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Introduction. The most convenient way to handle a connection on a
vector bundle is by the corresponding operator of covariant differentiation,
acting ou the (sheaf) of sections of the bundle. This is also supported by
various applications in pure mathematics and theoretical physies.

On the other hand, conncctions on a principal bundle are wmainly han-
dled by global and local connection forms, whereas an analogous operator,
acrting on its sections, is still missing.

The purpose of the present note is 1o fitl in this gap and 1o establish an
aperator like description of connections on principal bundles within a sheaf-
theoretic framework. We note ihat an early use of sheaf-theoretic methods
appears in [1], in which principal connections are considered as sections of
the so called sheaf of connections, As it is formally shown in Theorem 3.2
Lelow, the two approaches are equivalent.

Apart from giving a new definition of connections {in spite of M. Spi-
vak » call for ... the summary exccution of any geonieter proposiug such a
thing (see [12: vol.V. p.602]} ). the prosent setting has another significance:
it may serve as the model for the development of a theory of connections
ot abstract principal sheaves of structure tvpe a =head of groups and with
structure sheaf. the later being defined in the sense of A.Grothendieck {7].
This is the purpose of an ongoing research {cf. {H]). whicle will be briefly
discussed in the end of the proscut nate.

The previous idea = the natural outgrowth and generalization of an
annlogous geometric structire on veclor sheaves, orviginally due to and de-
veioped by A Mallies (¢f. [10], [111). The aatiior i= indebted to him {for many
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exciting and fruitful discassions on this subject.,

1. Preliminaries. In this section we fix the main notations and ter-
minology uzed throughout. l'or convenience we are working in the category
of smooth real manifolds and bundles. For the theory of sheaves employed
hereafter, the reader is referred to [4] and [5].

(A) Let (P.G;. X.7) be a principal fibre bundle. We denote by P the
sheal of germs of smooth sections of P2, i.e. P is generated by the presheal
of smooth sections {7 — T({7, ) of 12, for all open subsets {7 of X. [hus,
for every open UV C X,

(t.1) PN 2P, P).

We let A stand for the sheaf of germs of smooth mappings on X,
customarily written also as C5. Then, as before,

(1.2) AU := CF (W) = C™ (U, R).

Analogously, ¢ (resp. L) denotes the sheafl of germs of smooth (—-valued
(resp. G-valued) mapings on X, if G = T.(7 is Lie algebra of (/. Hence,
(1.3) Gy = (UG, c)y =0™(.G),

On the other hand, if A'{{/, G} is the space of G-valued differential
I-forms on {7 C X. we set Q\(G) for the sheal of germs of G-valued
differential I-forins on X. Thercfore,

S

(1.4) - QAN = AN, Gy = Q\ (1) auy L),

where Q24 is the bI]C‘arO[é(’FH]H of differential 1-forins on X ({see for instance
[6; vol.d, p.81]). Since £ 2 A", the isomorphisms of (1.4) are now completed
also by the {ollowing isomor plnam of A({7)=nodules

(1.5) Y (U) Daqg L) = (R 24 L)),

As a consequence, we conclude that

(1.6) QM (G = QY Ga L = Q' (L).

Note that (1.3) does not hold true for arbitrary sheaves (as a result of the

very definition of the tensor product of sheaves) and is replaced by an imbed-
ding. However, it is satisfied if £ is a vector sheaf of finite rank; that is, if
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Sl = AU = (AU, for some fixed nog IV and ) running in an open
cover of X. Note that QL (G) and Q% are also vector sheaves of respective
tanks n = dim G = dimCand m=dimX

(B} Another important entity for our approach is the total or loga-
rithnee diffore ntiol. \We recall a few basic facts and refer for more details to
[2] and [9]. ‘

For a smooth mapping f @ X — (/, its total differential is the form
FVodf € AN G) given by

(.I.’ ! ffl] = [‘f(_r’[)f(.,.)—l Ofl‘,-.f: +r e X,

it 1., denotes the lelt translation of ¢ (by g € () and T, f is the ordman
differential of § at r. The previons formula localizes over any open U C X,
thius we obtain a4 mapping
L) D O G) — AU G) o f o Ol f) o= fh
satisfving

1R) ditseg)=Adly™) - 0uls) + dulg): .9 € CULG).

it Ad i the adjoint representation of (¢, Note that, as usual, the form
Ad(g™h) - ihis) is defined by

