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RIEMANNIAN CONVEXITY IN PROGRAMMING (1)

BY
CONSTANTIN UDRISTE

Introduction. The techniques and analysis presented in this
paper lor convex programs on Riemannian manifolds are generalizations
of some ideas on Euclidean spaces. These generalizations arc important
because many optimization problems require naturally the structure of a
diferentiable maunifold endowed with a Riemannian metric.

§1 is devoted 1o the Newton algorithm on Riernannian manifolds for
finding zeros of a C'™ differential [-form {or of a vector field}.

§2 depls with properties of the Newton method near the central path
of a convex program {one unit Newton step stays iuside the fesible set,
quadratic convergence results, upper bound for the difference of two barrier
function values, and upper bound for the difference of two objective function
values) obtained using simultaneously the original Rientanuian metric and
a Hessian Riemannian metric.

§3 gives upper bounds for the total number of outer and inner itera-
tions for the logarithinic barrier algorithm applied to a convex program on
4 Riemannian maunifold. '

The theorems in §§2 - 3 have their origin in the Euclidean variants
exposed in [1], (2] and in the Riemannian point of view aboul convex pro-
gramming developed in [6], [71.

1. Newton method on Riemannian manifolds. The generaliza
nons of nuinerical techriques on Euclidean space to a Riemaunian manifold
arve realized via an intrinsic approach which leads one from the extrinsic idea
i vector addition to the exponential map and parallcl translation, frow the
carch along straight lines to the search along geodesics, and from partial
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121 ' CUUDRISTE

differentiation to covariaut differentiation, and lrom zero sectional curvature
to nonzero sectional curvature.

Let {M.g) be a complere n-dimensional Riemanutan manifold and ¥
be the Riemannian connection determined by the metric g The complete
ness jniplies the fact that any two points of Al can bhe joined by a minimal
geodesic.

Let w be a O l-tore on AL Using the mathematical apparatng
(Af, .V} we want to fortutate a namerical algorithm for {inding the zeros
of w. Now. for approximation theory on Riemannian manifolds we have need
of the Riemannian version of Tayvlor theorem.

We also remember that the geodesic 4 : [, 1] — M which verifies the
initial conditions 4 (0} = » € M. 3(0) = X € .M is described by the
formula 5 (1) = exp,. (1.\') and is unique.

1.1. Meanvalue theorem. [Let W, be a normal neighborbood of
the paint v € M, let X be a vector field on W, adapted to X € T, A, and
w oa (" I-form on W, Denote 1y the parallel translation with respect (o
exp,({.X) for t € [0.b], and vy, = exp, (bX). Then there exists « > 0 such
that for every b € [0.¢}. there is @ = [0,b) satisfying
r, =w, + 6 (V) om,.

Ty

1.2. Taylor theorem. Same hypotheses as in theorem 1.1, Then
there exists € > 0 such that for every b € [0,¢), there is a € [0. 5] satisfving

il - L
o s ) . obegand, (v
Th <1, = Wr Tb(v_\wjr + ...+ i — 1:1 r\v\— “‘).I l ”1 "lv\“))r 9T

Let oo = »y, be a zero of the € Lfram w and r be an estimate of o, [f ¢
15 sufficiently close to ., we have

;
] I

= w0 (V) W e { ‘T:'—....r:.', L

. %
and the term (Vi.w‘xl can be neglected., Conseguentiy wir,) = 0 s e
M, E o

placed by
b (VT.J)E = —wy.

W iNVw), : ToM « T,M — R nondegenerate, then we obtain

bX, = —u'Vw)_l_l & w

&
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and hance v, = exp,.(—(Vw)! ow,). Consequently the most suitable di
rection and sepse of moving from the point @ towards the point . is given
by the Newton vector
: -1
Ny =—(Vw); ow,.

OF course zeros of w are global minimuin points, and hence critical
points, of the cnergy [ = %g"'(u.w'). Also. 10 w(r) # O, then ¥V, gives a
descent direction and sense for the energy [ at o since df (V) = -2 f(2) < 0.

