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INFINITE JETS AND PROJECTIVE LIMITS OF BUNDLES
BY

GEORGE GALANIS

Introduction. The purpose of this Note is the presentation of an
example ol a Frechet-type vector buadle as the motivation for a general
study of a particular class of Fréchet-vector bundles: those which can be
oblained as projective limits of Banach-vector bundies,

More preciselv. it is well known ([1]) that the set J¥(f) of kjets
(k< 4oc) of the zections of a Banach-vector bundle ( is also a Banach-
vector bundle with fibres of type

1"(B,E):= Ex L(B.E) x L} x --- x LY(B. E).

where E is the fibre type of €, B the space model of the basis and L£5(B. E)
the space of synmmetric continuous klinear mappings from B* to E. How-
ever. if we move to the case of infinite jets there is not, so far, an analogous
study o J(f) = lj_m JE(y (ef. [3]) as a vector bundie since the corre-
sponding libre type P™(B,E) = E x L{B,E) x --- is a Fréchet space and
we do not have a reasonable topology for its general linear group. Therefore,
J ) has been studving so far more of a topological point of view. In ad-
dition, I, Takens in his paper [3] endows J™{f) with a differential structure
defining 1he set of Rvalued smooth mappings on J™ ().

We note that similar problems arise also in the general case of a
Fréchet-vector binndle due to the peculiarities of the corresponding struc-
tire Loy,

I this paper we shall equip J™(() with a Frichet-vector bundle stue
ture by replacing the pathological general linear gronp GL(P7{B. E)) by
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an appropriate “enlarged”™ structure gronp. As a result, J™ () will be char-
acterized by a generalized type of transition functions that we deline here,

Using analogons techuiques we may extend the previous theory to the
general case of projective fimits of Banach-vector bundles. Wa achicve in
this way to endow the latter with Fréchet-vector bundles structure.

1. Infinite jets of the sections of a Banach-vector bundle.

d

Let £ = (L. 7. B be a Banach-vector haudle with fibres of type E.
Then. as mentioned in the introduction. the set

JHEG = {jhs s e (). € B)

of k-jels ( & < +o0 ) of the sections of € is also a Banach-vector bundle over :

B with fibre type P(B.E):= Ex £{B.E} »x --- x L'”(B E), where B s
the space-model of B (cf. {1]}. More pl(’(‘lS(‘]V the projection of JE(€) is
given by

pes R () — B fre
and its differentiat structure is constructed by the trivializatons {(L, r)}.
where

TA:]J;I(L = % P;'(B E): My (e su (ag{a)). D (aole)), ..

B k ;
s {aplr)))
if (L a.ag) are vector chartsof ( and s, := ]n'-“,oao.qonu_l is Lhe principal
part of s with respect to a. The bundles {J*(
system with connecting morphisms

Fone 2 IO — TR R K (> k).

The corresponding timit lim JJ* (/) is defined to be the set of infinite jets of
.

the sections of € and it is denoted by J™(F) (cf. [3]).

On the other hand the Banach space PF(B,E), k€ N, form also a

projective system with connecting morphisms the natural projections rpp ¢

P"{(B.E) — P*(B.E), m > k. The corresponding fmit coincides with .

the Fréchet space P™~(B.E) via the isonorplhism

hi P(B.E) — ln(PY(B.E)) : (o fiod = (Lo Jios ;j-'Ji'L.;-Ni

In order to construct a Fréchet vector bundle structure on J™ (£ 'we

define the space

H{P™(B.E})) i= {{gs) e N 0n € C(PY(B.E)) and lim g;: exists ).

o4 Banach space, as a closed subspace of H

N} eN form a projective

i l-'.\'['INI UL TS AND PROJECTIVE LIMUTS OF BUNDLES 163

Fhe previous space is Fréchet since

H(P™(B.E)) = lim(H(P™(B. E)).

where each

H (P (B.E)) = {{g1 - k)

G € L(P"(B.E)) and ro 0 gm = a0 (i 20}

(P{B.E)}). and the

maet

connecting morphisms are the natural projectious

por L HL L P (BB — I (P(B.E). m>k

voreover. H (127 (B. E)) is related to the Hausdorff jocally convex (but not
Fréchet) topological vecior space L{P™ (B, E}) via the continuous linear
rap

H(P*(B.E)) — LIPY(B.E)) : (ge) oy — Hm g

—

Lnalogously we define

He P (B BN = {(gadpe N e = Li(PT(B E)j and '1111 g, exists},

HAP* (B E)) = g1 95) 4 € Lis(P (B, E))

- - > 7
and Foni ©fm = §i G Ui ("'” = ?)}

Fach (P (B. E)) is a Lie group modeled on Ho (P™(B, E}}. Moreover,
i H{P™(H. E})) can be defined, with connerting morphisms
j—— | . . - - G I e \‘)r N
) > k). and coincides with H(/ B, E)). Therefore,
)’J\IHE(P’\'[B!EHUH—.A)" (74
It lutter is a topological group.
I (8 = hm S (6) s a Fréchet-vector bundle over
—= )
with fibres of type P™(B,E). The c_'orrespom_ﬁng Lransition l'um_:urm:
b owith respeet to an open covering §0) of B . can be factored in the
it 2oy =Tev . L :
nere IOV (B, E}Y are smooth mappings if we consider
. d!\n!" ‘.ﬂh““"‘ ”l z!{!)Y[B F)
o . iy (b e
Proof. iMrst we observe that the projections p, of JUH) (v € N}
secisly i @ fax = P 400 2 K)o As aiesuit, the contiueRs ooy

Theorem 1.1.
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111_12 Pi 0 STE) — B can be defined, if {1t T;‘)}“_EN are the local triv-
jalizatons of Ju () constricted by the same veetor chart, (i a,ayl of €,
then we check that they form a projective svsten with (I:t'[=‘S|Jf3;)([ilt;EE limit
the homeomorphism .