(1.9) [Ad{g™ ") - ()} r) = [Ad{g{x) " WhAs)p): v € UL

Vier the identifications (1.3). (1.4) and (1.5). the family () determines a
motphisn of preasheaves

Jihe = G — (2 a DI C X open )
snducing, bir turn, a morphisin of sheaves of sets, denoted by
0:6 — L.

fhe shealification of the adjoint representation vields the norphism of
sheaves of gronups Ad 4§ — Aut{L} deflned by

(Ad(g)(N](r} = [Adlg(e))] (e

for everv g e GUUY. fe Lili), » el and any open U C X,
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Here, as is the custom. we use the same syibot both for a <heaf mor
phism and the induced morphisin between sections, a fact adopted henee
forth. We also recall that Awf (£1(17) = Fud(L
of the previous identification denoting the set of invertible sheal endomm
phisms {automorphisms) of £107,

Now (1.9) and (1.3){1.5) induce a natural action of ¢ on Q'{L).

Namely. for any open 7 C X, g € ¢(I7) and decomposable element o w €

QN () Caqe) L(U). we set
Ad(g) (o 2w} = a0 Ad(g)(a).

By linear extension. the expression A(g)-# is defined for every 8 € Q' (£)(17).
thus we get the destred action, It s easily verified that

(1.10) Ha b) = Ad(b™" - D) + D) (0. D) €G x ¢ .

(1.11) MNa 'y =~ Ad(a) - Na), a € G,

2. The connection operator. \We describe the idea miotivating the
operator-like definition of principal connections.

Let (PG X 7} be a principal bundle endowed with an ordinary con-
nection {form) w € A (12 G) and let ¢ = {Ui;]i € 1} be a fixed trivializing
open cover of X, 1f &, are the natural sections of 12 over Cow s Tully deter-
tined by the corresponding local connection forms w; 1= 7w € A'(l/;, Q).
Thev satisfy the compatibility condition (recall the notation introduced in
(1.7).

(2.1) wj = -’1(1(.f15') wwi Sy (gig)
0 =00 and g5 € C™ (U506 are the transition functions of # (of.,
for instanee, [R5 {13]}.

Now, let {7 be any open subset of X, For an arbitrary section s €
UC{UL P).owe get the form s"w € A (I, G). We easilv check that

{(2.2) (5-9)"w = Ad(g™") - («"w) + diln).

for any ¢ € C™{U,¢). As a consequence, to every open (¢ C X there
corresponds a mapping

(L P2) — AN, G) o onos 5™

(e, the right- hand side
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satisiving 2.2}, This produces a morphism of presheaves leading Lo a mor-
phism between the sheaves P oand Q% (G). Therefore, taking into accotni
£1.6), ane i led to the following formal definition.

Definition 2.1. .\ connection operator on P is a morphisim of
sheaves of sois D2 P — QU2 satistving condition

2_;{] D oa)y = Ad(a™ "y Dlwy + da). (v, ) P x4

Remarks.

L} Stricthy speaking, the term eperator is abusive, flowever, we ;ulup[.'
it here inoorder to keep in wind that we define a conmection as a sheal
morphisn aoting on the sections of the bundle. in analogy to the operator
ol covariaut differentiation. .

2) The use of QYL) (instead of its isomorplic, in \'irtu.-\ of (1.0),
QM @)Y is motivated by the generalization discassed in the end ol the Note.

in the sequel. we denote by a; € P(L5G) and 4, € G(LU,) the Lsectui()ns
corresponding to s, € V{7, Py and g, ; € C (1, (), respeetively.in virtue
of the identifications (L) awd {1.3).

Definition 2.2. The local connection forms of D (with respect

to the fised open cover ) are the | forms

(2.4 8; := D{a;) € Q' (L)(L).

We recall that. after the conventions of Section 1, D figuring in (2.1)
is in fact the induced morphism on sections. Hence, as a direct consequence
of (2.1 we obtain

Proposition 2.3. The forms (#;),e; satisfy the compatibility con-
dition

(2.5) 0_. = _Arf{ "l)'(')g'l'f'-){‘i'i.)'

i

Theorem 2.4. \ familv of forms {6; € QUL )| € 1} sarisfying
condition (2.5) determine a unigue connection operator I such that D{a;) =
0,

Proof. lel p i P — X be the projection of P onto X. For an
abitrary e € P owith p{ae) = o € U we sot

{2.45) Diwy = Adja ") - 8.(r) + d(«t).
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it a; € Gr (cthe fibre of G over @) s uniguely determined by w = o;(@) - a;.
The previous expression is independent of the oper set of € containing r.
Indeed. if € {7, then a; =4 (r) e Hence. equalities (1.10]). {
(2.5) imply that

1.11) and
.An'{r.'j_l) SOy aj) =
N8 () + [Ad(a] Y o Ad{yi; ()] -

.Ad(af_l -(')(",,-T (o)) i) = Adga;) - 8.(r) 4 ;).

