :))1 I']I'hgo;im[ (Krtin). The convergent power series rings in X —(;x‘!,c;‘:.a.j
X,) over a valued field of characteristic zero, and the Iteﬂse{zzc;ltaf:; gedekind
}'z"ng nwln';'k is essentially of finite iype over a field or an excelle
. )_ . : . - -
e {Xe L::l)liplré”%;, a) is called quasi-excellent if A is noethenaI? and
the completion map A=A is regular, A being the corrmpleflota;1 otf A in the
a-adic topology. A recent result (see [P.] Thcoren.l (1.3) say’s aAp vole
- (1.1) Theorem. Every gquasi-excellent ke‘nsel‘mn couple is an -couple.
In particular every excellent henselian local ring is an AP-ring. (1.3) from
The above theorem gives a positive answer to Con]eit}xge b )
[As]. The converse of Theorem (1.1) is not comlpletely solved. If 1, L
is an AP-ring then A is henselian and the formal fibers of the canonical map

i i ' ticular a two dimen-
g trically normal (see [Br] or [CP]). In particular a €
fi()T]fl ?cr)(?agle;)i?; fll.l i: AS.(P iff it is exccllent henselian (an AP-ring is cail}l’a::;ig
by [K1, Ch. V). Recently C. Rotthaus [R] showed ‘thatt}?.nn AP-ring
4 is excellent if 4 "[X1] is also an AP-ring. If 4 is an AP-ring the
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?tsl;,:;tll)?lrz (;i]:(lxo;)s l?(ﬁt“]ttl\p]. at (X} is still an AP-ring (sec [P,] Corollary
(4 m) e (55 P fer OB A mothrion. conplt ol rin
) f'f_‘.;],qhz,) e SAP) crian iocal ring (A, m) is an AP-ring
. s 1s a particular form o ] The { ;1 as gi

:ﬁt i?p cl)r‘?grrf:lgzl f.o‘}-m in r[K I} Ch.f I[IPEI‘%]eLIrlggw.r c‘(nll.‘ll)?j'5(%(11:31: ;?rrggf{: \::::oél;i‘nzg
- AP-céupleg}I}af;n(gjﬁllz))Io.i acnd ‘[?1]. It xfc_mains open the general question
has (SAD] quivalently if a noetherian complete couple

The next theorem solves ctely i
mation ety subrings,m’ completely the question of so called approxi-
I .
o 5 :’;) :I‘:’leorem. Let (A s 0t) be an 4 P-ring, A tls com pletion, ¢ a positive
g rAd<X> the algebraic power serics ring in X=(X, X,) 6rer A, f
| | . - y ey Xy ,
a fjmh Svstem of polviomial cquations over A <X > and y— (\A v )&
i o l R - TN - s V) &=
EA[t.\’__:. a‘formul solution of f such that MeE AN, LX) I1gicn for
some positive tntegers s,<r. Then there cxists a solution v={y, B -1' ) of f in
A<X =~ ’ y y Y 2P mod
o "f;.;k that Y, e 4 <X, co Ny L U<i<nand Y=Y mod (m, Xy
Rema ;2 ! ]eorﬁm‘fo_llows from Theorem (1.1) (see [P.] Theorem (3.7) and
i )}. A similar question in the analytic casc was solved negatively
1 1 T . 1 i
=L and S ) I o some s X x
: s nd A, X e or some % then it i ible to
ilhndfno solution y of fin 4 <X ~ such that 1; ej{ -.:‘X' = I<lz"5<}:zosmb}]1L t'o
e following example adapted after [B]. . e

: 51.4) Example. ABy computation, one shows that there eXists a unique
ormal power series i1 in C[[X]] such that r:(Y X 4—X. N A‘
et / In C[[. UA+XN)=24—X N
is;d;vergent. By Taylor's formula there exist som?e formal po:i'teert?:rti;;
St from €[[X, Y]] such that #(Y)=n +5.(y" (V=1

. WLy J < = | g —X ==
e ) { }» and u(Y)- (X+X7)—~

Then ’2\, g,? and 2:—g o i
System of equation. "=u(Y) form a solution in C{{X, Y]] of the following

(x) VUt S(Y=X), V4 T(Y~X— X9 20X,

If there cxists a solution . v s, ¢ of i
s 7, 8, (#) in C<X, V>
€C<X>, veC<Y >, then we get v(X)ru? v(X—i—X”):Zuil:‘:g] ::gts::i

is a convergent pow i ici .
Contradicti%n ! power serics such that WX+ X2y X, By unicity #=y.

