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ULTRAPRODUCTS AND HOCHSTER'S MODIFICATIONS
BY
CRISTIANA MATEESCU and DORIN POPESCU

Let (R, m) be a noctherian local ring and v— (v, .., 0 ») 2 system of
parameterson R, Let )/ be an R-module, a an element from M, k{0, n 1}
M1

and r=(m,, ..., m,, € M G system of clements such that Yon=0.

tom 1
Consider the R-module /" - =M@ R R(m,,, (%,-..,2))) and let @' be
the image of @ in M under the composed map M—M@RF S ' Then (1,
a’') is a modification o J tvpe kof (M, a) corresponding to x. If

(M, a)=(21,, do)— (M, ay)—...—(M,, a)=(A", a')

is a sequence, where for ali 1 (M, ;) is a modification of type A of (M, ,,
@) corresponding to ¥, then (M', a') 4s a modi fication of type (Ras ..y k) of
(M, a) corresponding to x (shortly a modification of (M, a)).” A modification
(M, a’) of (R, 1} is good if a'€(x)M’, otherwise it is bad. An R-module js a
big CM-module corresponding to v (shortly a big CM-module) if x is an M-
sequence,

The main results on modifications are given by the following theorems
due to Hochster [H,], [H.].

Theorem A. Let R 3p 4 noetherian local ring and v q System of para-
meters on R, Then the Jollowing statements are cquivalent

i} every modification of (R, 1) corvesponding {o r is good,

1) there exists q big CM-module corresponding lo x.

Theorem B. Lot B pe 4 noetherian ring contatning a field and v q
system of parameters on R. Then every modification of (R, 1) corresponding

to x is good. Hence there exists 4 big CM-module corresponding to x (see Theo-
rem A). '

Remark. There are many types for which it is easy to check that
the modifications are always good, for example (1, ..., 1).

t-times

Let (R, #) be a noetherian local ring with (‘Iinﬂl1 R==n, x a system of
parameters on R and % = (Ryy ooy By), 0<ki<n—1 for all 7, a certain type
of modification. Define w(¥) : =min {reN [ mrc {(x) R}

)

(R} : =min {u(y) |y is a system of parameters on R},

Using ultraproducts (see [AK], [BDLV]) we obtain the following
result (see [MP] for its proof),
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