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ON FUZZY CONTINUITY
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A AALLAM

1. Introduction. The concepts of Muzzy alinost continuity and fuzzy
weakly continmity defined by Azad [3] were introduced by Yalvae [8] by using
the concept of quasi-coincidence. Also Allan and Zahfan [1] introduced and
stidied the coneept of fuzzy & continuity by using the concept of quasi
coincidence.

The purpuse of this paper is to investigate the interrelation among
these concepts. T Section 3 we show that both fuzzy continuity and fuzzy &
conthinnty (resp. fuzzy weakly continuity and fuzzy almost continuity Type
H) are independent.  Also we prove that fuzzy almost continnity implies
fuzey B-continnity. In Section -1 we investigate sone properties of § closure
and @ closure,

2. Preliminaries. Throughout this paper X and Y mean fuzzy
topological spaces (fts, s, for short). The value of a fuzzy set 1 at the
element o of X will be denoted by A (&), P € A means that a fuzzy point
P takes its non zero value in (0,1] at the support =, and p(r,) < Afx,)
[5]. The definitions of fuzzy sets, fts, s and other concepts can be found in
[1.9]. The words “Tuzzy”, “quasi”, “neighborhood™ will be abbreviated as
S0 and cnbd” respectively.

Definition 2.1. Let A be a furzzy set of a fts X', then
(i) s called f. regular open [3]if 4 = (4)°.
(ii) Vis called [, semiopen [3]if there exists a f. open set V' such that
V< 4 < VL The family of all [. regular open sets will be denoted by

RO(Y).
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Definition 2.2.  [5] A [. point pis g coieident with a f. set A
or pgA I ) + Al > LA Joset s g coincident with a fooset 13
or AgB if there exists © © X suel that A(e) -+ BOr) > 1040 [ set Aol a
fis X s g=nbd of a fuzzy poimt p il there exists a [ open set 13 such that
pall < 4.

Theorem 2.3.  [5] Let Y and 8 be [0 sets of X0 A4 < B il and
only if & and B’ are not g coincident denoted by Agf (where #is the
complement of 13}

The statement. of the following theorenm have been stated in (1, 8]

Theorem 2.4. Let f: X = Y be a function and let A and B be [
sets of a4 ,f'.f-. N oand a ft= ¥ respectively, the.
(i) (FLAN < ANy =iy
(i) A< ./-‘(_f(.-'t)).f{f-"'(fm <0
(iii) If f is one to-one, then f7 ’fl; 4)) =
(ivy IF f is onto. then [(f7HB) = B
(v) If f is one=to one and onto, then (J(A)Y = f(A7).

Let f bea function frotn X into Yo I pis a /. pointin X, f(p)isa f.
point in Y and supp (f(p)) = floe ) f(p)(SLe)) = Ple,). I pisa fo point
in Y. then f7Hp) need not be a foopoint N [ s ane=10 one and 7 s
a f. pointin F{X). then 7N p) is a f.point in X, supp f7Hp) = £ y,)
and [T () (S ) = Pl [8]:

Theorem 2.5. [5] Let [2N = Y be a function and p be a [ point

in X. then
(i) If 13
(i} If 4

Y oand fipigl3. then pgy=1 (.
X and pgd. then fipigr(A).

MNA

Theovem 2.6.  [3] Let A bea fooser ol Xoand p he s [0 point, pe A
if and only if for cach ¢ — nbd 13 of b tig ),

Definition 2.7.  An fser Valan {15 N s said to he Ry — nbd of
an f. point pif and onlv if there exists an f.ooset 38 ROUNY such that
pyl3 < .

