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science ne peut pas omettre le fait ¢ue pendant 1&1._;:(%']0(’19 .1958 1960, Octav
Maver a é1é le Président de la Iiliale de Jassy de 1" Avademie, et que pout ses
mérites exceptionnels dans la recherche et Penseignement on I}u a a‘cmr(le
le titre d’l‘lo‘mme de science émérite, ot il a requ de hawtes décorations et
ordres. o - .

Aprés sept, décennies de vie agitée, pleine de réalisations, mats ausst fio
déceptions, souffrant d'une maladie chroniqite. Octay Mayer nous a f|tllite.\.'.
le O septembre 1966, en laissant une o*uvre scientifitque (.lo grande valeur, t.d
tradition d’un enseignement mathematiqne d'un haut niveau (.‘t'lv souvenir
de la noblesse d’un Homme d’un comportement cthigue et civique excep:
tionnel. .

L' Académic Roumaine gardera toujours le sonvenir de sa figure lu
mineuse dans la section d’or de ses grands savants.
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GEOMETRIZATION OF LOCALLY VARYING SPEEDS
OF LIGHT VIA THE ISORIEMANNIAN GEOMETRY

BY

RUGGERO MARIA SANTILLI

1. Introduction. Since the pioncering work by Riemann (7], the
geometrization of the space-time in vacuum, historically called the exterior
problem. is well known (for a contemporary account see, e.g., [3] and refer-
ences uoted therein}.

However, such a geometrization is inapplicable for systems within
physical media. historically called the interior problem. as established by
physical evidence. For example, the speed of light in vacuum ¢ is altered
within {transparent) media into the value ¢ = co/n, where n is the famil-
iar index of refraction, and assumes different values depending on whether
the electromagnetic waves propagate in atmosphere, water, glass etc. By
recalling that the speed of light is a primitive geometric characteristic of
space-tinie, its alteration has rather profound geometric implications which
have to be addressed.

Similarly, consider the deviation from a geodesic on a Riemannian
space occurring in free motion within physical media, such as the free fall
of a leaf from the Pisa tower. The deviation of the trajectory of such a
leaf from the geodesic trajectory in the Riemannian space is evidence of a
necessary alteration of the geometry for the following reasons:

I) Au effective interior geometry must represent the {all of the leaf as
a geodesic evidently because the fall is free, which task cannot be achieved
via the Riemannian geometry.

Conference presented at the 25-th National Conference on Geometry amd Topology,
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11} An effective representation of interior systemns requires arbitrary
non linearity in the velocities v = du/dt and at times also in the accelerations
a = dv/dt and other quantities. This implies again the tack of applicability
of the Riemannian geometry for interior problem because this geometry
is arbitrarily nonlinear only in the coordinates, and can represent ouly a
limited class of systems nonlinear in the velocities (e.g., those quadratic in v).
As a specific example, missiles in atmosphere have nowadays reached =such
speeds that their resistive force can be proportional up to the tenth power
of 1he velocity, thus being outside any realistic capability of the Ricmannian
geometry.

1) An effective interior geometry must represent variationally non-
selfadjoint systems [10]. that s, systems which generally violate the integra
bility conditions for the existence of a first-order Lagrangian in the coordi-
nates of the observer, thus establishing the inapplicability of the Riciaunian
geometry on dynamical grounds,

IV} An effective interior geometry must also be able to represent
nonlocal- integral forces due to the motion of extended bodies within phys-
ical media which evidently require surface integrals. Thiz establishes the
inapplicability of the Riemannian geomeiry on topolagical grounds because
the latter geometry is strictly local-differential. while the systems cousidered
are nonlocal- integral.

V] An effective interior geometry must represent the inhomogeuity
and anisotropy of physical media {such as that in the interior of Jupiter),
thus establishing the inapplicability of the Riemannian geonetry owing to
its notorious homogenity and isotropy. Moreover,

VIj The interior geometry st contain the exterior one as a particular
case. thus being a generalization-covering of the Ricmannian geowetry, and
finally,

V1) The interior geometry must be able to sepatrate nonlocal-integral
and non-(first-order)-Lagrangian cffects from conventional local-dificrential
and Lagrangian terms, as requested for the experimental verification of ex:
pected novel internal effects.

When exposed to the above occurrences, a rather general contempo
rarv trend is that of reducing an interior system 1o a collection of exterior
ones. such as the reduction of a space-ship during rc-entry to its elementary
constituents. Fven though certainly possible as a first approximalt.on, cer-
tain No-Reduction Theorems [16b] have established that the reduction is not
possible in an exact form:. For instance, the space-ship during re-entry in our
atmosphere with continuously decaying angular momentuin simply cannot

be reduced in a mathematically consistent way to a finite collection of ele-
mentary particles each having conserved angular momentum, as necessary
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to recover exterior conditions.

