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BY
CRISTODOR IONESCU

All rings are assumed to be commutative, with unity and noetherian.
The definitions are those of [2].

Let P be a property of noctherian local rings (like for instance regular,
normal, Gorenstein, Cohen-Macaulay, (R,), (S,) etc.). If & is a field, a noe-
therian %-algcbra 4 is called a geometrically P k-algebra, if for any field %'
finite extension of %, the ring A®, % has the property P. A ring
morphism #: A—B is called a P-morphism if it is flat and for
any prime ideal Q of A, B®k(Q) is a geometrically P k-algebra.
A noetherian ring A is called a P-ring if for any prime ideal
Q of A, the canonical morphism Aq— (4o is a P-morphism. A.
Grothendieck was the first who developed the theory of P-rings and
formal fibers and he thought that, if a noetherian ring 4 has good formal
fibers, then any ideal-adic completion of 4 has good formal fibers. More
generally, in [2), he left us the following questions :

Question 1 (2], 7.5.4). Let u: A—B be a flat and local morphism of
local rings. Suppose that :

a) A is a P-ring ;

b) u®k(m) : A/m—BimB 1s a P-morphism, where m is the maximal
tdeal of A. - . -

Does it follow that u is a P-morphism *

Question 2 ([2], 7.4.8). Let 4 be a noetherian ring, I an ideal of A,
such that A is I-adically complete. If A|I is a P-ring, does it follow that A
is a P-ring ?

We are now interested in the property (R,) of Serre. For other
properties, one can see [1], [3].

The following proposition, which shows that question 1 has a posi-
tive answer, was obtained bv the author, logether with A. Brezuleanu.

Proposition 1. Let u: A~ B be a local and flat morphism of noetherian
local rings. Suppose that: a) A is an Ry-ring; b) u®k(m) is an (R,)-
morphism. Then u is an (R,)-morphism.

In [1] we were able to prove proposition 1 only when B is a catena-
rian domain.

Proposition 1 enables us to give the following answer to question
2, when 4 is a semilocal ring.

Proposition 2. Let A be a semilocal ring, I an ideal of A. Suppose that :
a) 4 is I-adically complete; b) All is a universally japanese (R,)-ring.
Thew A is an (R,)-ring.
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i 1 rative answer,
.ral non-scmilocal case, question 2 has a nega _ ‘
but wfzna:'};ca%tlaémt? proxl-'e that, in a special case, the answer is affirmative.
is iven by the following proposition. .
e rti)s?;]t);sitgi:)\!:er;' Eet A be a noctherian ring, I an ideal of A. Suppose that
¢ T-adically complete ; o
ia); f‘o:sev{ery :naxgmal ie?eal mof A and for any finite A pralgebra B,
] ] ¢ B. - . o .
S %:;S;frez;; iﬁteximal ideal m of A, the completion of An in the radical
topology is equidimensional ;
? q) AL ds an (Ra)-ring.

fher 'I{{he:.scgzd(iggkrg)lg{s fulfilled, for cxample, when A is a universally

i in. ’ iti bably can be replaced by : 4 is a
domain. The condition ¢} proba :
fxe:ntiiréar‘;ﬁlny catenarian nor-ring of finite dimension, but the case seems to

become too special.
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