Ad{a; Hovi(eh+

thus showing that D is well defined. Condition {2.3) is obtained by the same
token.

We prove now that D is continous. By the locai strncture of P there

are open neighbourhoods ¥ and U of the previousty chosen w and @, re-
spectively, so that ply is a hameomorphism, the inverse of whif'h ts denoted

by a. If W o= o7 n i), there s a unique ¢ € G177 N 15} such that
a{y) = ai(y) - g(y), for every y € LN li;. Therefore, applying (2.6). we have
that

D(a{i)) = Ad{g{n) ") - 0:(n) + O(gly) = Ad(g™1) - 8; + dg)(y):
that is.

= (Ad{g™") - 8 + ddg) o pliy.

thus vroving the desired coutincity at w and, similarly, or the whole of 7.
On the other hand. if 1 € G(Y) is the unit section of G {i.e. ) is
the unit of Gyl then, for every w £ X

(D(o,)) = D{a {+)) = D{o,(r) - 1(r])) =

0,00) + (1)) = 8,(r).

which shows that Do) = #,.

Finallv., asstme there is another connection ' with D7) = 8,
Thew. for a v as above, D) satisfies {2.6). fo.
now complete. a

Theorem 2.5. A ordinary connection « or 17 corfesponds i 4
bijective way 1o a connection operator 1.

Proof. Let o be an ordinary conneetion with local connection forms
{..;,-),E, over C. For each iowe denote by # € Q1370 the form correspdnd?
ing (by (1.1) and (1.5)) to w,. Vherefuee, appliing the sheafification of Ad

and the induced action on QYL as woll as the coreapondonee hofween the_-’

Fr = [ and the r)rrmf- iS}f
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wections (g} and (75} in the discussion before Definition 220 we see that
2.4} fmplies (2.5), which in wirn vields an oparator D by Theorem 2.1
[he converse s proved by reversing the previous argunients. The
hijectivity of the correspondenee iy fnnediate by using the local connection
[orms and tie same identifications as hefore. =

3. The sheaf of connections. Following A.Avagnol {1], we define a
daldaction of G oon P Xy QL) deterined {at the level of seetions) by
(3.1) (s,0) g = (s Adlg™h) -0+ D(g))
for every {s.w) € P ~ QUL g € GUU) and 17 C X open. This
Hiduces he following equivalence relation on P(H) X QYL

{3.2) (s.o) ~ (,3) = Ay~ Gy, Ay = (s 0) g

Ve 4 result. we obtain the quotient Q(E7) = (P17} x X QYY) /G Y and
e (net necessarily complete)) presheal Q 10 — Q( {7}

Definition 3.1.  The sheaf of connections of (7, . X. %], denoted
A (P =T xg QL) is the (quoticat) sheaf generated by (4.

1

GO Is, in fact. a sheal of wodules associated with P by the represcutation
j

b and with respect to the action (3.1). Ttis jocally isomeorphic to QH{L).

Theorem 3.2.
giohal sections of C{P)

Connection operators D correspond bijectively (o

Praf. Lei D be a connection operator and et & be the cotresponding
aral connection Torms, willt respect to the trivializing coverd We deline a

section T, &« C(PYT) by

3.3 ) = o), 8}

revall the notations of Section 2). Here [[] denotes equivalence classes o
e e over o We immediately check that 7= 7, on {75, a8 a consequence
A (2.8 apd (3.1)1 thus we obtain a gin’ml <ection 7 of C(P). The coniinuity
which. in tura. is a resuft of the continuity
I gll (1_ ]

we define the local forms #, €

ZL P, s the

A7 is ensured by that of eadh
of ihe cenonical map P ooy ‘)’{ &y — P
given a v € C{PHN),

= o7 s (AU 00 &, QUL

Canversely,

e

Sowilthon,



156 EFSTATHION VASSIEIOU a3

local isomorphism = (o, o] characterizing C(P) as an associated sheaf of
mioddules (in fact @, is the anigue form satisfving (3.3)). Since (3.2) hoplies
that condition (2.3) holds true on the overlapping, we get an operator D.