3. Punctions and fuzzy topological spaces.

Definition 3.1. A function @ N = Y issaid io be [0, contintous
[1] (res. . almost continpons (=)0 1.0 contmnons (6, 7] foweakh & contin-
wous [1]. f. weakly continncus [8]0t for cacl [ poing I i X and cach f.
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open q.nbl o of f(p). there s a foopen g—nb U7 of 1P such tlat i( ye < (Ve
(rep. JIEY < (V)5 Sy = VU SV f() < V),
Theorem 3.2, Fuery fooalmost continuous is .8, continnous.
Proof. Let P2 hea [ pointin X |<i ! be o gochd of {7}, Sinee f

CSo fU)Y VY. Now et a f,
Cthere exists a f. open g --abd 117 of r such

i f. almost continuons, then f( g 3?0
poing 1o Nore U and f(r) €

—0
that J{1 (T ==1 = T GV Since r e U, then Wl fUIN (1)
This contraddiction implies 1o f(£7) < V. So fis f. @-continuous.

The converse of the above theorem need not true as shown by the
following example. ‘

Example 3.3, Lot X = {r. f;} and let A amd B be two [ sets
of X aneh that A (.43, (]] H = (.2 Caonsider the [ topologies 7 =
PAROUES. 0} orp = {.\.(). 2.0 hv |<l¢ ntify function f:{(X.7) = (X.7)
i=a f. 8 coniinnous birt yor fooalimost continuous, For let 17 he a [ point
i X oand b any fuzey open ¢ — ubd of f(1°).

Gl ity = BoPut U= A S0y = f7.1y €V = (K1), Then f.8.
continnous.

(i) iV = Y. then the prove s obvions, £ = (9.0}, it s clear that B
s a [.oopen g — abd of [(p) and the onty f. open qoubd’s of pare A
and X bhut f(0) £ B and f(X) £ 13", Therefore s not f. alnost
continnons,

Remark 3.4. frowm Delinitions 3.1 and Theorem 3.2 one may no-
tice that: [0 continwons = [, aliwost continuons = f.8-continuous = f.
werlidy @ continuous = [ weak continuous. Bot the converse need not be
true i general as shown by Examples 12 [8] 3.3, 0.3 [2]. 3 23 [V respectively.

Theorem 3.5. (5] Let [ X = Y be a function from a fis X into a
[t ¥, then the following statement are equivalent:

(i) [ is [. weakly continuous.

(i) f=Hye < [N for cack f. elosed set ol Y,

(i} Foreach {0 point pin X and each . open set Vool Y with

flpygre. f VY ) isaq—ub ol 12,

Definition 3.6. A function [ X = Y s said to be [, almost
colinnons fvpe a8 0 for cach foopoint PP in X and cach [, open
sei ATowith [P gV there exists a [ open set AT with Pal”. such that
fii = IJ( l” ]J

Lemma 3.7, [8] Let A beoa f.oset of X such that A(sv = # 0. for
cach o € N for any rowhich satisfies 0 < r < 1, we choose the f. point
J”[_,.r then }n,'_'\.
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Theorem 3.8. I [: X Y be a function. then the following state-
menis are equivalent.
(i) fis faa.c .
(ii) For cach f. point pin X and cach f. open g - ubd V' oof f(p). there
exists a f. open g — nbd U of P such that U < f=1(V}),
(i) f7'(VY = (f-YV)) doreach f. open set Voin X

Proof. One may notice that if 2 be a f. point in X and {7 he a f.
setin X, then Pogt” il and onlv if f4_. e V.,

(i) — (1) Let 2 bea f.opoint in X and V be a f. open ¢ — nbd
of f(p). If r < 1 then S Z) € V oand by (i) there exists a f. open set
(700 X with Py _ el such that f(I7) < o L(V7)). Henee there exists a f
open g —nbd U of 1% such that f(I7) < (f=HV)). ITr= 1, Vif(r) =1t
Let 2 be a f. point with support fa) and P(f(0))=1—-5, 0<s< /. By
Lemma 3.7, PgV. Then f(P) e V. I“mm (i} there exists a f. open set U in
X with Py e Uand fu) < (J1(V). Hence Py gl and f(U) < (f~1(1)).
Therefore P.qU and flu) < (1))

