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Proposition 2.1. ([2]). f.et B be a Banach manitold, ({1 eea an
open covering of B, E = limy E; a Fréchet space and

{T5 00l — HO (B} jusea

4 family of smooth mappings sach that Tr{eyo Iy (v) =T (), 177} =
idg ), e N - Then. there exists a (uniquely determined) Fréchet-vector bun-
die F which is projective liniit of Banach vector bundles, with genvralized
transition functions {7}, -4 and classical {in Lang's sense) transition

functions {=o [, }epca.
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SOME REMARKS ON METRIC STRUCTURE
IN THE GENERALIZED FINSLER SPACE

BY
IRENA COMIC

1.- In_troductlon. Let. & = (K.x. M) be a ¢ veetor bundle with
an o-dimensional base manifold M. type fibre /7= #™ and a total space of
dimension (n+mj. tn some local chart the point ¢ € £ has the coordinates

1
{a'o ooyt gt = (@ yt) = (o)

Lgoh k=1 . n a,boecd, e f =100 m

Phe allowable coordinate transformations (o, y) = (o', ') are given by

: i 1 af ‘
(1) PN A LI ey = M ()
where
rank [(he' fOr'] = n rank [M¥] = m.
Uhe inverse transformation (o7, y'y = (r.y) exists and is determined by

{1.2] gt =l 8 gt = My

The neusl vetatiesns
VA fr — g T P

(1.3) e =dy BEBL =68 BY =2’ [0
"’l..r ‘II:I - {’;‘,'

BLBY =80 1= gwi g
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ave valid. The tangent space of £. T (F) is spanned by 13 = {d,.d,}. where
ih = o Ay = D"

With respect to (1.1) and [1.2) they have the foltowing law of transformation:

(1.:4) , .
o [ N, By MLy ; ;
ol _ g [0 g Buhy) : VA Y L
d, Dy D y) 0 A ]:' '

If M is paracompact. then there exists a family of functions V7 {r. g}, obey
ing the following law of transformations:

(1.5) Nty = N VB ME = My B

These functions are called the coeflicients of non-linear connection. By using
them. we can transform the basis B = {d.d,), whose elements, undes
the coordinate transformation (1.1} and (1.2) do not transforiy as tensors
(see (1.4)). into the adapted basis 13 = {8, d,}. whose elements have this
property, & is defined by

i1.6) b, = ¢ = NI,

i :
[t is easy to prove. [rom (1.1) and (1.5). that
:l?.- (\-,'J — {S;‘ H::

Any vector field X defined on £ can be expressed in the basis I in the
following form

(1L8) N =X&+X"d,. X =XxX'B.  X'=X"A

We call V9, the vertical vectar field and X8 the horizontal vector field o_f
T(1). respectively. We shall denote the subspace of T(FE) spanned by {é;}
by Ty (£) and the subspace spanned by {d,} by Ty (F). So we have

T = Ty ()& Te( B, dim Ty (F) = o, dim Ty () = .

Let us cousider T7(£). the dual tangent space of [7. The iratura basis in

Tr(EY s BT o= {dal o det o dyt oo dy™ Y = ddatdyt . From (1) we
have
(1.9) [a) dri = B,’:'d;r'i (b) f]_f}", = :\l,’,’;;,r"z)'.zzi + ,—U,’,‘Jrl_u".
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it 15 obvious that dy* o = |
introduce a new hasts

..... i Li() nol transform as teusors, so we

R {d.l".,ﬁya}
of T, where

(1.1 Syt = dy" + Nyt

Vevording to the coordinate transformation (1.1) and (1.2) the bases B= and
B = {de" Sy} are related by (1.9a) and
(1.11) Sy = MO ()ayr sy = MY (x)8y".

If 3 and B* are two bases of I (I} related by (1.9a) and {1.11}. then any
-forn e € T F) satisfies the relations

, : : .
wo=wied’ +ow, 0y = wade' 4 owp byt

where

wye = w; B, Wer = wy M.

Let us consider T (£) 0T (F). In this space the metric teasor G expressed
in the basis 13° has the form

(1.12) G = gde’ O ded + goda’ 06y + Ga;0y" @ dat + gaby® @ Sy

We shall suppose. that ¢ has the rank » + m and that. it is syunetric
and positively define. e it is a Riemannian metric on E. With respeet to
the courdinate transformations (1.1) and (1.2) the coordinates of the metric
lensor G ransform in the following way

L gy = i BBl gy = ginBL M},
| oyt = Gy MG B gany = g MM},

We shall define the covariant coordinates of the vector X = X8 + X*9, by

X, = e X7 .‘].-F:-'\'b X, = .(fu_f-xj + gnb‘xb'

Theorem 1.1. I the Riemannian metric tensor Gz, y) is given on
I then exists one and only one nonlinear connection N, such that Ty (F) is
orthogonal to 'ty ('} with eospect to (0. Fhe connection coefficients N7 (. y)
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of N are determined by (1.17) (they are functions only of (7 ) and with respect.
to the coordinate transformations (1.1) and {1.2) theyv satisfv the relation

(1.3).

