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FUNCTORIAL BISTABILITY
BY
DAN DAIANU

In [2] we constructed an abstract theory of approximation schemes
like in 17 (Aubin), [6] (Marinesc u) and [7] (Stummel) using
categorical concepts only. In [3], [4] and [5] the ideas concerning the stability
and inverse stability of some functors among the approximating categories
of some aproximation schemes have been devcloped. In this paper we define
the bistability of a functor in the same manner as in [6]. but in a categorial
way and we study the connection of this concept with stability and inverse
stability.

We use notations, definitions, theorems and examples from (2], [3],
(4] and [5].

Let (X, AX. PSX) and (Y, AY, PSY) be two approximation schemes
and T: SX—SY a functor. Assume that the aproximation schemes verifies
the feature of limit unicity (T. 5.6, [2)):

AX(a) n AX(D)#0=2a=0b,
AX(f) (s)=AX(g) (s)=/=¢.
where u, b, 0b X, /, g=X(ua, b) and s is an element of AX(a).

Definition. The functor T is bistable i S there exists a subcategory X,c X
and a functor L : X—Y having the Sfollowing features :
(i) for any a=ObX, and U< AX(a). T(U) cAY(L(a)) iff THAY({L{(a))<
= AX({a).
(ii) for any feX,(a, b) and F =PSX(U, V) with UcAX(a) Ve AX(b) the dia-
gram (1) is commutative if f the diagram (2) is commutative :

(u)

U-ae N — eV U__._._.F—___, V
. v TX _
1U (1) (2) TV
AX l AlX b AY(L v -—-——»AlY L(b
(a)—-m——-* Q] {L(a)) AY(LU) (L(2))

We denote by Ob Bistab the class of the pairs (g, x), where 2 «ObX,
and x=L(a) and by Hom Bistab the class of all pairs (f, §), where fX,(a, b)
and /==L(f).

Propesition. If T 7s a bistable monofunctor, then Bistab is a subcategory
of the category X x Y.
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Proof. Let (a, v) €0b Bistab and F = PSX(U, V). Assume the com-
mutativity of the diagram (13}, where f==1,; then F is the |pclusxon func_tor
U<V, hence T(U) cT(V)and TVoF=AY(!l,).oTU, thatis, (2) is ccrmmutat_lve
for L(f)=1,. Converscly, if TVoF==AY¥(l,) TU, then T(U) CT(.V) »but Tis a
monofunctor, hence U<V and the diagram (1) is commutative. It follows
that (1,,1,) Bistab ({a, x), (@, ¥}). .

Lot now (g, p)ye sistab ((a, ¥), (6, 3)), (B, @)= Blstabp((b, ¥h (e z%)
and F=PSX(U, W). According to the Proposition 3.3. [2] and roposlggn 1;
(4], it follows (i), for V=W, f=hog and L{f)=gop, hence (hog, gop) «Bista

a, x), (¢, 2)). ‘
! )Tl(lenr)e)m. Fhe functor T is bistable if and only ifit vs stable and inversely
e d Fe PSX(U, V) a functor T

Proof. Let T be a bistable functor an . -
com'crgvnif to feX(a, b) and 1 €Y(y, y). Hence, Uc AX(a), VCAX_?) and
T(U)c AY(x), T(V)<c AY(y): T being lnstf'lblc: T(U)< AY(L(#)) and f(V)hC
< AY(L(b}}, whence, according to () : E{a}=1+ and L(b)=y. Because o tIl?
T-convergency of F and the bistability of T it follows that IVoF=AX(f)o )
and TVoF=AY())oTU=AY(L(f))oTU, conscquently, according to () : L{f)=
it follows that feXy{a, b). T T .

