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1. Definitions and necessary facts. let {0,@y,d2,...,d@,} beaba-
—_ Tn

sis in an n-dimensional affine space. The et R, = {M|OM = ¥ xd,,2; €
.:1

2} is called a lattice |, , i.e. a pointwise lattice is a set of points in an n-
dimensional affine space which have integer coordinates in the basis that was
built before. This basis is called the main basis of lattice. Let us further sup-
pose that the affine space is an n-dimensional Euclidean space, n = 2,3,4.5.
A transformation of svimetry of the pointwise lattice is a motion of space
that maps this lattice onto itself. The most simple transformations of a
lattice are the parallel translations along the vectors of the lattice. The
set of all the parallel translations of each lattice is a commutative group
generated by the parallel translations determined by the vectors of a certain
main basis. Other transformations of the symmetry of the lattice either keep
tnvariant at least one point. (these transformations are called pointwise trans-
formations), or are compositions of pointwise transformations with paralle]
translations, The polntwise transformations keeping invariant one common
point also {orm a gronp naned pointwise group of the lattice. The pointwise
group in cerlain tain basis of the lattice is determined by a group of integer
felements of matrices are integer numbers) unimodular tatrices. The set of
all the transformations of svinmetry of the given lattice forms its complete
group of symimetry. Two latiices are related to the same Bravais type if their
complete gronps ate isomorphic. An im portant problem is to construct Bra-
vais tvpes of potutwise lattices in the glven space. So far all Bravais types
of pointwise lattives in n-dimensional (n = 2.3,4) Euclidean spaces were
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buiit and deseribed by means of geowmetrical ar algebraical methods (see
[4,5}): The comparison of lattices according to isomorphism of their com-
plete groups of svmmetry hecomes simple becanse under siuch isomorphism
every main basis of a lattice has a corresponding main basis of other lattice
and the pointwise groups of these lattices are isamorphie too,

The plance of synnmetry of a lattice W, corr spouding ta any transfor-
mation of svinmetry ¢ (g{R,) = K,) is called the set of points from this
space, which are respectively invariant under the g transformation anrd as
a consequense under the eyclical group < g > low. I'lie properties of the
planes of synumetry of any pointwise lattice in an Fuclidean or Minkowsky
space are proved in [1.2]. Nainely:

a) If the lattice R, has a k-dimensional plane of svinmetry @ (k=
1.2....,u =11, then a plane ol symmetry passes through cach point of this
lattice. ts parallel to @ and has the same dimension.

by If Q@ is a k-dimensional plane of symmetry for the tattice R,
(k= 1.2, ... n — 1) and @ is a plane passing through a point of the Ry,
fattice absolutely perpendicular to @ (@ L Q). theu ¢ containts a (1=k)-
dimensional sublattice of points of the R, lattice.

) Any k-dimensional plane of symmetry- ¢ (h=1.2..... i 1) pass
ing through a point of the lattice contains a b -dumensional snblattice.

These properties allowed us to elaborate a method of constructing
pointwise lattice in an n-dimensional space il Bravais types of lattices in
2.3, .., (n — 1)-dimensional spaces are already built, This method is de-
scribed in detail in articles [5.6] with concrete examples of copstructing
pointwise lattices in three- and four-dimensional Vinkowsky spaces. Briefly
this method of elements of symmetry consists in the effectuation of following
research works:

1) To establish the Bravais 1ypes of pointwise [atiwes in f-dirensional
spaces (k=2.3.,....0—1).

2y To define the centers of svmmetry (i ints of tntersection of all
planes of svimmetry) of lattices defined in avther 1), ftis sudlicient to
determine the centers of symmetry placed o a specially built paratlelepiped
(it is called Bravais parailelepiped). because of her eniers are obtained from
these centers by parallel transiations along the vectors of the fattiee

The Bravais paraliclepiped of a pointwise kattice in the Foelidenr space
is a parallelepiped of the smallest volwme built on the vectors of The laltice,
its group of sy unnetry coincides with the pointwise aronp of the fattice. Such
a parallelepiped can be built for any puintwise fattiee.

