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Theorem 4.9. A fts X is f. almost if and only il A = [A)s for any
f. semi-open set A in X

Proof. Clearly from Theorenm 4.7, and Lemma |58,
Theorem 4.16. A {ts X is f. sewi regular if and only if 4 = [A];.

Proof. Let £ e a fuzzy point with P2 € A. there exists a [uezy open
g — nbd V' oof I7 such that Vg, Since X is f-semi-regular. there exists a
fuzzy open set {7 such that Pgll <T7° <V, V A = (1N° <V < ' = ([)°
fA= 12 c[As = [A)s < 4, but 4 < [4]s. Then 4 = [Als.

Conversely, Let P2 be a fuzzy point and V' Le a fuyzy open set with
PqV. Since PP € V7 = [I7;, then there exists a fuzzy opeu ¢ — nhd U of P
stuch that (V3° gV’ Then (T7)° < V. Therefore X is f. semi regular.
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THE INTEGRABILITY OF ALMOST 2 - 1 STRUCTURES
IN THE BUNDLE OF ACCELERATIONS

By

MONICA PURCARU AND VICTOR BLANUTA

The generaltization of alinost complex and almost product structures
have been made by C.) Hsa which introduce the notion of » — 5 structure,

[3).

In the present paper we consider the group ¢ of transformation of
N dincar connections compatible with an almost 2 — 7 structure given
on the bundle of accelerations and prove that it bas forty-three invariants,
which are d-tensor fields. By means of these invariants, we get the char-
acterizations of the integrability of type 1, 1, 11, IV, or V for the almost
2 - xm d-structures. All this integrability theory is based only on geometry
of the bundle of accelerations (cf.with Gh.Atanasiu (1} and R.Miron and
Gl Avanasin [3]. [6-9]).

Fhe authors wishes 10 express their sincere grativude to Prolessor
ia.Gh.Aranasiu for the invaluable suggestions and encouragement.

1. Preliminaries. [i]. Let M be a real O™ -manifold with =
dimensions (i = 20'), let. OS5C*AM be the osculator bundle of second order
{or the bundle of accelerations) aud let N{ N, &) be a nonlincar connection

(1) (2}
on OSCAL. We denote by (af, 8, 4824 the canonical coordinates on
OSCY AL Then. an adapted basis to the direct sum of the vector spaces
(1)
TAOSCEAL = Ny (OSCH MYV (OSCHM), Y = (o, M, ) € 0SC*M

83 rfoen b 2 O . y
is given by {55, S ) | where
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(1.2) I S N i i1.12) MNYY=[FN Y] = FEXN Y] = [N TY )4 /-\?[.\.}'_-.
- f‘;-l'i (‘).f'l‘ “] ! ()y(])j [“_)] ! ()U(-'}II
YNV € Y(OSCHAL,
(1 }) _rs___ — U iJ o 1 | . s B V) It & {1): (244 Foos | .
- S0 T —‘.'I\) § a[_—,]‘; n the basis {3—-;-;.;};;3;;. —,U,—)} aud {drt gtV ayP M E L can be rep-
' rese i ed ll.\
The dual basis is {de’, §yM §7 where T TR - 02 s
i1.13) I=ftimmm i 4 BRGNP i Gy
(1 1) ‘s!j(l]i _ (!U[l]i + f\;im J.‘.m ¥ oA o
(13
. N 1. 4 L) e TN
L o . , . Po= ANy U P & LR ¥ CO N
(1.5) Byt = a1 Ny (N NN e, I I Figyimn 00 oY
(1 (1) () (m
. 24) () . R S ] . 223 1) ;i
We have ; ! dpd o 1 S LR FEIF
T T v T A I W T
a8 (1) 4 (2] J
(1.6) [— —} = H,'”,'_,' — + h’”';j T "
GO (o) (‘)y{”’" (0} dyth b this expression } o d = (), 1,20) arve d-tensor lield on OSC*M. We
have
) I & 2 ]
(1.7) [— - ] ={P"+ L) =+ P, ) T w. 4 W
T T N (P I (T Yy G AP I XA
Ao 4 5:!.; . ll’fl|_l . du.,
E (1) 8 (2) i SN T R A DR YL
—_— = .. b my NREE ) = " —— o | ——— - | T
(IH) [(S.f" ’ ()U(-’]J] (2} & (‘;”[l)m + {(.” i Jn”} (')y('_’)m : ﬂyl”] J Nt K h!}.“]i K (}N[__
& 0. & 1. 4 220 )
fl——=) = ' — S e
¢ L (,’,U(.‘}J] ! A + f J O_U“]' + F 1 UH(_’]:

