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[5] and the above proved theorem, it follows that (A,), ey is a bistable family
if there is an asymptotical and inversely asymptotical equicontinuous family
on convergent sequences.
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DUALITY BETWEEN CATEGORIES OF MODULES OVER A
UNIVERSAL ALGEBRA

BY
CORNELIA GUTAN

If  and B are categories, then a dualify between <f and B is a pair
of contravariant functors (D.; D,) with D,: cf—3 and D, B—cf such
that the covariant functors D,oD, and Do}, are naturally cquivalent
to the identity functors 1, respectively 1. o

Two dualities (D, ; D.) and (E,; E,) between the categories of and 3B
are namned equivalent il the functors D, and E; are naturally cquivalent for
f=1,2.

If Aand B are rings with unity element, we denote by ,@ the category
of unitary left A-modules and by €, the category of unitary right B-mo-
dules.

In [ 1] the following theorem is proved :

Theorem 1. If of and B are two full subcategories of the category L€,
respectively @, with properiies
(i) ude ot . yBe B ; (i} ifXe|ct|, X' e|,8 and X is isomorphic with
X'then X' elct (i) ifYe|B,Y '@y and Y is isomorphic with Y’ then
Y ={B. and if (D,; D,) is aduality between the categorics ot and B, Dy, D,
being additive functors, then there is a bimodule Uy such that this duality is
equivalent to the duality realized bv the functors Hom,(, U): ot—-B and
Homg(., U): B,

Let X be a universal algebra having the set of operations Q={w",...,c}}},
with #,,..,9, = N*{o : X"oX).

Further on, we assume that X and all the other universal algebras
of the same type verifv the relation : .

) of (el (%1r1s X1a) oy O X1 4. Kugny}] =

= (a.'l?t [m:"(xll’"-;xnil):'--!m:"‘ (xlﬂj!"')xﬂi’lj)]

for every 1, je{1,...,k} and every x;, €X, with /=1, n,, m= [,7, Let I' bea
o-algebra with 6=6,Us, wWhere o,={c}....,a}:} and 6.,={m?}, m?: ' x [T
We assume that I" verifies (1) as a,-algebra} and also verifies the conditions :

{2) W2 Yy Ry Ymg) | =0 m2(y, Y1l oMY, Ya,) s
(3) MG 1o s Yy)s YI=0R M3y, Y,y M vy Y) s - &
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(4) {1 <ll, such that me(1, yy=m(y, 1)=v,
(5) ms "tz(Yh ‘:’:)s Yal=m?[v,, 7?1.2("(2__ va)ls

for every i=1, £ and every v, Y1 Ya ¥ ¥y €17, with je=1, 1y
Let ¢ : I'x X—X be a function. We consider the properties :

(6) o[y, of(%u 2 [=0ldpo(r ) op (v X))l
(7) Qo r s u by =0l @01, )o@ (tng X)),
(8) #(1, Y)=ux,

(91) o[m* s 12)y x]=0fry oy 1)1,

(971) @[m*yy v2), ¥1=90v2 o(vi 2],

for every i=1, &, %, ;€X, v, Yu. 7o 72 75 €1, with j=1, n,.

Definition 2. A left (right) module over the universal algebra I' is a uni-
versal algebra X on which an external operation @ is defined having the properlies
6, 7, 8, 91 (9r). To simplify, X will be called left (right) I'-modile.

Definition 3. Let X and X' be fwo modules over the same universal algebra
T. Wesay that f . X=X’ is a left (right) I-module homomorphism if [ is a honto-
morphism of universal algebrus and the relation

(10) flely, ¥)]==[v, f(x)];

Jor every x €X and every v €T, is lrue.
Definition 4. We say that X is a D-I'-module if X is a left T-module,
right I'"-module and the relation (11) is fulfilled .

(11) oy, ¢'(v's ]=¢'[v", olv, )},

for every vel, v’ e, xeX, where by o and @' we denote the external laws
corresponding to T, respectively T, Let €(€r.) be the category which has
as objects the left I'-modu’es {the right Imedules) and as morphisms the

left I'-modules (right 1”-moou'es) homomorphisms. Let U be a T'IM- medule.
If X is a left I'-module and Y isa right I'"-module, we denote Char (X=

=Hom I‘e(X, U) and Char L-Y-—Homerl(Y, U). Forf= Homl_e(X, Xj)andge
<Homp (Y, Y') we define Chary f: Chary, X'—Char; X and Chary g:
Char ,Y'—=Char ,Y by the relations Charyf{z)== o fand Char,g(3)= Sog
for every e =Hom (X', U), respectively 8=Hom er’(Y” U).

Proposition 5. Chary : r@—€r and Chary : €r—€ arc confravariant

Sfunciors,
In the following, we assume that the functor D, :€—€r. and D,:

€r.—€r verilv the relations .
(12) D, I3 foros fud 1= TIID( 1), Da( fod ),
for every i=1, k and every fy=Hom o(X, X'), j= 1, Apiy
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(13) ])-_'_]-”"'(f,’l ---- Jni)]:"ll:" Da(es).. dh(e)]
for cvery J=1. Famd every &= E-!ume]_'(Y, Y), j=1.1,).

The functors Cha : 1€@—=CGp and Chary @ @ =€ verily also the
relations {12). respectively (130
The relations :

(14) LM fu fa) =N 0 Sy S ),
(15) 2 (fronsfud O f =W o0 s fo 0 ).

for cvery i=10k, fi= }-lnm[e(-\':, X)) j=Il.n; feHom o(X. Xy
s E-!nml[n‘,\'i. N VXN, X Ne 1€, hold in 2.

Let I and 177 be two universal algebras which verify the conditions
{1) considered as oy-algebras and (2). (3). (4. (5). Then (17) can be organized
with a structure of left Fanodule (right I-moedule) the scalar multiplication
o P U= 17 <=1 being given by s oy, vad=my . va) (o0 ve)=
a mz(«[,;‘ ,l))

Theorem 6. /1 <l is a fuil subcategory of (€. B is a full subcaiezory
of Cr.. with properties : ‘

(i) e L 1"e (B (i) f Xe|cd . X'e | € and X is isomor-
phicwidh X' then X'e || i) ijYe |Bl. Y s O aud Y is isomorphic
with Y then Y e | B then ceery duality (D, D) beticeen e and B, Dyand D,
verifying the relations (12) respectively (13)04s cquivalent to the duality realized
by the functors Charg and Charg corresponding fo o certain 1 1-module.

The proof is a matter of skilled application of the definitions and the
relations given above and we omit it here,
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