Proof. Let us suppose, that the metric tensor ¢ in the basis B =

{da't dy"} of T7(L) is given by
{1.14) ¢ = ﬁijrl;ri Oded 4 gda’ o dyt + Gy @ dad 4 g dy" o dy’.

Substituting dy® = dy* — N& (e, y)dat from {1.10) into (1.14) we obtain the
expression for the metric tensor in the basis 370 NE(r,y) are arbitrary
functions. which satisfy the transformation law (1.3). The comparation of
the obtained formula with (1.12) gives

(2) i =T — N T N + Gy NINY
() gin =G — G N}

(€) Gai=Tuj— T !»1\",;‘

{d) a6 =T

By the assumption of Theorem §.1 the matrix

[.f!ij .‘}ib]
Yaj  Gub

is syunnetric, positively definite, with rank u+ m. From (1.15) it is obvious,”

that for the arbitrary nonlinear connection N} and the metric (7 given by
(L.12) T {E) is not necessarily orthogonal to Ty (F). Tt will he iff g = 0,

Vi=1..... n.ve=1..... m, le.
(1.16) g?b = ﬁ”b.‘\'ia = 0 = arb e ﬂ_,,{;-\'.;l = U.
I'rom (1.16) we obtain

(1.17) NE=Tag"

where {g"*
I

as fuuction of the metric tensor. To prove, thai so obtained non-finear
g 5 = . 0 p ) . 5 o ., |
counection satisfies (1.5), we write (7 in the basis {0 dy" 1 in the Jorm:

(LIB) 7= gi‘j'd"""i,‘:5"[¥’?j'+.f_li*b'd‘“t‘ ady 47, dy” sl g dyt Gt

] is the inverse matrix of [ga] = [7,,]. (1.17) determines Nf2
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Substituting {1.9a) and (£.95) into (1.18) and comparing the obtained ex
pression with (1.14), we get

) (a) Fip = Gow BE MY + Gorg MOy MY
IRE o o
(h) Tub = Gurr 11: \!é, = Yuo = Jare J\Ir? \I.{? S
Substituting (1.15b) into g, = g,p B:r.\'lt:" {see (1.13)) we get
_ — r [ — refy il S
T = TN = (GuyTow Vi ) B MY
Ihe substitntion of (1.19a) aud (1.19b) into the above equation gives

G ME LMy — MYUNS + NS BEY = 0.

Viultiplving the above equation first with M5 (using (1.3)), then with

il g . ’ . .
q" g gue = 8%) we oblain the relation

l,l q T . 1! )
MOy - MENE £ NS BE =0,
which after multiplication with W § and using the relation

{1.20) M S = M Mg B = A Ly B

mot

tikes the form (1.5). m

2. The metric tensor expressed by the metric” function.
et us suppose, that on the space E the function [ y) is defined. which
catisfies the lollowing couditions:

a) The function Flao. gyl is positively homogenecons of degree 1 g ve.

Floky) =k Fleyy) ke B k#0

Fleoyr >0 for g=10
I The matrix

e 19 Tu
(2. 7 = [’ L ]
Ya Yap
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is positively delinite. where
g, =F7ao L g, =1 Yl

(2.2) Go, = F7'.d L G,y = dinl.

{L=2"1)",

We swant to construct such theory in which the hemogeneity condition
is ireportani. oo all tensor fields defined ou [0 oare Lomogeneons of
degree zero n oy Frow (2,21 it is obvious that o)l elements of the
(n + 0 x (0 4+ m matrix ¢ defined by (2.1} are homogenecous of
degree zero in y. The question is: What conditions should satisfy the
function Fla. y) aud the coordinate {ransformations {1.1}, so that the
clements of the matrix (2.1) are coordinates of the metric tensor ¢
expressed in the basis B = {drt.dy?}. From {2.2} it follows that
(2.3)

Glr,y) = 7,,do dad  Fg,de’ dyt + F '{_;Iljrig,r“ odad 4

+]_-,_‘,l?i“bdya £ ([y"'
is homogeneous of degree zero in y, i.c.
Glo kyy = Gl ).