In summary, we can say that clear physical evidence establishes the
geometric inequivalence of the exterior and interior problems. Moreover,
simple mathematical stndies establish the irreducibility of interior to exterior
systerms.

We can therefore state that the conventional Riemannian geometry is
indeed cxactly valid for the grometrization of space-time in vacuum (exte-
rior problem), but the same geometry is “inapplicable” for the corresponding
geometrization within physical media (interior problem) for a number of ge-
ometric, topological and dynamical reasons. Note that the term “violation”
would not be appropriate because the Riemannian geometry simply was not
conceived for interior problems. .

On historical grounds, we note that the distinction between exterior
and interior problems was well known up to the early part of this century
and thercafier ignored (see [16b] for historical notes and references). In fa.r'l‘,
the distinction was introduced by the fonnders of Analytic Dynamics, such
as Lagrange, Hamilton. Jacobi and others. The distinction then pm‘sisi:ed in
the earlv studies of gravitations via the Riemannian geometry. Lor instance,
Schwarzschild wrote twoe papers with the clear distinction between exterior
and interior problems: the first paper [21] on the celebrated exact solution
for the extarior problem and the virtually unknown second paper [21} on the
rjpproxr'ru;trv solution for the interior problem. The same distinction can be
found in Uie titles of chapters of well written treatises in gravitation of the
ﬁral part of this century. Subsequently, the distinction between exterior and
iuterior problems was progressively abandoned, up to the current virtual
complete silence in the contemporary literature in the field. The latter
ilence i~ unfortunate owing to the geonietric inequivalence and irreducibility
of the exterior and interior problems indicated above.

The above oceurrence has created the need for constructing a new ge
ometry specifically conceived for the interior problem which satisfies condi-
tions | VI ahove, beginning with the characterization of the free fall within
physical media via geodesic trajectorics. This problem can be reduced to
the primitive task of constructing a covering of the Riemannian geometry for
the geowetrization of the locally varying speed of light ¢ = ¢o [nlz, v, a,.. J
while acdmitting the constant value in vacuum co and related Ricmannian
geometrization as a particular case.

Among the various studies in geometry conducted until now, we here
quote the higher-order Lagrangian representation by R.Miron and his asso-
ciates (see. e.g., [4] and references quoted therein) which is indeed arbitrarily
nonlinear in the velocities and other quantities, thus constituting one of the
few geometries in scientific record which is directly applicable to interior
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problems.

Another significant new geometry is that constructed by Papuc (see,
e.g., (5] and references quoted therein} which is structurally anisotropic, thus
significant for applications. e.g.. 10 represent the irreversibility of interior
trajectories.

Tn this note we present the latest advances on a generalized geometry
satisfying conditions I-VI1 above submitted by Santilli in memoir [13] of 1988
(see {16] for a review) under the name of the isotopies of the Riemaniian
geonietry, or isoriemannian geometry for short.

The isotopies were first introd uced in ref.[9] of 1978 in the form used in
this note, and are today referred (o axiom-preserving liftings of linear, local
and Lagrangian systems into their most general possible nonlinear. nonlocal
and nonlagraugian forms which are however capable of restoring the linear,
local and Lagrangian character on certain isotopic spaces over isotopic fields.

The isotopies are here selected for a number of reasons, such as the
verification of conditions 1-V1I ahove. and their axiom-preserving character.
This permits the achievement of a unified geometric treatment in which both
the exterior and interior descriptions are particular realizations of the same
abstract axioms.

The isotopies therefore permnit the preservation of Finstein’s axioms
also in interior conditions. which axioms are generally lost for non-axioin
preserving approaches, thus creating the additional. rather difficult problem
of identifying their replacement.

Finally, the isotopies have been selected because, even though not
unique, the isoriemannian geometry is “directly universal” in the sense
of containing as particular cases Al infinitely possible well behaved and
signature-preserving modifications of the Riemannian metric (universality)
directly in the frame of the observer (direct universality}).

In this note we show that the isoriemannian geometry admits « rather
simple, yet effective formulation via the recently achieved isodifferential cal-
culus [19]. To render note seli-sufficient, we first review the elements of
isotopies and then study the new formulation of the isoriemannial geome-
try. It should be stressed that this note has been written by a theoretical
physicist and, in any case, the studies are in their first infancy, thus requiring
comprehensive mathematical reformulating by interested mathematiciaus.