(i) — (iii) Let Pobea foopointin X and V be a f. open set in
Yo P e S~V ) then S € Voand f{P_ )¢V . By (ii) there is a f. open
q— nbd U of Py_, sueh that w < (fV(e)) Sinee 2, €17 < {f"[r'T). Then
Pe{(J71e) . Therefore f~YV) < (f~T(V))

(i) — (i) Let P2 be a f.opointin X and V' be a f. open <ot in
Yowith f(P) € V. then P e f71(V). By (iii) e (f-1(1 ))0' and therefore
there exists an f. open set {7 in X such that 7 0 < (f=1(V). Heace f
is f.a.cdl.

Remark 3.9. The concepts of f. continuity and f. d-coutinnity are
independent of cach other as shown by the following 1wo examples,

Example 3.10. Let X = {r.y.z} and et 4 and B be f. sets X
defined as follows:

AN = (2..2..2).

B{(X)=(.1..1..1).
Consider the fuzzy topologies 7 = { X, O, A B} and 7,
the function f: (X. 7)) = (X, 1) defiwed by f{o) = o0 [1y

1) = yand f(z) =2

The tunction [ is Tuzzy continnity but wol 4 comtimtity, since {0

a fuzzy point P = (.05.0.0) f(Py=Pec B =1(1.1..1)¢€ r and cverv f.

open set {7 such that P € UL f(I7)° = (2..2..2) £ 7= (0 g
Example 3.11. Let X = {ry. 2},

funetion defined by f(a)

= {X, 00, B} and

Y o= {obyand X = Y le'a )
= fly) = f(z) = b Consider the hizzy topolegies
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no= X009 808), (b 505) ) and my = {Y.0.(9..8.), (.6,.1)}. [t is clear
that fis f. & continuous since for any f. point P. f(p) € ¥. we have '
(iy il f(p) € (.9, 8) E my. there s a 67 = (9.8, .8) € |, P € I/ such

that f(TV°) =¥ <(9.8)° = ¥
(i) il f_(l’) € (.0 l_}_E__‘_r_J 1]1(1( isan U/ = (9,8, 8) ¢ r,Pel/
such that f(I7)° = ¥V < (.6,.4) = But f:.‘-i not [. continuous. since

(6.0 € rrand 716, 4) = (6, 1. l) g7
Remark 3.12. The concepts of f. weakly continuous and facH.
arc independent of each other as shown by the following two examples.
Example 3.13. Let X = {r,y,2}. Y = {a. 8}
Consider the fuzzy topologies

= {X.0.(.8,.9,.8)},
2 = {Y.0,(4..6). (.5, ). (5..6). (1,. 40}

The Tunction f1{X.7) = (Y.71;) defined -by f(z)} = o and flny = f(z) =
i fare Hsinee for each Ve 7, U < f~1{V) = X . for each 7 € 7.

But fis not f. \wakly contiuuous, since for a f. point P = (.7,0.0),
St .6) € 7y, but f=1(.1..6) B) = (L5, .6..6) is not g.nbd of P,

Example 3.14. Let X = {r .y, 2} Y = {a. b} and f: X = ¥V is
deflined by f(r) =« and f{y) = f(z) =b.

Consider the fuzzy topologies

o= {X.0.(9,.8,8),(6..7,.3), (1.5, .5))
7 = {Y.0.(.9,8).(.6..5)}

The only f. closed sets in Y are ¥ (.1,.2). and (A, D) (7MY = X <
<Y = X (L2 =0< f "(.0,2) =
= (L2271 (4.5)°) = 0 < f7H4.5) = (.4 5..5). Therefore [ =
f. weakly contintous. But fis not fr:r i, since for a f. point P =
(5.0.0) e X. f(P) =(5,0)€ {.5,.5). The unlv _f. opul sets in X con-
taining 12 are (19,.8,.8) and (.6,.7..5), but {.9. .8, 8], g V) =
({6..5..5). So fisnot faa.c H.