Remark. Let r. be a zero of the ¢ orm w. Generally, the
numerical methods for the finding of the point ». are built as iterative
procedures of the type vy = exp, ({,\,). where X; € T, M indicates the
direction and the initial sense of moving from point 2. and ¢, > { determines
the fength ol the step, on the veodesic starting from »; tangent to X,

These considerations suggest that, given an initial estimate ry of =,
we could estimate &, with arbitrary accuracy by generating the sequence
{r:} rom

Togy = erpe, N N = —(Vw) ,.ll oWy, .

This procedure is the Newton method for estimating a zero of w and is
embodied tn the following

1.3. Newton algorithm. Let r; be an initial estimate of z... Sup-
pose that Vi is nondegenerate.

1) Set i = 1.

2) Compute the Newton vector N; = —(vw‘);,'w;:,-

3) Compute 2,4y from ripq = exp, N;.

1) Set i =i+ | and go 10 2).

Under certain conditions, the sequence {2} generated by the Newton
algorithm 1.3 converges to the zero z. of w. In this sense the following
theoremns holds for general [-forms, though they are formulated for w = df.
where [ A — Ris a O™ fuuction. Of course in the theory appears the
(0. 2) symmviric tensor keld [I = V(df} which is called the flessianof f. If
rois a cnitical point [ {i.e., df () = 0) and [7{r,} is nondegerate, then the
critical point &, is called nondegenerale.

1.4. Theorem. If x, is a nondegenerate critical point of the function
f € ¢ (M), then there exisis a neighborhood U of ». such that for any
ry € U, the iterates of the Newton algorithm 1.3, for w = df. are well defined
and converge quadratically to ..

1.5. Corollary. If H{ux.) is positive {negative) definite and the se
quence generated by the algorithm 1.3 converges to r. | then the sequence
converges quadratically to a local minimum {maximum) of f.
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2. Properties near the central path of a convex program.
In this section we deal with some propositions which are needed to obtain
an upper bound for the total number of outer and inner iterations in the
Riemannian version of the logarithmic barrier algorithm {1], [7], [8].

Let (M, g) be a Riemannian manifold and

max fo(z) subject to fo{x} <0, a=1,...,m;r €M (I}
be a convex progran, i.e..

1) the interior O of the feasible region [ is nonempty and bounded;

2) the functions — fo. fo are C? convex functions on F9.

Since f, are convex functions, the feasible set I” is automatically to-
tally convex [6].

The logarithmic barrier function associated to (P} is defined by

_(U(r m

st = =L = S (= fa)(a),
a=1

where p is the barrier parwmeter. The logarithmic barrier algorithm far
solving the program (P) uses

m

d .
Wl p) = _f—olffl u Z iﬂ}}((qz-)):
a=1 i

H(z. 1) = Hessd(a, 1) = ——m]'l‘)ssﬂf o(z) +i [His;f Z‘:;) 4 "’(1}) ?:;1{(1)}

Suppose that ¢ is k-sclf-concordant with k > 1. The houndedness
of FY and the self-concordance of ¢ imply the strict convexity of ¢, ie.,
H{z.p) > 0. In these conditions, the function @ achieves the minimal value
at a unique point r(i). called y-center. The set {x(s), g runs from 2o to 0}
is called the primal central path of the program (P} and has the propertics
lim, oo (1) = r.. where x. is the solution of (P).

In the logarithmic barrier function method the program (¥} is replaced
by a sequence of minimizing o(x, pt) successively for a sequence of positive
decreasing values of ji. This sequence is realized by Newton method. That’s
why we denote by N = —H™'dé = — gradg the Newton vector field and we
remark that [| N |I;; = 0iff do =0 Hf & ="a(p}.

Here we use simultancously the Riemanman metrics ¢ and H.

2.1. Theorem [1], [7]. Let = € F*, X € T. M and (1) = exp,{tX),
t € [0.1] be the geodesic which verifies the initial conditions ¥{U) = . and
0) = X. Il X iy, < L theny(1) € F°.

a=1
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o 2.2 "I‘heore‘m [1L,[7]. Let v(f) = exp,({N), t € [0,1] be the geodesic
which verifies the initial conditions v{0) = =, %(0) = N. If | N ||y < § .
then vy = (1) € I, and

V(g om) ”H(.T.,,.,u) 2 I & ”3*"

(L= kil N [l

For || N I, < #x . the preceding theorem gives

A 9 .
N @) Brtgeyy < RN I

' To the theory developed in [1], [7], [8], we add the following Rieman-
nian generalization. -

