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ENERGY IN RIEMANNIAN GEOMETRY

BY
CHRIS WOOD

Introduction. the nse of energy 1o identify geometric objects with
miice” properties is nothing new; tamiliar examples include geodesics, har-
monic differential forms, harmonic maps. and more recently Yang-Mills con-
nections. [ s the purpose of this paper to describe some new ways of bring-
ing energy into Ricmannian geometry, within a unified (ramework which
encompasses many different types of geometric stracture. Just abont every-
thing we have to say takes place in the smooth ((™) category, and will be
devoid of all but the siuplest details, which may be found elsewhere. We
begin with a stimple example which iliustrates the basic idea.

1. The energy of a unit vector field. A vector field X on a
manifold M s a section of the tangent bundle 7315 that is. a mapping
XM = PAD whichis a right inverse for the natural projection 7: FM — M.
IEW has o Riemannian metric g, then TAL acquires a compatible metric A,
called the Sasaki metrie (by “compatible™ we mean that m: (T'AM, ) — (M, g)
is a Riemannian submersion }. It is therefore possible to forin the energy
ol X' (assuming for convenience that M is compact. and without boundary):

E(X) = % /” | X |2 o

where d X is the derivative of the mapping X and dr is the Riemannian
volume element of (M. g}, We say that X is & harmonic section of 7'M if
Y isaceritical point Tor I with respect to variations through nearby vector
heldsca natural generalization of X being a harmonic map. Now this is a
e vavkationst prottem. and ipay be solved as follows, If

dX =d"X +d" v

snmicaticd at the 25-th National Confervnce on £lecinel 1l Fopology
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denotes the orthogonal splitting into vertical and horizontal components,
then since x is a Riemannian submersion:

| d"X [P=|drod" X ['=|drodX [*=| 1yar |'= n imensior
X | = X ["=|dn ’ =| lyar | = . the dimension of AT

On the other hand. if K:TTM = TM i the connection map for the
Levi Civita connection then

| d'X '=l Kod* X |'=| KodX [*=] vX [*.
Therefore

1
E(X) / | TX |2 dr + %\-'ol(.\!,g) =Q{X)+ 1;3 Voli V).

2. Af

where Q) is a quadratic forin. which may be extended to the Hitbert space
of L3 vector fields. The variational problem is therefore that of criticalizing
(2, and this occurs precisely when Q{X) = 0. beranse

dQ(X)(X) =20(X).

In other words, X is a harmonic section of 7'M if and only if X is parallel.
(This result, and various generalizations, should be attributed to O.Nouhaud
(N], T.lshihara [I] and J.Konderak [K]. The condition ¥.X = 0 is of course
nothing new, and rather restrictive, especially on compact manifolds with
zero first Bettl number. A more interesting critevion can be obtained by
impaosing further constraints. First, note that the Fuler -Lagrange equations
may be expressed in divergence form after an integration by parts:

dE(X (Y]} = / (VX VY e = —/ (T2 X Yyde

Y By,

so that in the non-compact case X is a harmonic section of TM if and only
if

0=V"VX = -TrViX, the so-called rough Laplacian.

Now suppose that the Euler characteristic of M is zero and X is a unit
vector field. Say that X is a harmonic section of 111, the unit tangent
bundle, if X is a critical point of £ with tespect to neithy tinit vecfor ks,
Introducing a Lagrange multiplier A, from the precoding linear ana}ysis,tﬁ'fs
is the case precisely when

(%) VVX = AX =[x T X
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"This cquation is analogous to the equation for a harmonic map f: M — S™:
(++) AF=|dF P F,

where F: M — R"™' is the natural composition, and 2 is the Laplace
Beltramni operator. Indeed, the fibres of T3 M are spheres ™! and if M
was flat we could find local trivializations such that (*) becomes (**). This
indicates a second, and ore profound way in which harmonic sections may
he considered as generalizations of harmonic maps.

