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SOME PROPERTIES OF 7-CONTINUOUS :
MULTIFUNCTIONS
BY

VALERIU POPA AND TAKASHI NOIRI

. Introduction. Asa gencralization of semi-continuity [5] and pre-
continuity (91 Ald Fl-Monsel et al. [1t] defined d-continuons functions.
Luite vecently, Przemski [20] has introduced the notion of pre-semi-con
tinors mnltifunctions. The purpose of the present papertis Lol introduce
anddinvestigate the notion of F-continuous multtifunctions. Weobtain' several
characterizations’ of suel mulifunctions and show that pretsemi-continity
of maltituretions due to Praemski [20] s equivalent 1o decontinuity of el
Plune liogs,

2. Preliminaries. et X be a topological space and. 4 a:subset
of No The closure of A and the interior of 4 are denoted by cl (4} and
AL respectively. \ subset A is said 1o e Jopen [11] or presemiopen ]
trespe pregapen: (G, semi-open [8], n--ugw_n MES]) A Coel (s (el E4))) (resp.
b Tt (el () A Cel e {Ay), A < bt (el (It (). The family of 3-
OpUR {Iesp. preopen. semi-open, o- opml) sets of Xis (I(‘I]()l(‘(] by JOLX)
(resp. POLY)! SO(X). alX). Bv (Y. [wkp SON! “F), AN r)).we
denate the family of J-open (resp. semi- open. - npf‘n} sels ol X containing
a point ool X The urion af all d-apen fresp. p](upvn semi- -opy ) sets
contained o4 is called the g-interior [l 2] (resp, }nr‘mfr Hm []] seini-interior
[3] andi s denoted by g (45 (ww plnt b _t!m £{ 1}} The complensent
ol A [)H‘U[)!‘!l Se1- npf"n) sef s said Lo be 'I(ln‘-‘,{d (resp.

St efosed ). Fhe ||:1v*k(‘(lmn of al’ l’flth(*d (I(‘*])
semi-elesand) wid containing

Fopen {re =P

s sl
prociosed preclosed,

) A i callod te Fclosuie [Hh (!(kp preclosure
61 sen closure [5] and i denoted by el (A) {resp. pel (A), sel ()1

tosnoninicated Al the 2h.th
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Lemma 1. (Andrijevie {1]) Let A be a subset of a topological space
X. Then, the following hold:
(1) sInt (A) = ANct{Int (c](A))].
(2) sel(A) = AU Int (¢l (Int (1))

Throughout this paper, X and Y alwavs mean topological spaces and
F:X = Y (resp. f: X = Y) presents a multivalued (resp. single valued)
function. For a multifunction £: X —= Y, we shall denote the wpper and
lower inverse of a subset B3 of ¥ by I’ (13} and 1"~ (B), respectively, that is

FY(B)y={re X:F(x)C B} and F7T(B)={re X:F(a)n B #0}.

Let A{Y) be ihe collection of all nonempty subsels of Y. For an open set
O of Y, we denote

Ot ={A€ A(Y):ACO}and 0" = {A€ A(¥): ANO £ 0}

Definition 1. A muftifunction F: X -3 Y is said to be pre-semi-
continuous {20] at a point .+ € X if for each open sets U,V of Y such that
Fr) e UF NV~ 2 € st (FYUYn (V). X = Y is said to be
pre-semi-continuous if it has this property at any point r € X.

3.3-continuous multifunctions.