2.3. Theorem. If || N ||;; < 3 and x is an approximation of the
exact center iri{p), then :

Sl 1t) = dle(u)p) < — s
L= (2K N II,)°

Proof. The convexity of the function » — ¢(x, p) along ~(#) =
exp,(tN}),
t € [0, 1] implies

Ay(1), 1) > d(a, 1) + dd(N).
Replaclng N = —H =g we find

Bl = (v ) < 11 de Il = I N Iy
Let {a,} be the Newton sequence starting at x(. Since
) 9 )
| N{xg) gz, < ‘1"‘|' Nl

we obtain

. g 2! . ' 9 2" —1 )
| V() ”H\‘J—,j < (4 A') () ‘:|m4-,_| = (tk) I ”;«i

and conseyuently
Jim b N (@i g,y = 0.
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The terms of the sequence {r;} lie in a bounded region and || ¥ |jy =0
iff do-= 0 it x = 2(p).

Therefore {x{u)} is the set of all limit points of the sequence r;. i.e.,
the Newton sequence of iterates converges to (). On the other hand.

o

$la, ) — oalp), 1) = Y (@(@ipt) = ripr, 1) Z

i=1 i=1
2
N My

R |
Z | N5 < .
= ( ) 1 — (%AH N Ii”)

2.4. Theorem. If v is an approximation of the exact center x{pt} and
I Ny < 35 then

s
() ggey =

.r..|c.o

[RARIP?
= TR AN 1T

RN

| folw) = fole ()} | < T2 H
1— k|| NI,

Proof. Let N = —H~'dg.
convexity of — fo(x) implies

If v(t) = exp,(tN), 1 € [0.1]. then the

dfo(y(1)

First. we shall find an upper bound for dfy{x)(V).
remark that do(N) = —|{ do ||}’1, and

o) - (rffo(r) def,,((.)))”“

A
f =1

HN) < fo(v(1)) = fo(2) < dfo(x)(N).

For these, we

give

i

B <ol + 3

" ()

On the other hand,

—Hess fo{x)(N, N) Hoss [, (1) (V. N) | (df (V)Y
N 1l = T g ( —J.( ) ! ( falm ) ) 7
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()

e
bt }

i Consequently

m d . :
) f_(fn(! < Al N |i,y-

o=l

(see the next Lemima) and hence

dfo(F)(N) < el N (13 + Vil Nl

The preceding proof is based on the foilowing

Lemma. The extrema of the real function P
- i
S el <07 are £y/mr.

Proof. The associated Lagrange function,

4] Z i, — /\(Z al r"’)

has the critical point a,, = _,1—\ The extrema are attained only on the sphere
STt =r2 It follows

=1 o constrained by

m \/—

=T A=Y= 4, =2

=y mr.

S — «
T e

Second, we shall derive a lower bound for dfa(7(1))(N). We have

m

= —do(y ) + Z df” N},

o=l

dfa((1))(V)
I

and by the proof of Theorem 2.2 we estimate

2
kI N 1y

do(y (NN T—k[ N Iy
| da{y (1) '51_1\"“!\/””

rH

dabr(), KLV Iy
2 Zmy ™

<Vl N oy < ﬁw
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L4 k|| Vi

Penoting pp = Tn\”—ﬁ- . it follows

| folr(1)) = fol(a) | < v/m|| N [l ponl).

Using the sequence {r;} generated by Newton method, with 2 as start-

ing point, we get

(o]

Z (folzitr} = fo(r:))

| fo(y(1)) = fol) | =

)

<3| folwign) = flr) | €
=1

o

Z lt ﬂ ”H(J- u)p-‘- JU\/?<H\/EPA( Z” A{‘FI ﬂ “H(, ”) ~

oc 9 21 . - N
< pvmpy () Z (—l'k) ¥ iy < ;zv’mpk(‘r)——” Hi

i=t - s.;i""“ Ny

3. Complexity analysis of the logarithmic barrier algorithm.
We look for upper bounds for the total number of outer and inner iterations
for the logarithmic barrier algorithm (LBA) applied to the program (P).
According the book [1], the analysis refers to long -, medium - . and short
- step variants with 7 = g .