Example. If A/ = §7*! and X is a Hopf vecior field, then it turas
oul that X is a harmonic section of Ty M {although of course X is not a
harmonic section of T'A7). Details of the calculation may be found in [WT].
but in swmmary, if Q denotes the pullback to §*™*! of the Kihler 2-form
on €™ then (*) reads

SQY) = 2n(X.¥) = 2nw(Y), VY € TS§*"TL

Now w is the Lie algebra valued 1-form for a connection in the Hopf fibra
tion 2% 5 CP™, a principal S'-bundle, and € is the curvature form.
Moreover 6Q = 2nw are the Yang-Mills equations. But w is known to be a
Yang-Mills connection [B]. This link with Yang Mills theory will reappear
later. An interesting open question is whether Hopf vector fields are the
only harmonic sections of Ty M.

Having found some critical points, it is natural to ask whether or not
they are stable, relative to the variational constraints, It is therefore desir-
able to know the formula for the second variation. Those familiar with the
second variational formula for harmonic maps [S] will expect the appear-
ance of the Riemann curvature tensor £ of (M, ¢). and doubtless make the
comparison for themselves:

E).BE(X_,-,;) . - - P . = .o .
e om0 = Miale | VX 7Y = R(Y.VX)VX, Z)d

where X, it a 2-parameter variation through unit vector fields, with

X, and 7 = 2t oIX

Y= o= ' ot ltsn=t00

R(Y,VX)VX =) R(Y,Vp X)Ve X

4
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for any local orthonormal raugemt frame field {17} on M. See [WT] for
further details.

Example (continued). We know that o harmonic map 8" —
Nois anstabde if e > 3 [XN]. with K decreasing variations f; obtained by
“reparametrizing” f usine the flow 2, of a gradieni voctor field on 875 thus
Fo = fopr Iois elear that this won't work for a Hopl vector field X, because
X ogois no lenger o vector field, There is however an obvions modification:

Vi) = (m) " o X e i)

where 7, is parallel translation in Ty M down the integral carve [tom » to
() (Note that the variation field for X, is VX). However, B iz now not
clear that for small # the energy of X, is less than that of X. Serntiny of the
second variation reveals that when » > ! this is indeed the case, yielding a
(2n + 2}-dimcensional family of I decreasing variations through unit vector
felds. This raises the questions of whether there exist any harmonic sections
of T M whose energy is less than that of the Hopl vector fields, and whether
or not the infimunm of £ over all sections is the theoretical absolute minimum,
5 Vol{M). When n = 1 the second variation of F{X,) vanishes, allowing
the possibility (but of course not proving) that the Hopf vector tields on §3
are stable harmonic sections of 77.5%, This is another interesting question.
In fact. it was shown by H.Gluck & W.Ziller {GZ] that if we use the volume
functional V' instead of F, then the Hopl vector fields on 5% are indeed
stable. Interestingly. their technique (based on calibrations) cannot work
in higher dimensions, and it has subsequently been shown that Hopl vector
fields on §° are V' unstable [1]. However, these results for voluiue cannot he
automatically transferred to cnergy, because as innuersions M < 17 A6 the
Hopf vector liclds are not isometric.

2. The Energy of Foliations and Almost~Product Strue-
tures. The discussion of unit vector ficlds may be generalized by observ-
ing that 170 double covers the Grassmann hundle ¢/ (T'M ). whose libres
are the 1 dimensional linear subspaces of cacli laupeut space. Then. given
a k-dimensional foilation F of 1/ there s a corresponding section a of
Gty — M. The Riemannian metric on M ndaces & compatible metric
ot (A1), in the saine way as the Sasaki meriie o0 TAT and we are there-
fore again able 1o measurs the energy of @ and booi for barmonie sections.
It should be poivted ont that 36 = i 2 baveonie scotion, ther 7 B not nec-
essardy & harmonie fellation i che sense of B Reober S0 P Tondenr 79T

A lvaneane Tofiacion in ot sonse of (T shpe Aokl L g 10

i
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I’ = TM/F is a harmonic bundle valued 1-form. with respect to the
adapted conneetion in TM/F. 1t is easily shown that harmonic foliations
are characterized by all leaves being mininal submanifolds). The following
twa special cases give some idea of the kind of foliated geometry cncoded by
the harmonic =ection equations.

