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The Implicit Function Theorem (shortly IFT) states that for a system
of polynomials f=(f,, f,, ..., f,) in Y=(Y,, .., Y,), <N, over a henselian
local ring (4, m), every solution y of fin Afm satisfying

(*) rank (:—}f, (;)) =7,

can be lifted to a solution y of fin A. In other words, the IFT says that some
special systems of polynomials (the number of equations is less or equal to
the number of variables) which have some special solutions in A/m (satis-

fying (»)) have also solutions in A. Trying to apply the IFT, the difficult
point is to check the condition (#). To this end, a useful tool is the following
jacobian criterion of smoothness :

Let A be a ring, Y=(Y,, ..., Yy) some variables, I a finitely generated
weal of E: =A[Y), ¢ a prime ideal Srom B:=E|l and p: =Eng. Then
By is a smooth A-algebra i ff there exists a svstem f of m polynomials from I
such that

1} (f) Ep=1,,

2) the jacobian matrix (2f]8Y) has an mx m-minor which is invertible in E,

In the above notations, B is a standard smooth algebra over A if there
exist a system of polynomials g=(&1 .-, &) from I and a polynomial % from
the ideal A, generated by all r X 7-minors from the jacoblan matrix (dg/oY)
such that B=(E/(g)),.

Since the system of polynomials f from A[Y] has a solution in the
ring A" iff there exists a morphism of A4-algebras from A[Y]/(f) to A’, the
attempt to reduce the solvability of some polynomial equations to the
solvability of another ones for which it is possible to apply the IFT leads
to the following :

Question 1. Given a commutative diagram (D) of A-algebras with B
of finite presentation over A,

A—B
(D) \4( B

are there a standard smoot  A-algebra B' and two A-morphisms 3. B—B’,
Y B'—=A" such that the dicgram {D") commuies ?
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There are known several circumstances in which the above problem
has a positive answer. For example, Néron's p-desingularization [N]
says that an unramified extension of discrete valuation rings R— R’ inducing
separable extensions on fraction and residue ficlds is a filtered inductive
limit of smooth R-algebras of finite type. This result has been g_('*ne[ahg_ed
in various ways by many authors (see |[K1, B, [P,1, TAD], INi]).
A positive answer to Question [ is the following ‘ i
- Theorem 2. ({P,] Th. 2.5). Let w: A—A" be a morphism of noctherian
rings. Then the following stalements are equivalent :
- (1) u is regular (i.c. for cvery prime ideal g of A’ the 1nduced morphism

U, Ayi,— A is formally smooth) . . .
- “(u‘) 1 1s a fillered tnductive limit of smooth wmorphisms of finite {ype ;
(1)) A" is a fillered inductive limit of standard smooth A-algebras,

(iv) for every A-algebra B of finite iype and every commutative dzagr:a:'n
(D) there exist a standard smooth A .cgebra B' and two A-morphisms B: BB’ ;
Y B'=A’ such that the diagram (D) commates. s Esaih

The purpose of this paper is to show that the condition (IV) may be
strenthened requiring for B to be as smooth as possible-roughly speaking,
except only the singular (nonsmooth) locus of B over 4. Let f={(f,, s fm) be
a system of polynomials in some variables Y=(Y,, .., Yx) over a ring A.
Given a system g=(g,, ..., &), ¥V of r-polynomials from the ideal (f),

we consider the ideal H,: =V{f)- - ZA,((g): (/)), the sum being taken over
£

]

all systems g of 7-polynomials from ( f), 1< r< N, Theideal H, defines the singu-
gular (nonsmooth) locus of B : =A[Y]/(f), i.e. if qe Spee B, then B, is
smooth over A iff q&H,B (simply look at the jacobian criterion of smooth-
ness mentioned above). Then H g, : =H B does not depend on the presen-
tation chosen for B over A. _ _

Now the above Theorem may be completed with the following equi-
valent statement : ' '

(v} for every A-algebra B of finite {ype and cvery A-morphism « : B-—&A’,
there exist a standard smooth A-algebra B' and two A-morphisms 8 : B—B’,
Y: B'— A’ such that the diagram (D') commutes and a(Hx,A)C\/Y(HB,,B) (1.e.
for every g =Spec A’, the alzcbra B-q is smooth over B iff By is @ smooth
A-algebra). .

In this form, the Theorem is a positive answer to a conjecture due
toM. Artin [A]. For some applications of this result sce [P,].

The first step in the proof of the implication (i)=>(v} is to reduce the
problem to the case A=A', u=1,. The next step is to apply :

Proposition 3. Let A be a ring, B a finilely presented A-algebra, o : B—s
—A an A-morphism and I< o(Hpy,) a finitcly generated ideal of A. Then
there exist a standard smooth A-algebra B' and two A-morphisms p: B—B’,

Y : B'— A such that I y(Hy,3) and a=yp.
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Remark. When A is a normal domain, this result is proved
in ([AD], 2.3).
The proof of the above proposition is given in ([CP), (2.6)-+ (2.7)).
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JACOBIAN LOCI AND DETERMINANTAL FORMULA

BY
M. BECHEANU

The jacobian loci of the linear systems of divisors on an algebraic
varicty X were used by J. A Todd 7] and M. Eger [2] to define the
canonical classes of X. There are wcll-known formulas connecting the cano-
nical classes of Todd and Eger, the Chern classes of X and the jacobian
cycles (see [4] for the formula (III. 42) and the history of the problem).

In this note we give a simple geometric description of the jacobian
cycles which gives us the possibility to calculate their equivalence class in
terms of Chern classes. This method was used before in [1] and is a genera-
lization of a construction of Gh. Galbura [3].

Let X be a smooth algebraic quasi-projective variety of dimension #
over an algebraically closed ficld % and Oy the sheaf of rational functions
on X. We denote by 4, V) the Chow ring of X graded by codimension i.e.

A{X) -—é{!d(.\’), where A4(X) is the group of cycles of codimension 4 on X
modulo rational equivalence. For a locally free sheat of Oz-modules, we
denote by c(E), 1<i<n, the Chern classes of E and by c,(E)=}§.c‘(E) ¢ the
Chern polvnomial of F. Then the inverse formal power series ¢,(E*) 1=
_s,(E)-—é s{FE) t' defincs the Segre classes s,(E) of E.

We will use the following form of the Thom-Porteous formula (see [3]).
Theorem 0. Lef 1 E— F be a homomorphism of locally-free sheaves

on X of rank p and g and p—g<i<p. Denote by Z (1) the scheme of zeros of
P-4+l

themap N\ . IfZ (1) is empty or of codimension i(g— p+1)in X then the cycle
assoctated {o Z(u) 1s given by the determinantal formula

Ag_pyit Bgoppisl Y Ggpysia

Zg_pyi-1 Tgepys T T Tt Byoppat.s
Cycle Zi{u) — :

Ag-pi1 Qgupys Gyt ‘

where a; are the cocfficients of the product polvnomial ¢ (F) e(E)1.

Let L be an invertible sheaf of Oy-modules. If V<I'(X, L} is a sub-
vector space of dimension 7+1, it defines a linear system | V | of effective
divisors linearly equivalent with a given divisor D such that L=sL(D).



