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TYPES OF NON-TSOMORPHIC TWO-DIMENSIONAL REAL
DIVISION ALGEBRAS
BY
ILIE BURDUJAN

Im thew paper 1,727, . M. Benkart and J.oM Osborn
give a classification for finite dimensional real division algebras having
as a classification criterion the tvpe of Lic derivation algebra associated
with a real division algebra. The authors find out all tyvpes of real division
algebras corresponding to the admissibie tvpes of derivation algebras. In
(3] it is showed that in general the real division algebras having the same
derivation algebra are not isotopic. Thus, the determination of all types of
won-isomorphic finite dimensional real algebras remains very important.
Morcover, the basic tool used in these papers was the representation theory
of Lie (derivation) algebras. But. for a two-dimensional real division algebra
A, the derivation algebra Der A is {0}. Henee it is not possible to use this
tool in the study of these algebras.

In this paper we deal with the determination of il non-isomorphic
types of two-dimensional real division algebras.

Let A() be a two-dimensional real division algebra. 1f A {*) has a unity
element, then the algebra is associative and will be isomorphic to the algebra
of complex numbers (over the reals). On the other hand, any nonzero element
in a real division algebra has a unigque loft-identity and a unique right-iden-
tity and it will be important to use the notion of idempotent element, heca-
use it is weaker than the notion of unity clement, but strenger than the one
of left-or right-identity. Everywhere in what follows, we deal only with
the tvo-dimensional algebras, so we shall sav “real division algebra”
instead of “two-dimensional real division algebra.

We now deal with the existence of the idempetent elements in a real
division algebra.

Let A(.) be a real division algebra, having — in the basis {a. b} —
the following multiplication table

I| a b
a |aa4-Bb ya+3b
b |eat+0b xa-tob

It 15 well known that A() is a division algebra if and only if
(1 (ep-+Be —x— )2~ 4(xd— ) (e9— D) <0.

Proposition 1. Any two-dimensional real division algebra have at least
an idempotent element and not more than three idempotent clemenis.
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By proof of this proposition it is shown that the number of idem
potent clements is the same with the number of real roots of the algebraic
vquation :

(2) BE* - (8-- 0 )4 (o—y—2)—r=0

The determination of non-isomorphic tyvpes of two-dinmensional real
division algebras is based on the use of idempotents and of rigenvalues for
left and right translations associated with the {at most) three ulempotents.

Let us introduce the notations :
ey and e, the idempotents (if there are three of them). (1. s), (1,5, and
{l.s.) — the pairs of {real) cigenvatues for L. L, and 1, respectively,

(l.e). (1, a,} and (l.6.) — the pairs of {real} cigenvalues for K,, R, and
R, respectively, V={ved[L (v)=s}, 1" ={ved[R (¢} = i the vingen-

spaces for L, and R, respectively, d=dim 17, d'=¢im 1"’
As regards the idempotent e there exist the following two  possi-
hilities
I:s=1 Il :s#1,

There are also. in relation with 1 and 11, the folowing situations - (Table).

Corresponding to cach 7, of the 22 situations, it is possible 1o defermine a
suitable basis for whichwe have the corresponding “-multiplication table
and the corresponding restrictions. as helow :

1% # @ 2° , e o Proe i L S
e |e a e | e i e | e o e )y edla
a | '] 3 a | ¢eda =e a [ g4 —signo.! oa al|la »e
14+ 420 w*—do.signe. .0 1442 =0
o=0
5% ¢ a [ N 7 oe ) & ¢ N
e ¢ e=-a L Gye-key e | e oyde | e acie
a | ae=a ze I | {l—ayledre, € ey | ey 1 o Siebey g
(I—af 20 oy=(0, 1) B E(0,4) (1450, —45,<0
(124 <0 s =l—a L= 2{s34-0,)#0,5,% 1~ 20,
g% 1-2s
9°f ¢ a 10* I3 & ie ¢ ey 12° e e
- : I — . _
e | € e4a ¢ £ 60y e ! e a4y ¢ e Te+ 6y
« | aa wedga al edae g ('1! R Y a | e--gey 3
{e— 1)+ 4ox <0 oy<0;04+0,+060,=0 (1+s.—col)3——451;0 (2—00y)t~4<
(p—o)+4an<0 —d4<ota <0 1— {140} {s;+0,}=0 640, +a0,%#0
13° £ £y 147 e a 15° [ * a 16°] e &
—_— — — —— —_— —_—
e 4 G-y ¢ | f sa I3 4 sa ¢ [ I4 e-e5y
1
1 S1Ee 0 a | @ —signs. e-f pa a  weta —signse-toa o) siede oo
{(1+5g—06,— 45, <0 @P— designs <0 (p—as)*— 4s.signs< 0 $4 5455 =0
F—(1-4a) (5140020 020 (op—a)®—4s.signs< 0 535 — 455,20
(=g —5—~00,}f(l—0,—5,~00,~g5)) o 20

sFE1-2)
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7 0y 18 e 19° ¢ £
¢ S Ty E 1 ¢ €-F 50y [ 4 a e S0y
) Syt £y L1 £y -y L] tp | Sebey (Y
I—apbss =2t P den 20 (I~ 45,8 455 =0
(spha ) (14+5)=1 (1—2) (1 -5l 1. (63-+5) (1 -o5#)1
u#l n#E 1 Syt (= s /(1= (5y 5-0y) {1+ 9)),
s1# 1
iVhe t a 21 i €y 2 & e
3 ¢ Sl & [ s SYIRI R 2) [3 4 qyr-t Seq
1 me- g signg e oo o sedhae 0 o |50 ey vy
m—xs)P dssigne. 0 (|45 00, =455, 20 (14550} — 455, <D
m—x)? s+ o— 1) signg< 0 l=(s @) (s34a3) (o-F5) (o 5)7 1
wzl CE 0T IR0y ST S 8y OF S=38) < 5y
s=3 O T 0y

Remarks © B The algebra 19 15 isomorphic to the algebra of complex
numbcers (over the reals).

2. The algebras of type 2° corresponding to admissible values »,55%,
are non-isomorphic,

Similar statements are true for the other 20 wpes of algebras.

3. The algebras of distinet types are non-isomorphic,

4. In the case Loy for 2=1 and « < -~ 1, we shall obtain a commuta-
tive algebra.

5. Inthecase Iy we have 5,0, =(0, 1), and $,-La,=1. 1f 6,=5,=1/2
we shall obtain o commutative algebra.

6. Tn the case Tayen we have s;=1, 0, =(0,4), s, =(1/5, 1), a. =0, 4/53}.
If ,= 1 the corresponding algebra 1s commutative.

7. 1n the case Toyae we have s, <s,=8,/[2(s,=-6,)— 1|, o.=0,/[2(s,-}

Gy) 1. 2 L aaFE ]
If s,—a, the algebra A(-) will be also commutative.

8. In the case Tuy we have s,=(c+o, 0g,)/{o+a,4a60,)# .

9, In the case luyge we have 1#s,=(l—0c,—s,—0500,}/(| —a,~5,—
GG, §10) 8.

If s,=0, it will be obtained a commutative algebra.

Finallv, as a conclusion, our main result is:

Theorem 1. Aduv fwo-dimensional real division algebra is isomorphic
to an alocbra of anvone of the 22 tvpes of algebras specificd by their correspon-
ding mudti plication fables wbove Usted, Only the algebras of tyvpes Iy with
xe=1, M- o Layae with oy=1/2, Lyysay w0ith ay=1, I 5100, with s,==0, and [ .&
1, with s,=a,, s=a¢ ar¢ connulative.
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