Theorem [W2]. Suppose F is Riemarnian foliation. (By this we
mean that the geometric normal buadle is totally geodesic: any geodesic
witich cuts a leaf orthogonally will do so for all other leaves).

(i) I the icaves of F are totally geadesic, then o is a harmonic section
i and onlv if

Ric(X.Y)=0. ¥X € F, ¥¥ € F+,

where Ric is the Ricel curvature of (M, g}, _
(i) If the normal bundle F* is integrable, then o is a harmonic section
if and onlyv if

Ric{X,Y)=k(VEI.Y). VYXeF. ¥WYeFt

where [ is the mean curvature vector of the leaves.

For foliations which are not Riemannian, geometric characterizations of the
harmonic section egnations get more complicated. We note that (1) gives a
diveet proof that Hopf vector fields are harmonic sections of 71577 since
827 5s an Finstein manifold. Furthermore, in the following special case the
vanishing of the ~off diagonal” componcuts of the Ricei curvature is known
to he equivalent to the Yang Mills equations.

Coroliary.  Suppose Al is the total space of a fibre bundle with
connection, and ¢ is a Naluza-Wlein metric. If F is the foliation by fibres,
tien @ i a barmonic section if and only if the conuection s Yang Mills.

e apprarance of V&I in (i) reminds vs of 1he clasical Ruii-Vilms
teorenn (V] which states that the Gauss map 42 M -3 (/g of an sometyie
Pooersion oM -3 R™ s a harmonic map if and only if' f has parallel mean
curvature, If the targel of fis an arbitrary Riemaunian manifold N, the
Cianss mrap way be replaced by the Gauss Bt 5 M = G, (TN), and it s
seesible to generalize [RV] by cousidering the condition that 7 is a Larmonic
section of the pnlthack bundle [~ (TAN) W1
Civen an arhitrary section o of Gu{T M), there is ao reason to expent
m parametrizes a folintion of A7: indeed. all one gets in geueral s a

saloof arthn completzentary distributions on AL, otnerwise known as anp

- . p . 3 B - P >
nestorroduet stracture (AP sinetnre)l & convenient way te define

by
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an AP- structure is by an isometric involution in TAZ; thal is, a section P
of T*M i T satisfying P* = 1, P # £1 and (PX, PY) = (X, ¥). The
distributions are then taken to be the eigenbundles of P. There is a neat
characterization of the harmonic section equations in terms of 2, which is
similar to that for harmonic sections of Ty A (to which it reduces when an
eigenbundle is - dimensional}. and which clearly demonstrates the non
linearity of the system.

Theorem {W5]. o is a harmonic section if and only if the rough
Laplacian V*V P rommutes with I’ i.e. VVP P =0.

A more geometric characterization is available if we introduce ihe total
second fundamental form o of the AP-struciure:
oLLy)zfﬂvtfxpvy+vaPqu VX, Y € TAL
The skew-symmetric component of a is the integrability tensor for the dis
tributions, and the symmetric component tels us whether or not the distri-

hutions are totally geodesic. The energy of @ may be expiessed in terms of
a, as follows:

E(e)= [ |a| dz+ 2 Vol(l).
JM 2

Theorem [W8]. o is a harmonic section if and only if the endo-
morphism field da is self-adjoint.