Teo=limrp (Y — U« P B E).
The couples {{I7,7)} define a Frachet manifold structure o JHEY (ron-
cerning the differentiability of J.Leslie ([1]j). \With respect 1o this strue-
ture p s smooth since pl vy = pry o r. On the other band p i) =
. -1 .
I(ll—l([)k (). € I, henee the fibres of = (0 are Frécher spaces. The dif-
fcomorphisms {r := I‘En 7.} . as above, are the local trivielizatons of 4 (£

.
[4 ]! (J.]J I
Pherefore. to complete the proof it suffices to check the differentiainlity of
the transition functions. To this end., let (U 7 = limr), (Vo = liriog)

: e ' ' —

since each 7, 1= 7|~ ey equals o the lincar isomorphism lim{r, |
— i

be local trivialization function of J ™) and Ty (r) =1, 00" the corre-
sponding transition function. Setting. for any k€ N,

(Tgv)e 0NV — HZ(P>(B. E}}:rve— (7,0 nl_.t.l vt Ty © 0}._1:1)
we check that pog o (Thy)m = (T )k m > ko As a result the mapping
Tov =n(To ) UNV o HO(P™ (B, E))

exists and satisfies

(50T ) @) = £l k(5D e N) = $l{mir 0 05 ) e N) =

o [ -1 -1 _ . -
= [(Lll_l T;L._,,ol{uﬂ a. =100, = T (x).

Furthermore. 77 is a smooth mapping, as a projective limit of simooth

mappings, il we consider it as taking values in H{1"*(B, £y D

2 11°(P*(B. E}}. Thercfore, Ty is smooth. =

Remarks 1.2. (i) The previous mapping {17}, which charac-
terize {Tuv} and J2(0), will be called generalized transition Suictions.
It is obvious that the structure group of J™(f} i ia fact, the topologi-
cal group H°(P™(B. E)) and not any mose the pialhological generai linear
GLP™(B E)).
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(i) The differential stricture that we define on J={£) is larger than
of Taken's in [3]0 Tudeed. the lavter is detenmined by the condition g €
C™ (O Ry & Ak € N Uy C IR0y oper and gy < O™ (U R) such
that ‘qlfk Ny, ko fio where  fion () — JEUY are the canonical
projecticns. This conditions is satisfied if and only if ¢ is the hmit of the
projective systetn of smooth mappings {grofix}t.>s . Therefore, Taken’s R-
valued smooth maps on S () are projective limits of smooth maps henve
smooth in the sense of J.Leslic 1oo(el. [1], [2]). Taking imo account that is
ot necessary for a smooth inap {in Leslio’™s sense) to be projective himit, we
aot the assertion. 2. Generalization to the case of projective limits
of Banach-vector bundles. Maotivated by the previeus constriuction we
study in 2] the general case of a projective limit of Banach-vector bundles.
Namely det {172 [}, N bea projective system of Banach-vector bundles,
over Lhe same basis B, which satisfv the followine conditions :

(1) The corresponding fibre types {E;}._py form a projective sysiem
with comneeting worphistms rj; 0 E; — E; {j = ).

(1) lor any = € B there exist (U.7) local trivializatons of K
through & (i € N} such that (idy xrj)er, =70 f, {j>14).

We assume, 1w other words, that the analogous to the special case of infinite
jets. conditions hold.

Then, F o= lim £, s a Fréchet-vector bundle over 13 with fibres of
——
type I = lim E; . The corresponding transitien functions {Tyy } can be
phih :
factored in the form Ty =0 T3

where [1°(E) 1= {(fff)ieN:y‘ € Cis{E;) and lim g, exists} is a 1opological
group. .'f[fh),eN = gy and TG U 0OV —— HO(L}) are smooth

inappings if we consider them as taking values in the Fréchet space
H{E) == {{g),e N9 € LIE) and l:_rﬂ g; exists} 2 H{E).

Moreover {17-}, which will be called ge ne relized transition functions, char-
acterize 4 since they fully recover it. Indeed. nexi Proposition is valid.
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Proposition 2.1. ([2]). f.et B be a Banach manitold, ({1 eea an
open covering of B, E = limy E; a Fréchet space and

{T5 00l — HO (B} jusea

4 family of smooth mappings sach that Tr{eyo Iy (v) =T (), 177} =
idg ), e N - Then. there exists a (uniquely determined) Fréchet-vector bun-
die F which is projective liniit of Banach vector bundles, with genvralized
transition functions {7}, -4 and classical {in Lang's sense) transition

functions {=o [, }epca.
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SOME REMARKS ON METRIC STRUCTURE
IN THE GENERALIZED FINSLER SPACE

BY
IRENA COMIC

1.- In_troductlon. Let. & = (K.x. M) be a ¢ veetor bundle with
an o-dimensional base manifold M. type fibre /7= #™ and a total space of
dimension (n+mj. tn some local chart the point ¢ € £ has the coordinates

1
{a'o ooyt gt = (@ yt) = (o)

Lgoh k=1 . n a,boecd, e f =100 m

Phe allowable coordinate transformations (o, y) = (o', ') are given by

: i 1 af ‘
(1) PN A LI ey = M ()
where
rank [(he' fOr'] = n rank [M¥] = m.
Uhe inverse transformation (o7, y'y = (r.y) exists and is determined by

{1.2] gt =l 8 gt = My

The neusl vetatiesns
VA fr — g T P

(1.3) e =dy BEBL =68 BY =2’ [0
"’l..r ‘II:I - {’;‘,'

BLBY =80 1= gwi g
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