P " !

)
p— e > 9
(m MayEer )

Yy e
P connponents of N with respect to the adapted basis can be easily
obtained.,

7w a2 o structuee {a integrable almost 2 - © structure) on

é () i 7 } L
(1.10) T AP . LA P YL ) )
Syl dytebe | gy Miggidio T | i i SO Ll anlv if N =0

We consider an almost 2 - 7 structure # on OSC2N -

oA dmust 2 - 5 d-siructure. ‘The Atanasin nperators.

Defluition 2.0, A dewensor field  =50e g™ oyt o tvpe 7F 1) on

(1.11) Fol-=MI

the Siflerontialde andold  ORTUAT which saiislies the property

where A is a non vanish complex nunber, s integrability tensor licld Vs

LI T \r Nl IR
. = ATAL N i
given by poTn AT 1y

o
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is called an alinost 2 - % d-structure on OSCEAT,

‘Evidenily rank _
|2 (et g | = 6

and the map ¢ @ X € X (OSC*M) ~ — = pX € Xy(O5C?M) s an
isomorphism, where YV {OSC?M) is the module of d-vector fields on the
manifold OSC2A1.

Let t{) ¢ be the Obata operators of the almost 2- 7 d-structure ¢,

[4]:
]

I D e, 1 Y
(22)  @F = (057 + el vl). I = S8 8] - 597 %))

Definition 2.2. The linear maps u} C Tl (O8CRAL) - = o

THOSC* M) o € (1.4). given by

(2‘3) 4(t;;:]) = A I;J’; + fT’pr"q!r” o (1":”1":’,')'; - ‘?"]ls’:n!qu.
9

(2.1) Al) = N+ ooty + eltentn, + e,

O B =4 & ﬂ‘l m . o &4 m AT ™ 3

(2::)) -11( ) - A t‘pq - \rjptrjq rs + ‘Tpv {r’q!pg ‘?9 ! g

9.6 S my __ X.! rh Sm AT 8T ™s

( (J) -il(tpq) - r,-:q '.‘rop qtrs “, ql;:-q + ‘1‘91199 trq‘

are called the Atanasiu operators of the 2 - 7 d-structure

Proposition 2.1.  The Atanasin operators of the almost product
d-structure P (x, gy are given by -

1 1 3 4
(2.7) A = Q(I)f Al = (l)(r)i-., AN = (l)(z)t' At} = (,)Qf-
where (3,0 are the Obata operators of PP and f(,)()lJ:Ij', () () o :i,,
i 2 .l b
(a3 = [.2).

The statement results immediately from (2,00, (2.2) and [2.3) (2.6}
Ly 2 . -]
for A =1 and ¢ =P,
Also. for A% = =1 and o = J, by direct caleulaiions we have
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Proposition 2.2. The Atanasiu operators of the dlmost complex
d-structure THES ym.y“)) are given by :

(28 M =~ QOL A =-QQr. .i-‘()=—<lzm, A =-QQu,
2 3 2 3

where Q. Q) are the Obata operators of f and (Q( v
r

I =L

= QM QUL (a3 = L)