2. Elements of isotopic methods.

2.1. Isotopies of the unit. The fundamental isotopies from which
all others can be uniquely derived are those of the unit [9]. .e., the liftings of
the n-dimensional unit [ = diag.{1, 1, 1,. . of the Riemannian geometry
(in the same dimension) into real-valued and syvimetric 1 X o matrices I =

e
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g(‘l'l(‘l"rlllﬂ‘(i nnit. [ = 0): and Class V (Class IV plus unrestricted generaliyled
MRS, e 1'{'ali"/,<-d via discontintous functions, distributions, lattices ét(; }
. \!I isotopic structures identified below also admit the s‘a,me Cié.‘iSiﬁ(‘: .
i10n|\\'h|rh will be omitted for brevity. In this note we shall stud isot os
of Classes | and 1, at times treated in a unified way via those ojl[ Cla;p;??
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. 212| Isfoﬂelds.. t]thf‘ first significant application of the isotopies of the
' |‘ is luft. or t?.m_ liftings of conventional numbers and fields, which was
I\;f?(}:':;( ‘.wﬁaifl’lllh at th;*ll)%(] Clausthal meeting on Differential Geometric
Methods in Mathematical Physics (see the latest s 5] ’
i g o0 ( est study [15] and the general
roro) i\(:] I ‘= F(n...+._ %) be a field (hereon assumed to have characteristic
eral ith elements n.b:..., sum a + b, multiplication ¢ x b = ab, additive
llllll . multiplicative unit 1, and familiar properties a+0 = 0+a :1a axl =
xa = a.¥a € I, etc. We have in particular the field R(n,—"r-,x) of

real numbers n, the field (e, +, %)
. . .+, of complex nt 5
(Q(g. 4. x| of quaternions q. ! rmbers eq.and the feld

| Def?nition 2.1, ([15]) An “isoficld” I = F(&,-+.%) is a ring with
olements & = a » 1. called “isonumbers™. where « € I, and I is a Class HI

quantity generally outside F, equipped with two operations (4 X}, where

+ = + I~ fhf ((7”"(‘""!()"('! il 7 WH ve 't j Live u”l!; () = ‘)

(2.2) axbh =i

»
>

xTxb I=T1"

—_~

called “isomuftiplication™. with [ the left and right vnit of F
(2.3) i x

¥

= axf =&, Vae fF,

-
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in which case (only). I is called the “isounit™ and T is called the “isotopic

element”. Under these assumptions P is a feld. i.e.. it satisfies all properties

of F in their isotopic form: o

1. The set F is closed under addition. a + be [?',Vc:r,b € F,

2. The addition is commutative. b= b+avVibeF,

3. The addition is asociative. a+ (t") +é)=(a+ f)) + &V, b e F,

4. There is an element 0 = 0. the “additive unit”. such that @+ f=0+a=

a,va € F,

5. For each element i € F. there is an element —a € i, called the
~opposite of @" . which is such that @ + (-} = ).

6. The set [ is closed under isomultiplication. ixhe ﬁ',‘fjr’t.i) eI

isocommutive, b # bxa. but

—

7. The multiplication is generally non-t

sisoassociative”, ax (bxé) = (axb) x&.va. b€ I,
8. The quantity [ in the factorization & = a % i is the “multiplicative isounit”
of ' as per Eq.s (2.3).
9. For each element @ & F, there is an clement a—1 e F. called the “isoin-
verse”, which is such that axia~h = (r'r“i)i& =1.
10. The set I is closed under joint isomultiplication and additton.

(2.4) axth+ 8 e B (a+byxée i vab.ieF.

—

11. All elements a,b, ¢ € E verify the right and left sisodistributive laws”

(2.5) a5 (b + &) = axh 4 axe, (i + by%é = axé + bxé.

When there exists a least positive isotnteger p such that the equa tion pra =
0 admits solution for all elements @ € I, then | is said to have “jsochar-
acteristic p”. Otherwise. I is said to have visocharacteristic coro”. Unless
otherwise stated. all isofields considered hercon shall be Class [ isofields of
isocharacteristic zero.

We then have the isofield R+, %) of isoreal numbers i the isofield
C(é 4, X} of isocomplex isonumbers and the sofield Qli. +. «) of iso
quaternions § (see [15] for the isooctonions). Sinee all infinitely possible P
preserves by construction all axioms of F. they are called isotopes of £ and
the liftings F — F are called isotopies.

