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Remark., When A is a normal domain, thi It i )
in ([AD], 2.3). s result is proved

The proof of the above proposition is given in ([CP], (2.6)+(2.7)).
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JACOBIAN LOCI AND DETERMINANTAL FORMULA
BY
M. BECHEANU

The jacobian loci of the linear systems of divisors on an algebraic
varicty X were used by J. A. Todd [7) and M. Eger [2] to dufine the
canonical classes of X. There arc well-known formulas connecting the cano-
nical classes of Todd and Eger, the Chern classes of X and the jacobian
cycles (sec [4] for the formula (III. 42) and the history of the problem).

In this note we give a simple geometric description of the jacobian
cycles which gives us the possibility to calculate their equivalence class in
terms of Chern classes. This method was used before in [1] and is a genera-
lization of a construction of Ghi. Galbura [3].

Let X be a smooth algebraic quasi-projective variety of dimension #
over an algebraically closed ficld 4 and Oy the sheaf of rational {functions
on X. We denote bv A(X) the Chow ring of X graded by codimension i.e.

A(X) =é64d(.\’), witere Ag(X) is the group of cycles of codimension 4 on X
modulo rational equivalence. ¥or a locally free sheai of Ox-modules, we
denote by ¢;(E), 1<i<n, the Chern classcs of E and by c,(E)=2:,c¢(E) t* the
Chern polynomial of E. Then the inverse formal power series c{E¥) =
=s,(E)=§ s:(E} t defines the Segre classes s(E) of E.

We will use the following form of the Thom-Porteous formula (see [5]).
Theorem 0. Let u : E— F be a homomorphism of locally-free sheaves

on X of rank p and q and p--g<i<p. Denote by Z.(u) the scheme of zeros of
i+1

)
the map N\ . If Z (1) is empty or of codimension i(q— p-+-1) tn X then the cycle
associated to Z,(u) 1s given by the determinantal formula

Ag_pit Gepiiyr T T 0 T Fg-pini-1

Qg _ppi-l dgpgd 7 77 B ppzi-t
Cycle Zy(u) = ,

Gg-pt1 Qgepys T " Tt Ce-ppt t

where a, are the cocfficients of the product polynomial ¢ (F) &(E)7".

Let L be an invertible sheaf of Oy-modules. If V<I'(X, L) is a sub-
vector space of dimension r-41, it defines a linear system | V' | of effective
divisors lincarly equivalent with a given divisor D such that L=L(D).
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We define dim | ¥ |=7. Given a global section s 2I'(X, L) we denote by (s)
the effective divisor of zeros of s. .

Definition. A point x =X is a jacobian point o f the linear system |V |
tf there is a section s<V such that (s)=D and x is a singular point of the
scheme (D, Op).

Geometrically, this means that there is a  divisor class D e | V|
such that a simple component of D has a singularity in v or v is a point of a
multiple component of D or there is at lcast two components of D through x,
We denote by J(V'} the closed set of jacobian points of V. The first problem
is to give for J(V) a natural structure of scheme. For this we prove the
following theorem :

Theorem 1. Under the above assumptions, let | V | be a linear system
of dimension r on X. Then there exist a locally free sheafF en X o frank n+1
and a homomorphism 1w : F—0% such that JV)=Z . +,(tt) as a set.

Proof. One considers an open covering of X by affine sets {U,} such
that the sheaves L and Q} arc trivia) on every U,. Let sag €'(Uan U, O%)
the transition functions of L and {«3, .., 22} be a local system of parame-
ters of X on U,. We define the modules E,~=L| Ua®Qy | Uy, o, and we
patch them together on U,n Us using the automorphisms fay : E, | Ua 0 Ug—

—E; | Uan Ug defined by faa(s:)=Sa2 5:Dd550r fpa (dx5) =532 (81721823,
1
One obtains a locally free sheaf I on X of rank n+l Ifsel(X,L)isa

global section and s | U, =s,, one has s,@ds,  I'(U,, E). The local sections

Sa@ds, patch together to a global section §=I'(X, E). Morcover, we have
the following characterisation of the jacobian points of V:zxe J(V} iff

there is a section s €V such that s_(.r) =0. Let $,, §1, ..., 5, be a A-linear basis

of V. Then x = J(V) iff the global scctions s,, s, ..., sy arc linearly dependent
in E(x). That means that the matrix :

Sg OEldxry 0 - - - Bsof 8a

§1 dsfaxy R EINFET
.............. !

s, 3s,/ox C oo as.fax,

drops rank in the point x. The sections s,, s,, ..., s, define a homomorphism
v : 0% *'—E where 0% is the trivial sheaf. Considering the dual sheaves and
the dual homomorphism v*=1, one cbtains #: E*—07%1 such that JV)=

r-t1

=JveX [u(x) is not surjective} = {xe X | A 1(2)=0}=2Z,_,4+,(x). Thus
the required sheaf is F=FE* and « is locally given by the above matrix.

Corollary. Thereis an exact sequenceofOy-modules 0—Q% @ L— E—L—0.
This results from the construction of E.

It is natural to consider J(J') with the structure scheme of Z o pir(24)
which is independent of the choice of a basis of T7.

Theorem 2. Let X, L and V as above and suppose r<n. If the codimen-
ston of J(V) in X is n—r+1 then the class of Cycle J(V) is given by the for-
mula :

[
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where s,=s,(E) are the Segre classes of E because (0% D e [F)y 1=c(E¥)

n—’_;‘[ r-l‘f](,n_r_H ifgl.ll'll CII:I,)i,
¥

Cycle J(V}=comm(E)= X

Proof. By theorems 0 and |, one has

51 S "'Sl-V¢1!
D

1 Yl

Cvele Jiy=| © - i

0 0 DT B Y !

1

=s,(E). Denote ¢;=¢,(E}. ) _
In ’t(he) above determinant we multiply for all 2<i<n—7r+41 the 2-row 'by
—1)%1 ¢, and add all to the first row. Using the above identities we obtain

the formula

0 0 < ali— l)"”‘n-ml
1 51 Sm—

Cycle J(W)=| 0 1 smora | =Caral E):
o 0 1 s

i 5) = (QY®L) (L)
F th ct sequence in the corollary we have c,(;_L) Q2 ® .
arl;grr‘:henec:)ii,(E)—-ilc,,_,ﬂ(Q}@L)+r,(L) c,,_,(Q}@L) Using the Che;rn class
formula for a tensor product by an invertible sheaf: ¢, (A @L)==
55 (n P '_iJ ¢ pi(Q%) c2(L) ", one deduces the required formula
)

420

a—rt1

curnB)=" E. [ fenracs (@) ()"
Remark. The exact sequence given in the corollary gives the pos.:;ibility
to obtain the inverse formula connecting the canonical classes c,,(Q',) and
jacobian cycles. Assume 0<r<n and letj V', j be a family of linear systems,
where 0< i< #n—7. We assume that dim | ¥V, |=»+i+1 and that codimension

#—r 3 1 o
of J(V,) in X is n—r—i. Then c,_,(n})=‘§o['fjjl‘ }Cycle TV ex(LY)*
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