§2. Some applications (2.1) Theorem ([P
. . (2. . Covroll y
Pletion of an excellens Sactorial henselian Zoccgl[ r;?]zg zir}agz};z'gzi.:&. e com-

For two dimensional local rings wh i i
‘ ose d i
closed the above result is the subjectgof fL] Thz{?:exie({l'?.lgf ;lrez;ligebrlcally

If‘roof of JI heorem (2.1). Let (4, m) be an excellent factorial henselian
local ring and 4 its completion.

i
->
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A 15 a domain. Indeed if it holds E'T\'—-() for some nonzero elements
X, : e A4 then choose a positive integer ¢ €N such that .:', _l;'éim".-f_ By Theo-
rem (1.1}, 4 is an AP-ring and so there exist v, ve.d such that 1v—0
and _r-—_;, y‘._\? mod mcA. Then v, v meAn A=m" and so fv, v} arc
nonzero elements, hence A4 is not a domain. Contradiction !

A is factorial. Tt is enough to show that an irreducible element 1+ =4

is also prime. Otherwise there exist ", ;, v ed such that ni—1i but
ne _:':1, :?\GF;zf Choosc a system of generators o= (uy, ..., ¢} for m and consider
the following polvnomials f: =UV X1, ¢:=U—X/, 0" = V- XZ'h:=
X oa, T X, from A[C,V, X, W, 2,2, 7,1, T=(",,.,71,), I"=
ii=1
(T4...,1,). Then (u, v, :, w) is a solution of / such that cach of the following
cquation’ @ g(u, ¥, Z)=0, g'(v, x, Z')=0, h({x, 7, T")=0 has no solutions
in A4 (the inccmpatibility of the latter one says that v is not a product of
scme nonunit clements frem A, iee. xis an irreducible elament in 4). Applying
the following Lemma there exists a solution (u, , ¥, w) of f such that each
of the folloving equations g(u, x, Z)=0, g'{v, x, Z')=0, A({x, T, T')=0,
has no solutions in 4 and then A is not factorial, the elcment 1 being irre-
ducible but not prime. Contradiction !,

(2.1.1} Lemma. Lt F be a polyvnomiad in X=(X,,..., X,) over an
AP-ring (C,m) and Gy, .., G, some polynomials in X, Y=(Y,, .., Y} over
C. Then He following statements are equivalent : i) there exists a solution x
of F in C such that each equation G (v, Y)=0 lus no solutivns in C, 1<i<s;
W) there exists a solution v of Foon C such that cach equation G{x, Y)=0 jus no
solutions in ?3, Igigs.

Proof. i)=sii) Take x: =ux. If Gy(v, Y1=0 has a solution in C, then it
has also one in C by (AP). Contradiction !

ii)=1) Note that C has (SAP) by Theorem (1.2). Let v;: N=N be the
function associated to G,(;', Y), 1<i<s and denote ¢ : = max v(1).

f==]
Using (AP) there exists a solution x of F in € such that xr=1 mod m C. If
Gi(x, Y)=0has a solution in C, then it has one in Clm'x Cim€. Since x=+ mod
1_»”6, the equation Gi(,?, Y)=0 has a solutionin 6/QCCA and so in € {see the
property of v from (SAP)). Contradiction ! '
The following application was suggested to us by A. Constan-

tinescu.
(2.2) Proposition. Let (R, m) be an excellent henselian local ring,

A, B the henselizations of R[Y], _Y=(Y,, v Yy) resp. R[Z], Z={Z,, .., Z,)
in (-‘li!_, Y) resp. (m, Z), b=(b,,..., by) some elements from B, f: A—B/bB 4
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local R—moiplu'sm- and }: .:I—u'}/b?i’ the map induced b v . Then fis surjective
whenever fis surjective.

Proof. Let f be given by Yah=(h,, . hy) e {m, Z)BY, Letfbe surjec-
tive. Then there exists some formal power series 7= (f.