Example [W5]. An AP structure is said to be totally geodesic if
o is skew-symetric. This will be the case for any left invariant AP-structure
on a Lie group with bi-invariant metric, since in this case

VxY = 2[)& Y] for all left-invariant vector fields X, Y

which is skew-simetric. (Similarly for right—invariant AP structures). Nei
ther distribution need be integrable. Examples arise in clasical mechanics,
{rom systems with non-holonomic constraints. For example, suppase that
two spheres in R? of radii r; and r, have a point of contact, and are allowed
to rotate about their centres subject to the constraint that the point of con
tact is “absolutely rough”. The configuration space is A = SO(3) x SO{3).
equipped with a metric which refiects the relative diameters of the spheres,
and the constraint defines a 3 dimensional distribution, which is ntegrable
if and only if r; = »,. It turns out that ¢ is also a harmonic section of
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(G3(TAD) i and only if 77 = ry. One wonders whether the harmonic section
equations inevitably force integrability. However, it is possible to construct
another 3 - dimensional AP-structure on SO(3) x SO(3) which is totally
non integrable, and vet parametrized by a harmonic section.

3. The Energy of an Almost-Complex Structure. l.et .J be an
almost structure on M. and suppose ¢ is chosen so that J is orthogonal;
otherwise said, .J is an almost—Hermitian structure on {M.g}. Then
4 parametrized by a section o of the homogeneous fibre bundle associated
to e orthonormat frame bundle of (M, g). with fibre O{m)/U (k) where
2 = m. We refer to this bundle as the twistor bundle for (M, g). If
we deline 2 =~ /. then P is an AP-structure in the complexified tangent
bundle 2'CM L and it can be shiown that o is a harmonic section of the twistor
butele il and ouly if the section @ parametrizing I is a harmonic section
of the complex Grassmann bundle Gk(TCM). From a previous Theorem it
follows Lhal:

Theorem. « is a harmonic section and only if {V*V./, J] = 0.

Clearly. every Kahler structure (V.JJ = 0) is parametrized by harmonric
section.  In general. the energy functional measures the deviation from
Kéhlerness:

| 9 m .,

Fla} = - / | VS |" de+ 5 Vol(M.g).
B Jar 2
It should be pointed out that a variational problem for almost-Kahler

structares has been propounded by D.Blair & S.lanus [BI]. The energy is
essentialiv the same as above, but variations involve both J and g, couple by
the constraint that the symplectic 2-form is left invariant. Critical points
for this variational problem are the altmost-Kahler manifolds (M, g, .J} with
invariant Ricei tensor:

Ric(JX,JY) = Ric(X,Y). YX,¥Y e TM

ft trrus ont that these do not correspond to harmonic sections, unless of
course (Mg J) is Wihler.

Recall that an ahmost Hermitian structure is said to be integrable or
(1,2) sympleetic according as

S Y)Y = Vo (V) or Vi J(JY) = —%xJ(¥).

Otherwise caid, the vertical differential ¥~ of the section parametrizing J
is holomorphic or anti - holomorfie respectively, with respect to J on M and
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the natural Hermitian symmetric space structure on the fibre O(m)/U (k).
(Another way of saying this is that o is J; -holomorphic or J, - holomorpiiic.
respectively). It is known that holomorphic or anti holomorphic mappings
between almost- Hermitian manifolds are £ minimizing, nnder certain con-
ditions [L] (namely, when the domain is cosymplectic, and the codomain is
(1,2)-symplectic). The techniques of [L) can be adapted to give necessary
and sufficient conditions for & to be a harmonic section, and in some cases
a local minimum. In contrast to mappings, the only case when # is auto
matically a harmounic section is when .J is a nearly Kihler struture, and in
this case @ need not be a local minimum {see below). We denote by é the
2-form R(2) on M. where 2 it the Kihler 2 form. and R is the curvature
operator mapping 2-forms to 2 forms. Call ¢ the Ricci form of (M. g,./).
Let @ denote the corresponding endomorphism field: thus

(X)) = ; N oR(ELIE)X.

Say that ¢ is reducible if it has tvpe (1.1): equivalentty. if & commites
with /. Another wav to say this is that the * Ricci curvature is invariant:

Ric™(JX.JV) = Rie™(X. V).