All conventional operations dependent on {he mubtiplication on [ are
generalized on Fl(a.+. %). thus yielding tsopowers. jsosquare rools. Isouo
tients etc.

~ ~

=axa=(axa)xI, A -t x I%, ,.f—-/xf ele.

(-1
e

=3}

(2.6)
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I have significant implications
numbers which are conventionally
unit 7} are not necessarily prirnve
illustrates that most of the prop-
nutmber theory are dependent on

Phe assumied anil a8 s H I

‘ wiel, as suelis admit «;;mi)lc et 1 ton i

. N : k Lovel intrigaing . ¢
ROtopIes. ’ & & and S"')’nmr L

. Despite its simplicity, the liftings F —
in number theory itself. For instance, real
pritue (under the tacit assumption of the
with respect to a dillerent unit [15]. This
eries amld theorems of the c‘nnl.vmi)nrar\'

- IUis important to understand that an isofictd of Class {11 F-”(:l +. %}
is the nnien of two isofields, one of (lass |, lf}(&,-{-. X}, in which liw unit

‘L‘\- p(]'\“i\"("fl(’ﬁ““(‘ ﬂ“(] Ona e 354 ) by y b
. v ol (I?l‘w H ]']_Ir (11 + b4 hic L
. . T i 4 iLt V\«hl(_} thi 18O 3
llt‘_!"étt]\'(*—(I(-f“”“\_ ( IBLIE] )1 1 the sounii 1s

(2.8} Frola,+. 5y = {Fy (4. %) T > 0 U {F1a,+.%). T < 6},

with interconnecting map called i.s()(.hm!i!y [16a]
(2.9) f>0-it=-1<0,

I'he (l-d:sh I} isofields are also written in the fiterature F%(a?. +. x7) and
valled isodual isoficlds with isodual isonumbers it

. o t —ax 1= —a is p
isoproduet ¥ = x 7% = = x otc . isodnal

! 5 . H I

“|,i,‘h\(‘[.:t({\ 11;!.‘-“_N)_(!Hf‘.:li also H})I)“ﬁ_m ordinary numbers and fields, in
e “.):;. )j“ . I‘. W= =i, el and ¢t = —¢1, where (1) repre
m\‘., 0 ;:(;\,TH"E“{.’;m'”:‘dl'l) ¢'mI1_|ugm|nn. ane alse that the iinaginary quan-
= ”. 1 | 14 .. .|:(... nlnarmnt nnder isoduality {becanse 4 = =i = i),
HGHET the set of imaginary nutnbers is not a field, but the isoreal field
}\uth I. = ¢ is mdeed a field. Note linallv that the suin is not ('haﬁ ed 1 i
iotopies otherwise there is the loss of the axioms of a ﬁei.(l F gl Cand
other aspects, one can inspect refs[15,16a]. | - For theseand
o .;\:::hlfSligllllll'("fllll ajns;?e('! of isoduality is that it is an antiantemorphic

sich. it has permitied a novel representation of antimaster which

wgins al the classical level and then persists al the operator tevel where it
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results to be equivalent to charge conjugation [16b]. All isotupies of class |
<hall therefore be restricted hereon to represent matter, and those of Class H
to represent antimatter. The isonorm of an isoficid (of Class [T} is defined
by

(2.100 tat=lal x I,

where |a] is the conventional morm. [t is thereforr casy to see that the
isonorm of isofields of Class I'is positive-definite. while that of (lass H s
negative definite. This mplies that all characteristics which are conven-
tionaliv positive for matter. heconies negative-definite for antimatter, thus
including energy. time, curvature ete.

‘To understand the lalter occurrence, one should keep in mind the |

~

cquivalence of positive characteristics referred to a positive unii and neg-
ative characteristics referred to a negative unit. This mathematically ele
mentary property has rather intriguing applications, such as the prediction
of antigraviiy for elementary antiparticles in the field of matter, and others
[16b].

it may be of some guidance 1o present since these insroductory lines a
few examples of isounits used in applications (see [L6b] for all details}. Oneof
the simplest possible example is the use of the isounit for the representation
of extended. nonspherical and deformable shapes. Tot instance. a spherotdal
ellipsoid in three dimensions can be represented via the isounit

12.11) 1= diag.(nf,né,ﬂi).

where the gunantities ni are sufficiently well behaved, real valued and |

positive-deflinite functions af local quantities. b fact. the sotopies of the
Euchidean spare with the above isounit characterize all infinitely possible

ellipsoids.
The next simple example is the representation of protiroservalive syvs
tems with isounits of the type