Remarks. 1) Considering C(P) as a sheal associated with 7 oand of
fibre type QU (L), Theorem 3.2 can be thought of ax the anatogue of [3: n'
G.5.6]).

2) Theorems 2.1 and 3.2 provide a complete proof of the equivalense
between ordinary connections and global sections of the sheaf of vonnections
discussed, rather sketcehily, in [1; p.257)

4. The curvature operator. In this section we ontline (he notion
of curvature of a connection in the present framework.

The ordinary operator of exterior differentiation o : "3.]\' — Q% ex-
tends. in an obvious way. 1o an exterior differentiation (usivg the boldface
of the same symbol) d : Q'(£) = O (L) with the well known properties. On
the other hand, exiending the notation of [9, p.56]. we define the morphism

{4.1) D:L) — Q¥ (L) a v da + aAae = da + 1/2 - [a.a],

for everv open {7 C X and o € Q'(L£){(U). Here, A and [] are obtained by
the sheafification of the corresponding operations of the ordinary exterior
calculus. :

Clearly, D has the following propertics {ef. also [9]):

(4.3) D(Ad(g) - o) = Ad(g) - D{a). {a.g) e QYLI) x G,

Definition 4.1. The curvature of a connection operator D s the
morphisu of sheaves of scts RD - p — O (L) given hy

rRP =pop.
RrD is G equivariant, that is

[4.4) RDfu;- "]) — Ad(q"]) . RII{E:_.: (w.g) £ ¥ G

=1
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as a consequence of (1.2) and (1.3).

: . . T T U YO SO U ST
Fixing. as in the previous sections. a trivializing cover €. we give the

following,

Definition 4.2, The 2 forms O = RD(rr,-)-E O (L)1) are called
the local curvature forms of D (witl respect to ().

The very definition of RD vields the struetural equation
[1.9) O, =d, +1/2:18.8)]
and (1) buplies that
(-1.6) 6; = Ady7') 0

dnlds on the overlapping,.

Theorem 4.3. Let D be a connection operator on P with corre-
sponidinng local connection forms (8:) e If(8)icr is a family of 2-forms
defined Dy (1.5) and satisfying (1.6). then there is a unique operator R such

that R = RD and the ©;s coincide with the local curvature forms of D.

Proof. We define R by R{w) := Ad(g;") - 9Qi(x), il w € P a:nd
¢ € G, is uniguely determined by w = a2} - g, Then we proceed as in the
proof of Theorem 2.1, »

Corollary 4.4. Let D be a connection operator corresponding to
an ordinary conpection w. Then RD corresponds to the ordinary curvature
{lorm) § o w.

-~

We shall close (his section by some other interpretations of RD. To
this end we denote by Howg (P Q3 (L)) the set of worphisms of s.hc:a.ves
of sets which are G equivariant, i.c. they satisly the analogue of (4.4).
Also. Hom; (P.Q7(£)) denotes the sheal generated by the complete presheaf
[ — dlom g (P QL) Finally, we set Ad(P) for the sl‘m&f type
£ associated with P by the representation Ad {cf. also Remark 1, after

~

Lheorem 3.2).

Corcllary 4.5.  The curvature RD has 1he following pgmerti(?s.‘
i Within an identification. RrRP ¢ Homg (P QALY (@) ie. RY is a global
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section of Homg(P. Q2 (L),
i) RD determines a globad 2 form R (5 4 Ad(PY(A ).

Proof. tThe first result is obvicus by the dentiication

3

Hom G{P.Q (L)) 2 Homg (P Q- (L)X

For ii). we denote by ¥; = L7 T AP, the local isomorplisms
characterizing Ad(P) as an associated sheaf of type L0 and we st Ry 1=
(id W) (0;) where id = i[5 . Now. (1.1) and the equivarianee of ¥, mply
that Ry = R; on {7;. thus defining a global section as in the statement. w

5. A sheaf theoretic abstraction. As alluded to in the introduc
tion, we give a shiort account of an abstraction of the ideas discussed se far.
referring for more details 1o [14]. The potations amd ternuinology npplied
are deliberately chiosen so that thev remind of the Tamiliar objecss of the
classical theory,

We start with an algebraized space (X0 A), where X 1s a topuologieal
space aud A is a sheal (over X)) of unital, commutative and associative
topologicat K algebras (K = R, € We fix a Jierential trind {40d Q2
where Q' is an A — wodule and o 14— ' s

A.

oovatined derivation of

et P be a principal sheaf of tvpe 4 and with struetare sheal G, By
the previows terminology we mean tiat G is © sheal of groups acting on
{from the right) ad there exists an open cover of N say C = {{/;jd € T}
such that Pl — Gi{7 s an equivarian isomarphism (for details cne may
consult [7]).