NMetatk 2,16, 1t is clear that each [, continnous is favc . but the

converse need fot be Ariee in general since the function fin Fxample 3.13 is
foac ll but ot £, continnous.

Remark 3.17. The concepts of .8, continuous and f.u.e. 4 are inde-
pendent of each other since a function fin Example 3011 s f.0. continuous

but not fa.e . Also a function Fin Exawple 312 0s faa.c.f but not f.6.
continons,
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From the above disenssion we obtain following diagram., where 4 4 1
indicates that 4 does not necessarilv imply 13 and 4 ¢ 13 indicates that
{and B are independent of cach other. Also i the following dingram we

have abbreviated as follows: VW= weakly: €7 = continuous: [ = fuzzy: @ =
H

almost,
8.0 [u( n"\\\-
ALK Qo fll( /

4. 3— Closure and 8—closure of a fuzzy set.

fa. e O

Deﬁmtlon 4.1, [1] Af. point I’ is said to bea fo 8 eluster jroint
of & [ set A i and ondy i each g — nbd of PP i~ g coine iclent with 1. he
union of all f. & cluster points of 4 s defined to beoa 80 -closure of 4 and
denoted by [Als. 4 [ set s f.8 closed if and only if A = {A]: and the
complement of a {8 closed set s called [0 open.

Definition 4.2.  [7] .\ fuzsy poimt pis siid 1o bea 1.6 cluster potn
of a set A i and only i for evers [oopen g —ibd [0l P U 0wy coincident
with A, The set of all . @ cluster of & and denoted by [ Al 4 foser s
0- closed i and onlv it A = [A)y and the complemeit of a f B closed ~et 13
I8 open.

Remark 4.3, 1t 1= casy 1() see that A4 < [1]s =
= s = [ 7

Definition 4.4.  [7] A4 [0 ser Vin a f1s X s said 1o beoa fr~ nbd

'l]u for any [, ~et 4

inatis XL Forany [ oopen el

({8 —nbd) ot w [ point p i and only if there existsa vegularls opew g nhd |

(Fuzzy closed o = ubd )V of psuch that v pA”

Theorent 4.5. Lot [ be a Junction fren a Fre Xt ft= o then

the following statements are equivalent:
(a} [ is f. almost continuons
(i Sy < [F{ s for evers [ooser Tin X
o) The inverse image of every [0 d elosed ein s [ closed By
() The frverse Linage of ever [ open setin ¥ i [ooapei 1 Y
(o) For vach £ oimt 10 in 4 and each faehd N oof JEPE fTTN s #

i il ol 1
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-1

Proof. )

(ay = (b) 2 Let P bea foopoint, PP g 0 and let V7 obe a [ oopen
g~ whd of {17y, Then there exists a [ open ¢ - nbd WWoof P such that
f[l’l) (e, I)ul Pell= Wyl = [(W)flli)= (V)° qf(U7) = f(P) €
)= Pe .I_'[f{- s = T <[] Therefore f(IU) < [F{T7]s.

(b) = [c) Let Fobe a f.a-closed set in Yo Then [Fls = 17 aud by (b)
TR <UD < (F)s = # which implies [~T(F) < [71(#). So
T F) is f closed in X

(c) = (d} Let M be a f.8. open in Y. then M is fo d closed. (c]
nplies J7N 0 fL cosed. Bat fHAM) = (f7NADY. So fY (M) s f.
open.

(d} = [¢) Clearly.

(e} = {a) Lot P hea foopointin X and Voany [ ()pf n - abd of f{F}
in Y. then (V)% is a & — nbd of (£} {e] implics, f ;2 is a gunbd of P
Henee there exists a [, open set [T with pgl” < [~ " ')°. So f({"} < {(V)°.
Therefore fis f. almost continuous,

Definition 4.6. [7] A fts is said 1o be:

(a) . ahuost regular if for each f. regularly open set vV and each f.
point pgb’. there exists a f. regularly open set U such that pyl <l < V.