3.1. Theorem. Suppose v.,z. = fo(r.} i the solution of the pro-
gram (P). After at most

b dmpg
; it
? €
outer Herations. the LBA ends up with an approximate sclution r. of the

program (P), satisfving z. — fo(a) <e
Proof. The criteria of stopping is

k= (1=0 o< ——, #e(0,1),
A

or )
—kn{l —8) >11—?zi—"-’.

f

Since 30, % < —In(1 — @), we obtain

1 Yy
in “'.

> t
DY & !
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For simplicity we impose n = 1. Also we have

2o = fo(r(p)) <y (see [7])

b

VAT

1 14 k(%)
fola(ur)) — folr) < §: "lT - A(jz;—,\)

( see Th.2.1) which imply

2o = Jol) = 24 = folo(ue)) + folz{pn)) = fol)

I/\

¢
< i (m + 3y/m) < m(m +3vm) <e.

Let us prove that Newton method assures a sufficient decrease of the
value of logarithmic barrier function.

3.2. Lemma. If () = exp (tN), L € [0,1] and T = Tﬁﬂlf"Tu then

o{a. p) — p(y(t p) > }:—g(ﬁ'll Ny =14+ K[| N {[4))

Proof. Denoting
B(t) = Pla, i) — $(v{1), 1),
@(t) = do(v())(N) — (1 = )df (&) (N),

it follows

d

9= —do((N)(N) = —5{1) = (1 = Nd$(@)(N) = —p(t) + (1 =D ¥ I >

e 3 t* o
SO N[y - M N Il”l_—TW = vff).

Consequently
H d t
w(t) = w(t) — #(0) = f —y(shds > / vis)ds =
o ds Jo

] 5
= (BN B+ kN |y +In(] = thlE N 1)) = ulth.
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T —— O . ' S W—
T'he maximum of the function w : [0. 1] — Fis u(), where RN,

Substituting £ into the preceding ineqguality. we obtain the result of the
theorem.

3.8. Theorem. Lach ouler ileration reguires at most

iniper iterations.

Proof. Notations: f# = the barrier parameter value in an arbitrary
outer iteration: ji = the barrizr parameter value in the previous outer iter-
ation, = the iterate at the beginning of the outer iteration. Hence s
centered with respect to x(jI) and jt = (I — 8)p.

By Lemma 3.2, at each inner iteration, the decrease of the barrier
function is at least

] r
Kl N Jigy = (1K N [[4D)

Since this function is increasing in || N |{,; and || N {|,; > 5, during

cach iteration, it follows that the decrease is at least

_.}l. i_l 1+£ >_l_
A 3 WA

If n is the number of inner iterations during one outer iteration, then
n
2242

On the other hand, the Meanvalue theoremn

< o i) = o), i) = (e, o).

. . dy ey EE o np
Vo g} = ¢(ep} + ;{;(ﬂ:,ﬂ) L= (A =T 0 € (70}

and

g -+ — L :
mﬁ("':l") 'u:y: fo(i(#)).) f()(") |rr =i S | DG e = |

s ji*

(see the monotonicity of the objective function aleng the countral path) give

g fola(ityy — foluj | _
wie fi) < ol r+| ol 1:" o ’l ~ i) <
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< (r i) + (I Jolr(7) :l— fol2) | i Jofr( Jola (@) l\ﬁ-_- i

Since || N, i) Hlypiem < - we have @, 7} < H_ and consequently

| folx () — fola) |<

I\:Iut
o~

Adding, we find

Jole(r}) — fola(p

Z () fu ()}

=Y val@a (e(A)) = m(ji = i) = Omifi.
a=1

Ve obtain

I s/m 6m ) 8 1 o (Sv’m )
i i3 I = 5L +9n
el i) < 575 +(2k(1—6‘)+ 9)1—9 3R (16 \ T

and hence

: N 1 g (5\1771 )
— &L e = +86m |,
294 — 3k (L-60)T\ 2%k

Combining the result in the theorems 3.1 and 3.3 we obtain the total
number of iterations. More precisely, an upper bound for the total number
of Newton iterations is given by

29 22 dmpyg
<) I = .
((1 —o)° (Hk m + A\/—n) ’36’) n—

Vherefore, in order to produce an c-optional solution. the algorithn needs:
O (k*mIn Z£2 ) Newton iterations for long-step variant () < 8 < 1};
Q (k% /niln ”‘““ } Newton iterations for medium-step variant ¢ =

\/""' = 0:
O { ky/m In 22 ) Newton iterations for § = k\/_ > 0 {special case of

a medinm-step Vd,I‘laIH]
I we want fo analvze short-step variants, we can use the next Lemma
which show the norm changes when the barrier parameter g is reduced.
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3.4. Lemma. Ifuy = (1 — ). then

. l .
| N(r.py) |H{.r.,u+] < 1 — 9( | Nl +8m).