3) To determine plane (or planes) of svarietry which the builded n-
dimensional tattice has. The cliaracter of the plane of symimetry @ is defined
by the pointwise group of the lattive in the plane o 1 Q).
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1) To examine all the possible cases of intersection of the k-dimensio-
nal planc of symumetry and the (n—4&)-dimensional plane of the given lattice.
T'he point of intersection is a center of symmetry of the lattice R, _,.

5) To compare the built lattices and to establish the Bravais types
of these pointwise lattices in the n-dimensional space. This comparison
is effected by means of the determination of groups= of unimodular integer
matrices corresponding to the transformations of symmetry of the pointwise
group of built lattices and the examination of their equivalence (matrix A, is
equivalent 1o the matrix 1y, if an integer non-degenerated matrix T exists
so that A, = T~V 4,7). If the groups of matrices arc integer equivalent,
then the lattices are related to the same Bravais type and inversely.

Let us show further the application of this inethod to the construction
of lattices in the Euclidean spaces starting from the bidimensional lattices
and finishing with the five-dimensional pointwise types of Bravais lattices.

Any basis {0,@,,d5,....d,} in the Euclidean space is characterized by
the metric parameters a,, = @, - @, which are called (in casc of the lattices)
the metrie parameters of the lattice, too, when the given basis is a main basis
of the respective lattice. [n the pointwise lattices one can determine some
main special bases, which are defined completely by Bravais parallelepipeds
and vice-versa. The metric parameters of these bases verify some relations
which are also specific to the given Bravais type of the lattices. Here as a rule,
Bravais parallelepipeds of the given lattices and corresponding main bases
are considered by means of the applied method. We shall also indicate the
correspondence between the types constructed nsing the method of elements
of symmetry and the types obtained in article [4].

2. Construction of Bravais types of pointwise lattices in the
three-dimensional Euclidean space. There exist five Bravais types of
pointwise lattices in the Buclidean plane. They are obtained by some ele-
mentary calculations. These lattices are built on the following Bravais par-
allelograms: an arbitrary parallelogram, a rectangle. a centered rectangle, a
square and a rthombus with an acute angle equal to 600

Let us apply the method of elements of symmetry in order to construct
the Bravais types of pointwise lattiees in the three-dimensional Fuclidean
space. We shall suppose that the lattice to be built has an axis of svmmetry
which can have the order |, 2, 3. 1 and 6 (these parameters are obtained by
the examination of pointwise groups of two-dimensional lattices). In case
when we have an axis of the first order we obtain a three-dimensional lattice
that is built on an arbitrary parallelepiped. If the Bravais parallelepiped is
built on the vectors @, b &, then in the examined case the metric parateters
verify the inequalities: 0 < 2k < a < b < e, 0<2h <a. 0 <29 < b,
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where & = @-b. h = a-¢. g = b7 The second order axis may be

perpendicular to the plane of a plane lattice of the type 1. 2, or 3. If, for
example, the plane lattice is built on a reciangle. then considering ¢ as a
main vector of the lattice situated on the axis of 1otation, we obiain three
Bravais tvpes of three-dimensional |attices. the main bases of which are
¥i ) N
£0..0,7 . {6, @ b T} and {076, HECY} where 635 a fixed point iu the
three-dimensional space (here @ = a@. @, =b and @y =&, or @ = e or
]

)

SLh4F = - B by a2 I
Gy = HHEC and then e =& . or &= (5}, or &= (LEHEEY h =i - &, or
he=a GE o ho=a B and g =67 or g = b T o g = - THEE),

The resnits obtained by considering all the possible cases can be found
in [4,5.6].