(b} f. semi regular if for cach [. open set 'l and cach f. point Inﬂ
there exists a f. open set {7 such that Pgl’ <(

Theorem 4.7. A fis X is f. almost regular if and only if {A]4 = [A]g
for ecach . set A in X

Proof. Lot P2 be f. point with 2 € [A]s. there exists a f. regularly
open o — abd Vool Powith VogA, B Xis fooregalar. then there e\iqh a
Joresulariy open set I with gl < U7 <V which nnphm! gl= A<V
{Uj’ [ dlrff Eiﬁ] Hn[\] <[ ]‘5 ]:ll[[i] < \Jb,lhtlll 1]5“-—[!]

Converselv, let V' he a f. regnlasly open set nud P hea ;‘ point with
Pyt Siiee Vs fuzzy 8 oclosed e X e 1 = [ s = [V e then therc
exints @ [ open g — abid U7 of P such that I7 ¢\ i s4° < \ Pl /=
= {139 then s f. o regularky open set in X sue b that / s < 0L U<y,
Therefore Cis fooalinost regular.

Lemna 4.8. = [A]s for any f. sewd- open set bina f1s X

Proof. Let £2 bea [ point in N with £ @ [Als such that 7 < TiH
then there exists & f. open g — nbd Voof P owith Vda. Since Uis [ semy-

open. tsen there exists a f. open set (Csuch that (07 1 < (L Then

Ve Vs e UG =0 s (V)0 < () 260 = G ((FP)L S0
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Theorem 4.9. A fts X is f. almost if and only il A = [A)s for any
f. semi-open set A in X

Proof. Clearly from Theorenm 4.7, and Lemma |58,
Theorem 4.16. A {ts X is f. sewi regular if and only if 4 = [A];.

Proof. Let £ e a fuzzy point with P2 € A. there exists a [uezy open
g — nbd V' oof I7 such that Vg, Since X is f-semi-regular. there exists a
fuzzy open set {7 such that Pgll <T7° <V, V A = (1N° <V < ' = ([)°
fA= 12 c[As = [A)s < 4, but 4 < [4]s. Then 4 = [Als.

Conversely, Let P2 be a fuzzy point and V' Le a fuyzy open set with
PqV. Since PP € V7 = [I7;, then there exists a fuzzy opeu ¢ — nhd U of P
stuch that (V3° gV’ Then (T7)° < V. Therefore X is f. semi regular.
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THE INTEGRABILITY OF ALMOST 2 - 1 STRUCTURES
IN THE BUNDLE OF ACCELERATIONS

By

MONICA PURCARU AND VICTOR BLANUTA

The generaltization of alinost complex and almost product structures
have been made by C.) Hsa which introduce the notion of » — 5 structure,

[3).

In the present paper we consider the group ¢ of transformation of
N dincar connections compatible with an almost 2 — 7 structure given
on the bundle of accelerations and prove that it bas forty-three invariants,
which are d-tensor fields. By means of these invariants, we get the char-
acterizations of the integrability of type 1, 1, 11, IV, or V for the almost
2 - xm d-structures. All this integrability theory is based only on geometry
of the bundle of accelerations (cf.with Gh.Atanasiu (1} and R.Miron and
Gl Avanasin [3]. [6-9]).

Fhe authors wishes 10 express their sincere grativude to Prolessor
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1. Preliminaries. [i]. Let M be a real O™ -manifold with =
dimensions (i = 20'), let. OS5C*AM be the osculator bundle of second order
{or the bundle of accelerations) aud let N{ N, &) be a nonlincar connection

(1) (2}
on OSCAL. We denote by (af, 8, 4824 the canonical coordinates on
OSCY AL Then. an adapted basis to the direct sum of the vector spaces
(1)
TAOSCEAL = Ny (OSCH MYV (OSCHM), Y = (o, M, ) € 0SC*M

83 rfoen b 2 O . y
is given by {55, S ) | where
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