Proof. Obviously f{y = H(e,py) = H — % Hess fy(2). By the

Ha
convexity of — fo. we have {H)7' < H~'. Conseguently

W 2T dfolr) | g~ dholx)
N <N =} - - -
I Mty <N ” D f‘,(.r)”H

=1

1 dfO(‘”) . (U-O(l) dfu(‘r
1 9(_ Jt +Z—.“(J') l—()z

a=] a=]

| " dfn(.r) [
<79 (I! Nlly+86 ; ) H) <75 N Iy +8ym),
since
1 ; fj}l((ia‘c)) o vin.
Indeed

2

i = dfpl) = dfy ()
=H"! i
; ; —fa(x)’ 2 — [y (x)

=1

= dfa (1)
Z _fa (1)

a=1

or in the matrix language

-1
eTJT(-_l-less!{u(.r') + Z Hi""fz’l() v + JJ7 ) Je,

a=1

where J is the matrix of type n % m whose columns are -gif“(—(% and 7 =
(1,1,...,1).
Let A be the positive semidefinite matrix attached to

N Hess fo(x) " Hess f, ()
I t Z —fa )

=1l
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The proper values of the matrix P = J7 {4+ JJTYy1J are at most L, since

PP g A Ny st A Y <

A+ 1Yy A Ty A+ LIy <7 Av 1y = P
" follows

n dfu ( l')

' 5-

A
-
=
=

= —falx)

a=1

i

3.5. Theorem. Let y(1) = exp, (IN). t € {0.1]. ey = =(1). py
(F— By b = -:m.\/" IFIN || < Lk then

: !
!l 1\'(;!.‘+.[£+) H”_:_.,_‘_!“ ) = 3—!\

Proof. The Lemmas 3.2, 3.4 tnply

. 1 o 2 :
| N ey i) ||H{_,.+_H+g < GL” Ni{wy, g ) ”Hﬁ:*.,.” S

A( l 1 1 )'"< |
i a5 T oank L

This last theorem says that for enough small ¢, one unit Newton step

is suflicient to reach the vicinity of z{yr4 ). The short-step algorithm requires

Ak /mIn B£2) Newton Herations.
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ENERGY IN RIEMANNIAN GEOMETRY

BY
CHRIS WOOD

Introduction. the nse of energy 1o identify geometric objects with
miice” properties is nothing new; tamiliar examples include geodesics, har-
monic differential forms, harmonic maps. and more recently Yang-Mills con-
nections. [ s the purpose of this paper to describe some new ways of bring-
ing energy into Ricmannian geometry, within a unified (ramework which
encompasses many different types of geometric stracture. Just abont every-
thing we have to say takes place in the smooth ((™) category, and will be
devoid of all but the siuplest details, which may be found elsewhere. We
begin with a stimple example which iliustrates the basic idea.

1. The energy of a unit vector field. A vector field X on a
manifold M s a section of the tangent bundle 7315 that is. a mapping
XM = PAD whichis a right inverse for the natural projection 7: FM — M.
IEW has o Riemannian metric g, then TAL acquires a compatible metric A,
called the Sasaki metrie (by “compatible™ we mean that m: (T'AM, ) — (M, g)
is a Riemannian submersion }. It is therefore possible to forin the energy
ol X' (assuming for convenience that M is compact. and without boundary):

E(X) = % /” | X |2 o

where d X is the derivative of the mapping X and dr is the Riemannian
volume element of (M. g}, We say that X is & harmonic section of 7'M if
Y isaceritical point Tor I with respect to variations through nearby vector
heldsca natural generalization of X being a harmonic map. Now this is a
e vavkationst prottem. and ipay be solved as follows, If

dX =d"X +d" v
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