Theorem [W6]. (i) If .J is integrable then o is a harmonic seetion
if and onlv if [J.®] = ¥ ,J. where 8. is the vector field dual to the | form
3 (the coderivative),

(Y ICT s (1.2) svmplectic then a is a harmonic section if and only if
@ is reducible.

(iit) If .J is integrable and cosvmpleetic, or (1.2) svmplectic, then o
minimizes energy in its vertival homotopy class if o = 0.

since every nearly Wahler structure is known to have reducible Riedi
form (G it Tollows frow (i) 1hat the corresponding o is a harmonie section,
However, the well-known nearly Kihler structure on 8 is £ nostable. by
an argument similar to that mentioned in §1 for Hopl vector Relds [W4),
It is not surprising to find that the same situation arises with the Catabt
Eckmann complex structures on products of odd dimensioial spheres A6
whose parametrizing sections are all harvmonic by (10 bot unstable oxee s
in the tow dimensional cases 51« 8% and 5% « §7 (and of conrse 51 0 81
where the gradient flow technique for gencraiing /0 decreasing variaticns is
inconclusive. {1t should be mentioned that the open questions saised for
Hopt vector fields are also relevaut herep, Prog (51 it follows that avather

B ENERCGY IN RIEMANNIAN GEOMETRY 145

example of a harmonic section ¢ is that parametrizing the almost-Kahler
structure J of F.Abbena [A] on the symplectic 4-manifold of Y. Thurston
[17. Moreover, although not a consequence of (iii), it turns out that ¢ is a
local minimum of 170 i is interesting to note that the Ricci curvature is
not J o invariant, so J is not a critical point of the Blair lanus variational
principal.

The hypothesis © = 0 required in (iii) for @ to be an £ minimizer is
rather strong. ‘| he following result describes some weaker conditions, under
which & is a local F minimizer.

Theorem [W86]. Suppose that the almost-Hermitian structure J
paramelrizing by o has either of the fillowing properties:

(i) .2 is 1 dimensional almost-Kahler, and & is anti sell” dual:

(i) o = [ -9 for some smooth fuuction f: M — R, where [ > 0 if .J
i fntegrable and cosymplectic, or f <0 if J is (1.2)-svmplectic.

Then a is a local minimum of F,

Regarding (i). we note that in -1 dimensions every (1,2)-symplectic structure
i+ almost Kéahler. The relation ¢ = f - in (ii) is equivalent to the propor
tionality of Ric™ and ¢, and is therelore sometimes called the bl * Einstein
conditition: in contrast to an Einstein manifold, the function f need not be
constant. The nearly kidhler structure on $% is Einstein whit f > 0. and
therefore provides a partial converse to part (ii} of the Theorem. It is inter-
esting to note that the Abbena Thurston almost-Kihler structure satisfies
neither (i} nor {ii). In fact, the existence of almost Hermitian structures
with either of these properties is another open problem.

Conclusion. We have described how the notion of energy may be
introduced into some familiar areas of Riemannian geometry, and shown
that the geometric structures corresponding to critical points satisfv con-
ditions which are in many cases novel, and interesting enough to warrant
further study. There is the potential for new applications of the calculus of
variations to Riemannian geometry, and conversely the possibility of using
geometrie techniques to construet. harmonic sections, which are generaliza-
tion of harmonic maps. (The existence problem for harmonic maps, and
hence also for harmouic sections. is a major question. The familiar heat
flow method may be applied successfully to sections of fibre bundles with
compact non positively curved fibres [W3], but when the fibres have some
positive curvature there is little than can be said in general). The scenario
extends 1o any Riemannian ¢ structure, which may be parametrized by a
section @ of the homogeneous fibre bundle O(M. ¢}/ — M, where O(M. ¢)
is the principal bundle of orthonormal tangent frames of (3, ¢). It is pos-
sible to give a general charaeterization of the harmenic section equations
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[W8]; indeed, one which is valid for harmonic sections of any reductive ho-
mogeneous bundle over AL, generalizing a characterization of harmonic maps
into a reductive Riemannian homogencous space given by J.Rawnsley [R].
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