Let now GePSX(P,0). If IQoG= en this is the commuta-
tivity of a type (1) di.(lgr:g{ for 8‘=P, V=0 and F=G; then from (ii) :
TQoG=AY(/)oTP and accordingly T is stable around F. If IQcTG=AY(/)oIP
it results that TQeG=AY(/)oTP and this implics the commutativity of the
tvpe (2} diagram and from (i) it follows thar IQoG=AX(f)oIU ; according
to Definition 2, {3], the functor T is inversely stable around F,

Conversely, let T be a stable and inversely stable fur_}ctor. We mark by
Ob X, and Ob Y, the classes of objects a =0b X, r.espe.ctlvely, x=0b Y for
which there exists a subcategory U=0b PSX which is T-convergent to 4
and v we define L{ay==x; by Xu{«, b) and Y(x, y) we denote the sets of
morphisms f=X(a, b), respectively, & Y({x, v) for which there exists a functor
F=PSX(U, V) which is T-convergent to f and !; we define L(f)={ If 'for
2 €0bX, there are two objects v, x' <ObY, and two subcategories q, U'e
€0Oh PSX which are T-convergent to « and x, respe?tlvely, a and ', the'n
T(U) = T(AX{a)) CAY({x) and T(U') = T(AX(a)) =AY (x") ana from () : x.=xT;
if for feX,ia, b} there exists /, ! &IY(,(.\'.,}') and F=PSX(U, V) which is .
convergent to fand / and F'=PSX(U’, V') which is T-convegent to f and !
from the stability of T it follows that: TAX(b)oAX(f)=AY()oTAX(a)=
=AY()oTAX(a), hence AY(/) (s)=AY(/') (s) if s is an element from T(AX(a})
then according to (u) it follows that /=/", Now, according to the proposition
3.3 from [2], 1 and 2 from [4] and 2 from [5] the proof of the conditions
(i) and (i) is a matter of evidence. o

Corollary. 7f T is a mionofunctor Bistab=Stab Stabm\‘r. 1

Example. Let (E, Ep ppo 1)y (F, Fyy g4, 53), e H, two internal appro-
ximations, fccording to :\.{)1 bin, [1] and A, : E,,—fF,,, J_h'EH, an operator
family. We obtain sufficient conditions for the bistability of the family
(A )pgu as in [67 or [7] if we choose the approximation schemes and the
functor T as in [2] and {31. According to the examples 1.5, 2.3, 3.4 from [2],
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[5] and the above proved theorem, it follows that (Apdaenis a bistable family
if there is an asymptotical and inversely asymptotical equicontinuous family
on ¢onvergent sequences.
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DUALITY BETWEEN CATEGORIES OF MODULES OVER A
UNIVERSAL ALGEBRA

BY
CORNELIA GUTAXN

If £ and B are categories, then a drality between of and 7B is a pair
of contravariant functors (D,: D,) with D,: e¢f—@ and D,: B—cf such
that the covariant functors D,oD, and D,oD); are naturally cquivalent
to the identity functors 1, respectively 1. L

Two dualitics (D, ; D,) and (E,; E,) between the categories of and 3B
are named equivalent if the functors B, and E; are naturally equivalent for
1—=1,2. ;

If A and B are rings with unity element, we denote by ,@ the category
of unitary left A-modules and hy €, the category of unitary right B-mo-
dules.

In [t] the following theorem is proved :

Theorem 1. /f ot and B are {wo full subcategories of the category ,@,
respectively @, with properiies
(i) sude ot . BB, (i} ifXe|ct|, X' |8 and X is isomorphic with
X'then X slct (i) ifYe|B|,Y €)@y and Y is isomorphic with Y’ then
Y= B, and if (D,; D) is aduality between the calegorics ot and B, Dy, D,
being additive functors, then there is a bimodule Uy such that this dialily s
equivalent to the duality realized bv the functors Hom,(,U): o3 and
Homy(., U): Bt

Let X be a universal algebra having the set of operations Q={w",...,¢}},
with #,,..,m, e N*¥ (o} 1 XM X).

Further on, we assume that X and all the other universal algebras
of the same type verify the relation : .

0 ofi[o(%1r,... x,,,.) yoor OFH{(Xni1 sy x,,'.,,j)]g

= fi [@(X 15,0, Xnj1)se 00 (xm’.,...,x,,'.,.j)]

for every 4, j={1,...,k} and every %, €X, with I=1, n,, m= [,7, Let I' bea
s-algebra with 6=06,Us, where o,={c% ..., 6} and g.={m?}, m*: 'k =T
We assume that I" verifies (1) as a,-algebra} and also verifies the conditions :

(2} M2ty 8T ay Yo | =W M2y, v}y (Y, a) s

F3) m’-_“?‘('}'x,---,‘{»;), Y}=U?'[mz(71| Y)y---s ms(}'u"s T)]; - *