Lot us consider a nonlinear connection N(N, ¥) arbitrary fixed on
(1) (2)
OS¢ AL

Definition 2.3. A N-linear connection DT'(N) = (L™, C 172 C )

170
(17 (2
on OSC?A is called an almost 2 - © N-linear connection with respect to
the almost 2 - 7 d-structure . (2.1), if the h- and v—, va- covariant

derivatives vanish :

| (n (2)
{2‘9) '?leyn_"'u 99; I rn_U (19] | n —0

Theorem 2.1.
is given by

([4]) The sct of all almost. 2 - = N-linear connections

nt “ l T re
I'U = L:? 92 "rollo-?-l_?f:’n};j!
(ﬂ)

C'f”—("‘]"_"__; | +¢sn:7n =1.9

(”)zj""(u)r_) 2‘)\3991"’1’; 1 ir (L—:)sj! EAESoes

0 . . ) 0
where D{Y(NV) = [l, L C HE (,' ) is a fixed N-linear connection, | and

()~

(v}
0

| (o = 1,2) dennte h - and v, —covariant derivatives with respect to

0
D1{vy and Yoz W are arbitrary d-tensor fields,
[
3. The group of transformations of almost 2—r N-linear con-
nections. Let us consider the transformation DU(N) — DE(N] of al-
Mmost 2-1 N -inear connections, which preserve the nonlinear connection

N({\ N }. Owing to the Theorem 2.1 they are'given by
" '
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(3.1) Lii= L0+ 4 (Y )i, {E'"') M N ) e =12
ol (o) £

Theorem 3.1.  ([1]} The set of all transtormations (3.4) with the
mapping product. as fawiof composition form an Abelian group (s which iz
isomorplic \\nh the additive group of tie set of the d tensor fields having
the form (Y. d 72, b 2.

P ()

VWi shall pay dllcntmn torthesinvariants of the group €/ By straight-

forward caleulus we ave

l‘heorem 3.2. . Lhere exist {mfs three d tensor fields whic hare Ieft
invariants by the group 8 The s twenty sis Tnvartants are given by the
following actions of the Avanasiv operators on thed tensal fields of torsion:

W L
(- Iin Lo
AU Al A
{n) ()
. b ) Bl
) ACCYS A Al P
= (1 (n 1)
A%
o N D b1
t ' ACY APy Ao
(N (%) e
al L1} t
Al sy A(S). s
m i) 2
> {1} 2 (3
Wi AR
{0
yo(2)
{3.3 VO AP 1
i1} th
b ao o {n 40
W), AP WS AP N =0)
i) 2 1) FR IS R
iy SIS PRI,
{1 i T AR T AS
! |24 th
1. i
ot i S
! [

i
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and the others invariants are given by

(If.“)]