={t. ..., 1':) from such
that ¢, (=7, mod bR ci=1,...7. B

v Taylor’s formula there exist some

~ A fa} ~ N ol

formal power series §,, from R[LY, Z]] such that Lttdh)= Z s, (Y, k),
=1 '

A
t==1l, .., 7 Thus f is surjective iff the system of polynomial equations

8 A
f**) '+ % S-‘j(Y} ;’1)=Zs+ b by, i= U5 oo I
F=1 1=l

has in I}[[Y,Z_‘_ the formal solution (t: §, :?) where t:EI:?[[Y}], 5\”, 1:;;5
€R[[Y, Z]]. By Theorem {1.3) there exists a solution (£, s, 1) of
hensclization R <Y,Z > of R[Y, Z)at (m, Y, Z)such thatt,= 4. §

Y by & we get t{h}=Z, mod bB, i=1,
tive,

(*x) in the
ubstituting
-+ » # which savs that fis also surjec-

| {2.3) Remark. A nice geometric application of Theore
in Theorem (3.8) from [A,]. There it is shown that
are in fact algebraic.

m (1.0} is given
isolated singularities
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S P L e S
A NULLSTELLENSATZ OVER SOME HENSELTAN 1V ALUED FIELD
BY
SERBAN A BASARAD

is Hi 's Nullstellensatz. Tt has
A basic tool of algebraic gcomctr_\_-gl_s il-llltbctrl:i: :-;;lgl;f::lllt Islts:tt;mlm ais
e 'ed bv A. Robinson [9] tha § spiea = e
o "Oll::it:‘tr;r‘:?noﬁcl theoretic terms with the fact that an alf,ci]brcll:gttlltj,inilo:he
?Fl~‘ilgl\-; existentially complete in cvery field extensmn.' In tl'?d st time the
lu theds of model theoretic algebra were successfully apphe
C ° - . =
rlt suital e Nullstellensatze over various fields. R—
& The aim of the present work is to apprly the genera e cauipped
oach from [1] to the case of a basc ficld K of cha‘racteg'.lsld Zero equippac
aP'Itjll; roper Henselian valuation such that the rcmgh;c ?c o :onlsider ooy
“'11 a I;oup G =0, satisfy some supplementary conditions. e et
:ati %f rg)str ctions on k. First we assume that isa Pbtrltlicular Sy
}Fc). field [8] of characteristic zcro such that — IGE\{f: .tl?vfzssume P
(Pd the case when £ is a formally real pre field. = e owing Hinite:
. ffrl;ite fieici As for the value group & we assume that the
a . As e i
s conditi are satisficd. | ' B ‘
e Lglll\d(irtmlolnf)r‘:;r(;c p and a natural number 7, let us df._'notf‘ l:))( :3<p;’, Cgl{,q;((lel).
the m;xima(1 convex subgroup 17 of G such that dim U'/pU<r. ‘
he nc.‘;; r;:)t:lf\“corl:gc?)?uf;\ subgroup U of G such that G/U is not. divisible,
T pl inite for all primes 2. .
e i?)rc'ltliigtcc:h::irn of };he convex subgroups 4 B f}c:r ailn (j{lt ironls if)mand
The regular ordered groups [10], [t1] satisfy the c :
! . i ; i in
1) ab?—:i:-.cn such a base field K an}:’l an tld}:/_al(gt) oga g}i’"ﬁ(}l(}ur)li?)mflorr a].gl
[}, &= s 7n), we consider the se x(d)=1a
}t{s:ai of I({Z:lr,atiz)na)l zeros of @ and the corresponding ideal of K[z]
, [ Vi(@)={f K] f=.0 o I,k(a,)} ' ined in F'=K{z)
We explicitely construct an overring H 0;;\[(2)00}1;?1?“ va
i h a way that for every ideal & of K|z], IVi{d)=R[z - ‘
v suc'i_lhz E‘l;)g t}-}diufrllst out to be the 1ntcrsectil(}? 10f' the ‘;’erjlrlu&t;();o{;r;%?
i Y ion: f F ying o
i o the K — rational places o - Lyin _ %
CO?IFSIi)l?n(IlérE?1 tIn other words, H is the holomorphy ring of Cfir(t)il:r s}ti_l.)spa
glf]ihz Rgicm;iﬁl space of all places of F {K which are rationa
The details and the proofs are given in [4]. . nch e men
As remarkable special cases of the present general app

tion the following ones.