3. Construction of Bravais types of pointwise lattices in the
four-dimensional Euclidean space. The construction of Bravais types
of pointwise lattices in the four-dimensional Euclidean space by means of
method of elenients of symmetry is reduced to: 1) xamination of all possible
cases when these lattices have at least one axis of symmetry, the order of
which is defined by the pointwise groups of symmetry of the 14 built three-
dirnensional pointwise lattices. These orders are cqual to 1, 2, 1. 8, 18,
G4, 12, 24. 2) Examination of all possible cases when the searched lattices
have at least one two-dimensional plane. As a plane of rotation this piane

can have the order 2. 3, 4, 6. In the plane of symmetry as in the plane -
absolutely perpendicular to the given plane a lattice of the five possible
Bravais types can be placed. 1t is necessary to study all the possibilities of .
combination of these types of lattices. 3) Comparison of obtained lattices in 3

order to exclude those lattices that are related to the same Bravais types.
We shall enumarate here only types obtained from trictinic, monoclivic and
orthogonal singonies in the first case and types of lattices oMained from

the plane lattices built on a parallelogram in the second case. As in the

previous sections we shall suppose that {0, 4, b7, .'f} is a Bravais basis of
the sought lattice, and {0, @y, @, @y. @4} is the main basis obtained from the

Bravais basis. The metric parameters that characterize this inain basiz are

— -1 —y — g — — fad
denoted by: « = @, b=1a;, ¢ = iy, d =a;, k=4d @, h=d - ds,

po= @y iy, g = @Ay, q =y dy, v = {3 dy. I two tables below

we enumarate the results obtained by cousidering all possible cases, when
the three-dimensional lattice belongs to the indicated holohedries and 1wo- |

. dimensional lattice is built on an arbitrary parallelogram.
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’ ? : ’ _ ‘ : I {0,@,b.7 A 0. fa L5 te dd. v
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_Table 2 - B
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latiice Lisis paraieters of centeres rison
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Remark. In table 2 there are lattices which repeat some lattices from
table |.

4. Construction of some Bravais types of pointwise lattices in
the five-dimensional Euclidean space. Let us examine the ronstruction
of Bravais tvpes of pointwise lattices in the five-dimensional Fuchidean space,
whicl have at least one axis of syvmmetry and they are obtatned from the
four-dimensional lattices helonging to hexaclinic. triclinie and monoclinic
families. Let {0.@. b.&d. 1 be the Bravais basis of the built iattices. The
pointwise group of four-dimensional hexaclinic lattiee has the order 2 and
(herefere the axis of lattice in the five-dimensional space that can he built
on the base of this lattice has the order 1 or 2 and it intersects ihe fomr-

dimensional lattice in one of the centers of syrmetry indicated in the Table |

L As a result wo obtain one lattice when the order of axis is equal to |
and two lattices when the axis has the second order. These lattices are built
on the bases: {0,740, @d. &) with 15 arbitrary parameters: i, d be.d €

!

(@ La. oL h.e L& L rr] and {0.4. b, “ d. "_,tf} with L1 paranietefs |
(all other possible cases are redhieed (o these Bravais tyvpes). The peintidise §
aroup of the first lattice consist= of 1wo transfortnations {dentical and the' |
central svmmetry), and the pointwise group of oflior twe lattices contains |
four Lransformations (identical, the central synneetey. the rotation of the
second order around an axts paralicl te veetor 7 and tie reflection fr'dlfl';

hvperplane containing the basie four-dimensionat Tattice).

The pointwise group of Fowr-dinensional tattices from (he trizlinie fain-
il has the order equal to 4 and thevefore the axis of songht fttice has alsp’ ]
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the fourth arder, From the four-dimensional triclinic lattice buiit on the
basis {0.7.¢. 7 d} by means of examination of all possible cases of intersec-
tion of axis with the basic lattice, the following pointwise five-dimensional
lattices of different Bravais types can be built: 1) {0, 4, b. . d. et