(3.6}

{3.0)5

:3.‘5)|

26,

b3 1) o (2) )
T = b S A S ,, P T _,; Tor).
'-}j LI /\ h; mn + ~"/J"u (\r,:l [; :, . Lr’ (;)) & }
o ) . Py T
h,m . \ [1’ mm + ( e ,,f'(..-,- }5
niy { "r‘ T’p " Y pr
\ (2) ()
5 2
Co= X C el U"’ — ) = P )
I (1) (1] (1)
1
) no_ \ )jm L as i NIV .- (1)] 5
I o {) iy ‘.r"_;)(l’q C + s lY,'J[ ) qr T i pris
2 ’ i m o PREPN !
| I]” ;“; = /\ '{; ! ]l!j' lp(r’q( [’)] S ((l] :'s) "r’q"r‘ ( p:l i
32 , . S N
(r”‘: = A 1.; ]LJ”C:,‘ . m. + rrsn(g;: Y .s‘ A I " 3.
i - o i Ty ¥
g M (2) 4 P ) (3 (0)
i m & “;J i [ [1,) m . LA s
],) Mo AT pi ‘r:pr’ P = L ({)i’) pre
2 TS TR [2)..
52 () (2) ,
L v5
D= I = e ) =
T')‘ir m( r £2) 5 T (;] 3
o =% S Tar T prle
P i T’f-(” " f(])
;-,'-! H— A—Z ’ rii P 3'] m
? py ]L’ ] Tty S s g
:“,:s”, 5 n i { . ((l) % ' ) ) 7 f;" J }
g = s - (: + A Vl L5 P . (" - 4
, + v ) ¥ i i
, P i ‘.“1“ J AI 1 (]]I (1 F
E‘I. oo \\'_’{(-. i (11)} i } + A A [3)) " L ;’Ql'plli' C' 5
=G p I g s gTs rpt
. @ Py (1)
[ I‘
()% meo_ /\'.’ (- Ay [, i - H?;\;r lfl 5 _ -H::" ‘l')) -",_p}
0 e r )7’ 5 P ry q .,
(e (:)"’ BRIt (2) i
(o ; g Pl r s . ' (2"’ —
?';::,':*YA-.?’,‘“H-" (‘r [) 7:";([) rpl
2}
:'-’ e Wt 8 gy B At ))* A7 {;)) LI
ﬁ e oyt ra vp ('7:’_:' |! ryT 1[_) rple
3_: i /\.! 4 i + s [;f) i _ o~ H( ~F ( - e . : )
| 3 py By Ty “’)- i T ‘r’;u{_--’J ] *"’["I rp
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The integrability of an almost 2-r d-struciure. Assuine that
a nonlinear connection N{N, N) is given in the bundie of accelerations
(1 ()
OSC?AI. Then, an almost 2% d-structure o on OSCIAT is lifted to an
almost 2 7 structure I7oon T{OSC? ALY i five manuer, pointed out by
Atanasiv Paun ~Stoica [2]. Stoica- Atanasiu, [10]:

Pl= e i) + ) 5 € @8y 4 5 7 (:,), Syl
FIT = 893(%, G da? Y"r’)yf’}‘ oyt 4 ‘PJ; Hy(‘:)g'h- @ ayt?H,
Gt I = 7 5;5“ o s 5.}61}1 \ 5!}“)" a 55', fh}?.’)i o dyt,
v Z@j% it _hd ((Sl): Syt ,?,“)"{ el @ 82,
FY 2(,9;()% '5!](‘] 'f“P,(S ?1}, ‘““4‘(@. hj(()Q)" wdr!

Then the values of the d-components of F, from (1.13) are given in the table

00 01 02 10 11 12 1) 2t 72
F FlFEF - 3 L F | F F
P o 0 0 0 ! 0 1} 0 oy
i i 0 0 | -t :

© @ 0 0 0 o
e 0 0 @ 0 0 0 ] —¢
Fi > 0 0 0 ! :

¥ T¥ 0 . L %5
FY 0 | 0| & | 0] & |0 o0 0

Definition 4.1.  \n alnosi 2 7 d-structure @ on OSC*M s called

integrable of the type [ HPH IV or Vo with respect to the nonlinear con-

nection NN N, i the corresponding fifted alinost 2-n structures
(1% (3}

el p e Y e intearable.

We can characterize these cases of integrability using only the invari-
ants of the group (70 Tudeed, we have

Theorem 4.2.  The almost 2-7 d -structure p is integrable of the
vype L L LT IV o Voif and only if the invariants of the group (0 have the
values given in the following table