Definition 2. A mualtifunction F: X —= Y is said to be 3-continuous
at » € X if for each open sets V1, Vs of ¥ such that }F(a) C Vy and F(r)nN
Vy # @, there exists U € 3(X.r) such that F(u) C Vy and F(u)n ¥y #Q for
every w € U/, F: X = Y is said to be jd-continnons if it has this property at
any point x ¢ X,

Theorem 1. The following are equivalent for a multifunction
F:X =Y :
(1} F is pre-semi-continitous at r :
(2} F is 3-continuous at x :
(3) for any open sets (1. (7, of ¥ such that F{r) € (r‘f’ ne,.
r€chint (cl (FH{GO N F(65)))) :

(1) for cach neighborhood 1" of » and any open set= {5y 4y of ¥ snch that |

Fir)e (:"l*' N (5. there exists an open sot (0 of X such that

0#£GClU and v eltl e m ()

(5) for any open sets (/y . (fy of ¥ such that F{r) ¢ (NG Hiere exidls _

U € 5O(X,2) such that U C el {1 (G N F (0Ga)).
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Proof. (1} = (2): Let IV be pre-semi- continuous at z and (7, G
any open sets of ¥ such that Flz) € ¢/ and F(2) 1 G, # . Then, we
have .'-‘[.1') € (/] NG and hence ¢ € Ant (FH(GO) N F=(GY). Put U =
:i!nt-(!- +.((r|) N F7(62)). Then U e 3(X.z) and F(u) C (). and Fluyn
(ia 3 W lor every w € UL Therefore, I is 3-continuous at z.

(2) = (3): ‘L(-‘l (r1. (/5 be any open sets of ¥ such that F(x) € GinGy.
1.;“' (2). there exists {7 € 3(X, ) such that £(u) C Gy and F{uy NGy ;é“ﬂ
forevery e 17 Thus, we have » € 7 € F*Y((/)) N F~(G4y). Since U s
d-open, we obiain -

P Cel(Int (el (7)) © o (Int (el (FF(G1) N F=(Ga)))).

. (.'i)_ = {1): Let (.G be any open sets of ¥ such that F(r) €
GV NG and 17 an open neighborhood of =, ‘Then, by (3) we bave ¢ &
At {cl (FHG )N F{GN). Pl G = U N I (cl (FHG N F(G)).
Then s openin X 0 £ G CU and G C cl (FYH(G) N F(GL).

(1} = {5): Let (71, (/3 be any open sets of ¥ such that Fz) e GT NG, .
By U(r}) we denote the family of all open neighborhoods of z. For ea?:h
{" € U(r). there exists an open set (v of X such that § # Gy C U and
fr'[ C LT (GONET(GL)). Put W = (HGu:U € U(x)}. Then W is open
i X ol (W) and W C ol (FHG) N F-{GY)).

(3) = (1): Let i1, (45 be any open sets of ¥ such that F(z) € GinGy.
There exists {1 € SO(X, 2) such that t/ C ¢l (FY((Z1)NF~(Gq)). Therefore,

we have
re U Cel(Int (UY) el (Int (el (FH(C) NP7 (GL)).
Thos by Lemma 1 we have

rEe [f”’{(:’g) M FI_{G'J)] Mel (tnt {cl [F+((T1) N EF- ((1'3)])) =
'h!f rI* {(r'| ) M I"_f(l'"_]].

Ihis shows that F is pre-semi-continuous at, 1.

Corollary 1.  {Popa and Noiri [18]) The following properties are
rqmivalent for a function [: X o Vv
(1) [ is presemi-coutinuous at r:
(2} [ is J-continnous at x;
(3] for ans epen set G of ¥ containing flx), 7 € ¢l (Int (¢l (f=H(GY)):
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(4} for each neighborhood 1" of [ir) and cach neighborhvod U of & ”}( re
Cexists a nonemply open sel (ol X such that (7 C {7 and G
()

(51 for cach neighborbood Vool f(x). there exist= {7 & SGLUN ) such that
Li el (P v)).