2) {0.&‘.5.?.;1", ﬁz'—F} 3) 10,4 b7 Lt‘l;} From the four-dimensional tri-

3
clinic lattice built on the basis {0. 4, b, ¢, i?-,j'—*i} by examination of all possible
cases of crossing the axis with the basic lattice, other two five-dimensional
pointwise lattices of different Bravais types can he built:

5) {0.4.0.c 20 Iy G) {0,a. b, ¢ L, By

All lattices obtained from the triclinic family are characterized by 3
parameters (rf_L i.dLlb.dL¢ éLd &L b, e L 7 €1 :f) and
their pointwise group of symmetry contains 8 tra nsformations of symmetry
(rotations around an axis parallel to the vector & and their products with
the central symmetry).

Fro . the four-dimensional monoclinic lattice (its pointwise group of
svimmetr  -ontains 8 transformations) built on the main basis {0.&. 5, <, cf}
the follov ng five-dimensional lattices that have at least one axis of symme-
try (the ghth order axis of rotation) can be built: 1) {0.4, b.cd, €. 2)
{0.a@.b.c Y. 3) {0.a@.bed FE), 4) {0, 6,7 d, SEE)

5) {0,d. ¢ d. ﬁ"”oﬁ}, ) {0, (_)'E(T :*Tftl'—'?} From the four-dimensio-

nal momn clinic lattice built on the basis {0,d. b, &+d1 by examination of
all possible cases of intersection of axis with the basic lattice, some more
five-dimensional pointwise lattices of different Bravais types cau be built:
) {0 boE 2 By Ry (0,a.5,¢ B B2 9) {0.a.b, € TS} 10)
(0,@,b 7 B4 3SRy 1)) {0.a,b, ¢ e HRE)
alogously by examination of all possible cases ol other lattices from
the nu. aclinic family (table 1) we obtain the following new Bravais types
of poiy wise five-dimensional lattices:
Caw {0, b, Sy - 12) 0.5 S e}
{0,456 BBy g3y £0 7,5, 6 SRS eRgE)
Com {0.a.5, BT BT 1) {0,856, 5E B S
N five-dimensional lattices obtained from the monoclinic family are
characterized by 6 non-zero parameters and their pointwise groups consist of
16 11 - .sformations of symmetry. in order to satisfy ourself that the obtained
latth . < are related to different Bravais types, it is enough to determine the
grov . of corresponding matrices and to show that these groups are not
inte: ¢ equivalent. i.e. there doesn't exist an unimodular integer matrix 1.
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so that the matrices Ay, Ay, ..

Bi.Ba, ..

every « = 1,2, ....p.
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0
0
(i

{}
{

0

S D e D

0
0
0O
I
0

ll

=

{)

0
0
{

{
i
0

. Ay, from one group and the matrices
. B, from the other group verify the equality: B;77 = T4, for
I'or example, the group that characterizes the trans-
formations of symmetry of the 7} type lattices is formed by the matrices:

S I
0 —-1 6 0
0 0 1 0
O 0 0 i
60 0 0 0
= P00
0 01 0
0 o0 -t
0 00 0
L 00 ¢
—1i 0 0
0 0 | 0
0 100 ]
0 0 0 0
| 0O 0 0
-1 ¢ 0 o
0 —-1 0 0
0 0 0
6 0 0 -1
g 0 0 W
\ [0 0
6 1 0
0 0 —i
0 0 0
00 0
r—1 0 00
0 -1 0 0
0 0 1 0
0 0 6 —i
Lo 0 0 0

1o 0 0 -0 0 -1 0

o 1 0 0 0O 0 -1 0 0 0

a0 1 0 0 1 0 0o 1 0 U

00 0 1 0 0 0o 0 1 0

¢ 0 0 0 -1 0 ¢ 0 4 =1
-1 0 1) 10 1o 0 0 1
0 =1 0 {) 0 01 0o 0 0
0 0 -1 0 ] g ¢ -1 0 0
{) 0 0 1 O 0o ¢ 0 1 0
{) 0 Y { ] ¢ 0 0 0 !
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