Using the relations G/(2/, ') = Gla. ). F{o' y') = Flr,y) and (1.19)
we obtain

@) G, = GBI B + 171G, BIAME S+

. VG MGy B 4 F2 g M2y ME G
(BY Gy = GupBIMY + F7V G0 ME g MY
(€) Tup= FoueMEAMY.

On the other hand, from

Diko = (On LYBY + (O L)MY, "

(2.5} _ ,
Dale = (D L) M
foliows
DL = (DedpL)BIB! 4 (000 )My B +
(2.6) H(Baryp L) B MY+ (00O LYME 5" ME 5+

(@ LYBY; + (D LYME 4™

ay
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(271 il = (@000 LB MY+ (000 IVME Y M) 4 (O LYME,
(2.8) Oyl = (D L3 Y

i he conparation of {2.2) (2,61, 12.7) and (2.¥) with (2.ia.bc) gives.

Theorem 2.1.  The necessary amd sufficiont conditions. that g;;,
and ., {defined by (2.2]) are the components of the metric tensor

0 expressed fn the basis B = {de' dy"}. with respect to the coordinate
transformation (1.1). are:

(2.9) (Ou L3BL 4 (@ LY ME 4" = 0
(2.10) (D 1)MY =0

Proof. If we substituie [2.9) into (2.6) and multiply the so obtained
expression with 72, then use (2.2). we obtam {2.4a). Il we substitute (2.10)
into (2.7) and wultiply the obtained equation with F=Y then use (2.2) we
obtain (2.1¢). Substituting (2.5} in (2.2) we obtain (2.4c). It is clear that
for MY, = 0 and Bf; = () the equations (2.9) and (2.10) are satisfied. In this
case (1.1 roduces tolinear transformation: = Bfr.r", v = ."\-I,’;"y“, where
B,’-" and I are constants, and N"(x.y) is arbitrary tensor. In the theory
of gener: lized Finsler space in which the homogeneity condition is valid the
non-linear connection N8z y) must be homogeneous of degree 1in y. From
this fact follows, that the basis vectors dy* (defined by (1.10)) a = 1, m are
also homogencous of degree ©in y. The components of the tensor ¢ in the
basis B* = {d+*, 8y} we obtain in the lollowing way:

= ol ey il e r RE Ta ATD
(a) gy =0 = PNy — FTIg, NG = PG NEN;

(h) Gy =To; — F G0 N?
(2.11) ‘ '

(((l) Hin = ﬁib —- F 1.?fub"\riﬂ
{d) '

The functions g; /(2. y}. ga; (2, ). gl y) and gap(2, y) are bomogeneous of
degree zero in y and with respect (o (1.1) they transform as tensors (see
(1.13]). Now we have

Hab = Gyo-

G = gigdv' odel + F~ gpdet  84°+
(2.12) ' : . :
FE g, 8yt G dad + Pl gady® © 8y
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I XY X ¥E S Fa, Fdy are functions of {1, y) homogeneous of
degree zero in y and

(2.13) XN=XN&G4+FX", ¥ =Y, 4 1Y,

then X and Y are vector fields in T £) homogeneous of degree zero in y.
The sealar product of these twe vector fields formed with the metric teasor

(s
(2.14) < XY =g N g XY 4 g XY g XY

We want to obtain soae non-lincar connection expressed by the tinction
" PN - |' , of = f .
F(a.y). Under the condition (dy LYM?2, = 0 ({2.10)) (2.7) takes the lorm

(2.15) S b = (DD LYV M 4 (Dt LYAE AT
From (2.11d) and (2.2) we obtain
Hab = “rtUbL-

Let us denote by [¢°%) the inverse matrix of [ga], then (2.15) multiplied by
g"‘b gives

, g L) = gf Y MM (g LYBI ALY 4

(2.16) ; , :
o p MEML g MO g AT

['sing tlie notation
(2.17) NP = g, 1.
{1.3) and (2.6} we get
N NYBOME LMYy

Using the relation (1.20) we obrain. thai .\'f’ defined by (217, under condi-
tion (2.10) has the transformation law prescribed by (1.3). <0 (2,07 gives the
nowlinear connection defined by the function 70 1t can be seen. that (2.17)
corresponds to (L17). From (2.01)(0) and (2.11)(c) there lollows, that for
the non-linear connection NP determined by (2.07) g, = 0. 40 = 0, ie
Ty (L) is erthogoenal to TV, Using the wrbitrary non-linear connection
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NP y). which satisfies (1.5). formulac (2. 15a-d) under conditions (2.9} and
(2.10) deterimine the nietric structure obtained from the metric-function.
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