Theorem 2. The following are equivaden: for a muftifunetion

X =Y

(1) I is i-contiiuons:

(2} FH(G)N G e N} for any open seis G Gy ol Y

(3) FoUR) U FT (R is g-closed in X for any closed sets Loy R of 372

(A) scl (F{By Ul lr(H_}} C Fd (B U F el (B} for am stubsels
By By ol Y,
ot (el (Int (F (B U FY(Ba)))) C P B L FHA{R2) for any
subsus #,.B. of Y
(6) Fo{nt (BNt it (H))) C olut (F7 (A0 P {£30)) for any sub-

Sets [‘) :B_’ of ¥

(o

Proof. {1) = (¥} Let (/1. (72 be any open sets of b and > € f+( N
F=((73). Then we have F(r} C (.1 and Fr) Gy # 8 and hepee Jir} €
(f':" AT Therefore, we have » € slnt (P71 00 P {00} by 1 hearem L.
Thus. we obtain I""’((-;) M) C alnt (FYG 0 R0 {his shows
at FHG) N ET(GL) € (Y )
(2) = (4): This casily follows fron the fact that (Y -~ 8] = X -
FHB) and F1{(Y — B) = X — {7 (B for every subset Boft,
(3) = (4): Let By, B2 be auy subsets of Y
Then F7{c {H Ul “L(ti{l.f_)l v d-closed set of X. Therefare. we obtain

,-ﬁt] TABOUET()) S wltF={cl (L Pl
(el (B U L.

(4) = (3): Let BBy be an subsete of ¥ 11 follows fram Lomma 13

that

it cel flwe CF (83U FE{))) Cacki (B U Fn
C E{el (P} U R (B2,

(5) = (6): Ler By, Hy be any snbsets of ¥ Then. by using Lemma {.L

we have
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X abnt (F= (BN FF(Ba)) = el (X = [FT(B) N FY(132)]) =
= sl [FH (Y = B U F(Y = B)] = (FH(Y — B U (Y — By)]u
MMUMMUH}“BHM“W—HMFIFJU~Bm
m—(uy—n)y—rwr—mu U
(Y = Int () =X — P~ hnU)
, (B

2 )8
L\—1+um(5)}—\-41—mn )OIt (B

Therefore, we obtam P~ (Int (B) N A (Mot (8.))) C slat (7 (B 0
F(Ba)). '

(G) = (1): Let v = X and (7,¢7; be any open sels of ¥ such that
Flo) C Gy and Fley NGy # 0. Theno we have M0G0 N F{GL C
Snt (FY (G0 F7(00)). Now, put 7 Frh) n Fr(dh). Then we
obtain {7 € J(N, o) F{ay © () and F(e) N 2 @ for each w € UL This
shows that [7is /7 continuous.

Corollary 2. (Borsik [3], Abd ElMonsel et al[il] and Popa and

Noiri [18]) The following are cquivalent for a Tunction f: X — '

(1) is ’i continuous:

(2} [7HC is d-open in X for every open set G oof Y :

(3) f7HRY is 3-closed in X fm every closed set Woof Yo

() tut (el lm (f! (H))) C fHe(BY) for every stibset 8 of'Y

{5) scl [[ 1)) < f7Hel(B5) for every subset B of Y:
(6) f~H{lut (H) = st (FHBY) for every subset 3 of ¥

Definition 3. 4 subset A of a topological space X is said to be
a-regular [7) if for any point « € 4 and any open set U of X' containing .
there exists an open set (Cof X such that v & (0 C el (GYy C UL

Definition 4. A sulset 4 of a topologival space X is =aid fo be
a-paraconipact [21] if every cover of A by open sets of X s vefined by a
cover of 4 which consists of open sets of X and is locally finite in X,

Lemma 2. {Kovacevic [7]) If A is an a-regular a-paracompact
subset. of a topological space X and U is an open neighborhood of AL then

there exists an open set (ol X such that A C G C el {(GY C U,

For a multifunction #:°X = Y, a nubtifunction sl X = Y is de-
fined as follows: (el 1} (0) = pcl (F(r)) for each @ € X. Similarly, ¢l F
(resp. pel B sel Facel 1) is defined in [2] resp. [17], [16], [19].
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Lemma 3. IF 72N = Y s a multifunction such that F(a) is a-
regular a-paracompact for each v € X then GH(LV) = FY(V) for rach open
set V of Y. where G denotes ) Fopeh FLosel 1) and act 1,