In order 1o develop an adequate theory of connections on 2, we need
bwo entities plaving, respectively, the role of the adjoint representation and
that of the total differentiation. For this resset we restrict onr ittention (o
structural groups with the following fundawental properties:

(1) there is a representation p 0 G — Awt{L). where L s a sheaf of
Lie algebras, which s also a4 = roodul

(2) there is a morphisin {of sheaves of <ots) ¢ © G —+ Q' L) satisfying
condition

{5.1) My -0 = plh ™1 - dig) + Sih

for every (g hl €4 < v G.
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Here, by definition, QL) = Q1 ¢4 £ and the first terwe of the right
hand side of (5.1) denotes the result of the action of ¢, naturally induced
on QL) (see alse Section 1),

With the previous assumptions. a connection on P is a morphism (of
sheaves of sets} D P ——p QL) satisfving thie property

Disg)=ply™")- Dls)+Hg) (sg) e Py .

Beside the connection operator studied in Section 2. lurther examples.
iting in this generalization. are provided by connections on vector sheaves
(peated T [10] [1H]) aud by conpections on the projective timit of a pro-
ective suatem of principal bundies, each of which is endowed with ordinary
conpections {({1-1])

In anatogy (o the results of Sections 2 and 3, we can show that D is
conivalent to a family 8 ¢ Q1(L). 7 € 1. as well as 1o a global section of the
sheal of ronnections T oxg QO (L}

The question of the existence naturally arises here. Since the classical
eriteria cannot be applied. we consider instead the (peneralized) Atival class

alPy e HUX Nong (P2 (L)),
where, for any open 15 © X,
Hom g{P. SO (LU = hom gy (P QLN

i the set of equivariant morphisins, with respect to the described actions
(e, atso the discussion before Corollary 157, Therefore, one shows that

13 conncetions on P} [«(P) = 0].

Vi |w-\§_lz|in cattie, over to the study of curvature. flat principal
prndics. the Chern Weil homomorphism and so on. Thus we extend a
significant part of the theory of connections on ordinary principal bundies
to a purely algebro topological setiing. without reference toany notion
of differentiability. a fact which sight be a=eful to theorelical phvsicc. As
oue might expeet. the generality of the present framework ofien iwposes
sonne cohomologieal restriclions, depeading on how far we wish to extend
the classicad theory, Uhese natters will be clarified in fortheoming notes.
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INFINITE JETS AND PROJECTIVE LIMITS OF BUNDLES
BY

GEORGE GALANIS

Introduction. The purpose of this Note is the presentation of an
example ol a Frechet-type vector buadle as the motivation for a general
study of a particular class of Fréchet-vector bundles: those which can be
oblained as projective limits of Banach-vector bundies,

More preciselv. it is well known ([1]) that the set J¥(f) of kjets
(k< 4oc) of the zections of a Banach-vector bundle ( is also a Banach-
vector bundle with fibres of type

1"(B,E):= Ex L(B.E) x L} x --- x LY(B. E).

where E is the fibre type of €, B the space model of the basis and L£5(B. E)
the space of synmmetric continuous klinear mappings from B* to E. How-
ever. if we move to the case of infinite jets there is not, so far, an analogous
study o J(f) = lj_m JE(y (ef. [3]) as a vector bundie since the corre-
sponding libre type P™(B,E) = E x L{B,E) x --- is a Fréchet space and
we do not have a reasonable topology for its general linear group. Therefore,
J ) has been studving so far more of a topological point of view. In ad-
dition, I, Takens in his paper [3] endows J™{f) with a differential structure
defining 1he set of Rvalued smooth mappings on J™ ().

We note that similar problems arise also in the general case of a
Fréchet-vector binndle due to the peculiarities of the corresponding struc-
tire Loy,

I this paper we shall equip J™(() with a Frichet-vector bundle stue
ture by replacing the pathological general linear gronp GL(P7{B. E)) by
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