Lype characterization
1 1 {1} 1 (2 [ 1o(1) 12
AT =0,A(R)=0,4(R)=0,A(C) =0,A(P)=0.4(P}) =0
() {0} (1) (n ()
{
[ 1 1 (2 i () o
AMC)=0.4(P)=0, {P}=0,4(5} =0, 1(5 )=0,4(5) =0
(2} {2) (2} (1} (1 {2)
P 3 (1) 2 {1} 3
.4('1):(1..4(&}:0-.4( i) =0. 4(()—0 A(P)—O Al P)ﬁO
(o) (0) () (1} it}
1 2 (1) 1 (2) 1 2 (2} [
o AC)=0,A(P)=0,4(P)=0,4(5)=0,4(5)=0,4(85)=0
(3] (2 (2} (i) €1) (2)
4 (1
A(C)=0,A4(P+5—-C}=0
(2) 1y {1
o L (1) 2 (2 1 ) 2 (2)
ATy =0,4(R) =0, A( h’.) =0,4(C) =0, (P) =0,A(P) =
(0} (Ul (1) {1 ()
3 3 (1) 2 {2) 1
N | A(CY=0,A{P) =0, 4{ ) 0, 4(.‘3) (9)—0./1(.5')«70
() {2 2) {1 (H (3
¢ (1)
AP +85~C)=0
(7 (1Y (1)
1 2 (1) 1 (2)
AlT) =0, A H)—D 4(!{)—0 t(‘(ﬁ ft(P)=0-.A((ﬁ)=0
3 4 (l)
I .rl(C'):U‘A(P):(),.4(!’)-—'U,.:l(b')—fl 4 s)*o l(S)zﬂ
(2 (2} {2) {f) () (2}
4
(S -C) =
{(n(n
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1ype charac tul;*:llt)n - - I
5l a1 oy 1] ol 51
T=0R=01R=00=0P=0P=0

i t
h2 53 o [ al h2 |

\ J =0T =0t =0.¢=0.p=0Pp={

1 2 - |

52 a2 5 a1 E9i4
S=0.5=07T=0=0=0 |
| l______.’:_ - 2 |
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SOME PROPERTIES OF 7-CONTINUOUS :
MULTIFUNCTIONS
BY

VALERIU POPA AND TAKASHI NOIRI

. Introduction. Asa gencralization of semi-continuity [5] and pre-
continuity (91 Ald Fl-Monsel et al. [1t] defined d-continuons functions.
Luite vecently, Przemski [20] has introduced the notion of pre-semi-con
tinors mnltifunctions. The purpose of the present papertis Lol introduce
anddinvestigate the notion of F-continuous multtifunctions. Weobtain' several
characterizations’ of suel mulifunctions and show that pretsemi-continity
of maltituretions due to Praemski [20] s equivalent 1o decontinuity of el
Plune liogs,

2. Preliminaries. et X be a topological space and. 4 a:subset
of No The closure of A and the interior of 4 are denoted by cl (4} and
AL respectively. \ subset A is said 1o e Jopen [11] or presemiopen ]
trespe pregapen: (G, semi-open [8], n--ugw_n MES]) A Coel (s (el E4))) (resp.
b Tt (el () A Cel e {Ay), A < bt (el (It (). The family of 3-
OpUR {Iesp. preopen. semi-open, o- opml) sets of Xis (I(‘I]()l(‘(] by JOLX)
(resp. POLY)! SO(X). alX). Bv (Y. [wkp SON! “F), AN r)).we
denate the family of J-open (resp. semi- open. - npf‘n} sels ol X containing
a point ool X The urion af all d-apen fresp. p](upvn semi- -opy ) sets
contained o4 is called the g-interior [l 2] (resp, }nr‘mfr Hm []] seini-interior
[3] andi s denoted by g (45 (ww plnt b _t!m £{ 1}} The complensent
ol A [)H‘U[)!‘!l Se1- npf"n) sef s said Lo be 'I(ln‘-‘,{d (resp.

St efosed ). Fhe ||:1v*k(‘(lmn of al’ l’flth(*d (I(‘*])
semi-elesand) wid containing

Fopen {re =P

s sl
prociosed preclosed,

) A i callod te Fclosuie [Hh (!(kp preclosure
61 sen closure [5] and i denoted by el (A) {resp. pel (A), sel ()1

tosnoninicated Al the 2h.th

11095, fast
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