Proof. Let V' be any open set of ¥ and w & GV} Then Gy CV
and I'(2) C Glr) C© V. We have o € FFH(V) and hence GH(V) C FH (V).
Conversely, let o+ € FYiV), Then, we have F(e) C V and by Lemma
2 there exists an open sei Il of ¥ such that Fle) C H C cl{l) C V.
Stnce G(x) C ol (F(e).Glr) €V and hence » € GH{V). Thus, we obtain
FHV)y c GH(V).

Lemma 4. Fora multifunction F: X — Y it follows that & (V) =
F= (V) for every open set V of Y. where (i denotes ol I, pel I, scl 7, and
aci I,

Proof. Let V be any open set of Y and 2 € (7 (V). Then (/()0V # 0

and hence F{x) NV # @ since V is open. Thus. we obtain @ € F7 (V)

and hence G (V) € FH(V). Conversely, let. 2 € F'~ (V). Then, we have

£ PleynV C GleynV and ¢ € G7(V). Consequently, we obtain
T(V) = PV

Theorem 3. Let F: X — Y be a multifunction such that F(x) is
av-paracompact o-regular for each « € X. Thea. I' s § continunous if and
only if (i X — Y is f-continuous. where (i denotes ¢l Fpel Fosch 1, and
acl F.

Proof. Necessity, Suppose that F is F-continwous. Let v € A and
Vi, W be any opcn sets of Y such that Gz} € V+ l’__. By Lemmas 3
and 4, we have & € GT(1) = FY (V) dnd r e G’(V = [ﬁ'_('t"'-_a). Since
F is B-continuouns, there exists 17 € F{X,x} such that I(u] e W' NV,
for every u € U7, By Lemma 2, there eM%Lb an open set. f of ¥ Hll(ll lhat
Flu) € H C cl(H) € Vj for every n € U. Since Glu) © ch{F'iu)),
obtain G(u) < V| and hence G{u) € Vit forevery u € UV, Since w € '(V-;),
it follows Troin Lemma 4 that « € F7 (V) = (7 (V,) for every v € U,
Therefore, we obtain Gu) € V.7 for every u € 7. Consequently, we obrain
G(u) € Vit NV, for every u € [, This shows that (/ is J-continuons.

Sufficiency. Suppose that (' is 3-continuous. Let x € X and Vi, Vy
be any open sets of ¥ such that F(x) € Vit N1, By Lemmas 3 and
4, we have v € FH(V)) = GH{1)) and « € F7{Ih) = G7(12) and hence
G( 1) € V AV, Since G 1s F-continuous, there exists {7 € F{X, r}such lhat
Glu) € V N l’_' for every u € U, I!wrefole we ubtain F(u) © Gw) C
and !1en(:e F(u) € V,* for every v € U. Since v € { (VL) it follows lmm
Lemma 4 that u € G {V3) = F~(13) for every u € /. Therclore, we obtain
F(u) €V, for every u € (7. This shows that ' is Z-continuous.
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Lemma 5. (Al El-Monsef et ab{11]) Let {7 and Xg be subsets of
a topological space X . The following properties hold:
(1) 17 € afX) and X¢ € B(X). then L'V Xy € 3(I7).
(2) I C Ng C XU € A{Ng) and Xg € {X). then U/ € (X)),

Theorem 4. If & woltifunction I X =3 ¥V is F-continuous and
Ny € alN), then the resiriction F/Xg N = Y is ‘Ii—conr.muons

Proof. Let @ € Xy and ¥1.Vs be anv open sets of Y such that
(/X)) C V) and (F/ X))V # B, Since (F/Xo) () = F(r) and 7 is
J-continuons, there exists {7 € BN .2} such that F{u) C Vy and Flu)NVy #
(0 for cach w e ll. Let Lig =1U'N ‘(C then Uy € #3(Xg,2) by Lemma 5 and
(F/Xe)(u) = Fla) € Vi and (F/Xo){u) O Vs # 0 for cach w € Ug. This
shows that F/ Xy is Jd-continuous,

Corollary 3.  (Abd Ek-Monsef et al[11]) If f: X — Y is a §-
continuous function and Xo € o(X), then the restriction f/Xg: Xo = Y is
S-continnous.

Theorem 5. A multifunction F: X — Y is 3-continuous if for each
r € X there exists Xo € 3{.X.x) such that the restriction £/Xg: Xg = Y s
A-continnous.

Preof. Let 2 € X and ¥y, V¥, be any open sets of ¥ such that F(z) C
¥, and F{r)NV, # 0. There exists Xo € F(X, ) such that F/X: X = Y is
A-continnons. Therefore, there exists Uy € B(Xo, ) such that (#/Xo)(u) C
Vyoand (F/Xe)(0) NVy # B for each v € [y, By Lemma 5, Up € B(X, x)
and F(u) = (F/Xo)(u) © Vy and Fu) N Ve = (F/Xo){u) NV, # 0 for each
u e Iy, Therefore, I is H-continuous.

It is shown in [14, Lemina 3.1] that a subset is an a-open il and only
it is senti-open and preopen.

Corollary 4. iet {{,ia € U} be a cover of X by a-open sets
of X Then. a multifunction F: X — Y is B-continuous if and only if the
restriction I'/ X, X, — Y s J-continuous for ecach a e V.

Proof. ‘I'his is an immediate consequence of Theorems 4 and 5.
4. Sufficient conditions for S-continuity.

D-ofinition 5. A mualtifunction F: X = Y is said to be
(a) toper F-continmuons [19] (resp. o~ continuous {19]) if for cach point
- X and each open set V containing F(z). there exists 17 € 3(X «)
wp. o X, ) such that F{U)y )
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() lower B-continuous [19] (resp. o~ continwous [19]) if for cach point
@ € X and each open set Voof Y such that F{e)NV #§, there exists
7€ 3(X, ) (resp. a(X.w)) such that U C I' (V).

Remark. If I X — V is J-continuwous, then i1 is upper and lower
J-continuous.

Lemma 6. A multifunction F: X = Y is upper d-continuous (resp.
fower B-continuous), if and only it 'F(G) € 3(X) (resp. ') € 3(X))
for every open set (4 of Y.

Proof. We prove only the first case. the proof of the second being
analogous. Let & be any open set of ¥ oand & € FY((/). There exisis 1/ €
F(X.x) sucht that F(U7) C V. Therefore, we obtain I7 € ol (Int. {(c1{{"))) C
el (Int (cl{LEF (). We have i1 () C cl{lnt{cl(# (1))} and hence
FH{G) € 3(X). Conversely, v € X and G be any open set of ¥ such
that F{x) C (. By hypothesis, we have I'V(() € J(X). Let L = FT((7),
then U/ € 3{X, r) and F{U/}) C (. This shows thal Fis upper JF-continnous
at .. :

Theorem 6. [Ifa multifuncn £:X
and lower a-continuous, then i~ 3-continnous.

LoNpper eeontinuotis

Proof. Let V), ¥y be any open sets of Y. Since 7 is upper f3-
continuouns, by Lemma 6 F7(V7) € 3(X}. Since £ s lower a-continuous,
F7(V3) is a- open in X [19, Theorem 3.1]. Therefore, it follows from [1,
Corollary 2.14]) that FT{V))n I~ (Vy) € S{X ). Therefore. £ is -continuous
by Theorem 2.

Theorem 7. I a multifunction I': X — Y is fower J-continous and
upper a-contimiouns, then £ is J-continuous.

Proof. The proof is shmilar to that of Theoren 6.
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