(2.12) j=efzted Jg=1.
which permit the representation of continnously decaying angidar momenta;

extended . nonspherical and Jeformable particles noving within resistive me-
dia under nonhamiitonian hut jocal-differeniial forces: and other svstems.
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which experience an attractive interaction against their repulisive Coulomb
ft)r_ce. The e of the quantum mechanical Coulomb faw with conveniional
imn. !' = _:ilag.l(i, I, 1} leads to repulsion. On the contrary. the nuse of the
following isounit, cabied Animahy isounit,

(2.13) i = ed PP G (1,1 1),

p_(:rmik.s a guantitative interpretation of the attraction among the two iden-
tical electrons in a way conform with experimental evidence, where o+ and
#y are the wavefunetions of the two electrons with related s‘pin oriel‘;ta.l ton
tand . The exponent then iflustrates the type of nonlocality considered in
this note. . l.

Note that all isounits are restricted by the coudition of admitting the
conventional unit as a particnlar case. For instance, when the overla;;pin.g
of the two wavepackels ¢ and ¢ is no longer appfeciable, the integral in
the exponent of iscunit (2.13) is null and I recovers the conventional unit J.

‘ Note also that all the above isounits are oatside the original field £,
as it is generally the case for applications [16h}. -

_ The reader is suggested to meditate an instant on the fact that the
entire contemporary mathematical knowledge is based on the simplest pos-
sible unit +1 which has essentially remained unchanged from its inception
during biblical times. One can therefore see the horizon of new possibilities
permnitted by the generalization of such a fundamental notion. |

_ 2.3. Isospaces. The second significant application of the isotopies is
the lifting of the conventional notious of vector and metric spaces, first pre-
sented in paper [13] of 1983 (see monographs [16b] for detailed tr,ea,tmcnt).
In this section we shall review the main lines of the isotopies of Riemannian
spaces.

Let R(r, g, ) be an n-dimensional Riemannian space (3], with local
chart o = {&*},k = 1.2,.... n. n-dimensional metric g = (fih!}. ;}i. = g, (@),
and interval between two points v,y € R, . e

(2.14) (2 — y)® = (+' = y')gii(2? — y') € R(n.+, %),

wl]ere the convention on the sun of repeated indices is assumed hereon. 1t is
(iv:fienl. Ll-aaL the liftings of the field require, for consistency, a corresponding
Iiftings of the spaces, and we have the following:
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Definition 2.2.  ([!3.16b]) The wisoricmannian spaces” ?}?(.i‘,f}.‘ 1)
of Class HI are n-dimensional metric spaces defined over an rsormjll 1'.~;uhe.ffl
R(Fl.+, x) with an n % n-dimensional real-vatued and syrimetne isounit
i = It of Class I1L equipped with the “isomel ric”

= Fhy . PR ~{
(2.15) git,z v e p.mo. ) = (gij) =Tl o voap v Jxglay=4g.
f=1-'=1
local chart in contravariant and covariant forins

- : = ~ -l N e 7 PR B
(2.16) &= {3 = (oo d), de = gudt = T X [oowfow. € R

. _ T
and “isoseparation” Among LWe peinis XY £ X

s Byl Y R UANR R WINEEAR J
(2.17 G- i) =W =g vy = (7 =3 el
The same rules apply for the definition of the isveuciidean and oinkow
skinn. isofinslerian avd other isospaces.

The primary property of the hitings Wi g i) — 'fl\‘lf.i:._g},h.').i: 1%1('
prescrvation of the otiginal geometric axioms, as a neveasary condition for
ot opics. In actualivv. R(r. g, Iy and (e g R) c'mn-":-'ia at the ahst-r:fu's ..e-\'(-l
for Class 1 i=otopies by construction. This is due o 0 cons! I:l!(.'l-lﬂ()l‘. -.1.111(‘
istepaces via the deformation of the snetric g into the fomorpine = ;\'L_q
wiile jointly the original unit [ is deformied in the amount inverse ¢f tuc
deformation of g.f — T=1. This mechanisiy then cimures the presarsaiion
of ali original geometvic properties, as- we shatl ~ce 1 mect. ‘3. N

I'he isorietnaniiai spaces of viass Il are justen ! .'mfrau!nmm‘;ﬂm' )
the original spaces. and this renders then particutery saited to represent

antimatier [J6b]. - -
Note that in the conventional space Wie, g. i) 1o it of the fiesd o the
- ) 3 e | SRS - i '

aunmber £ 1, while the unit of the space is the mairy == diagdl L)

For Rir. g, R) the isounits of the isofield and that of the isospaces comcide

and are given by [. )

Note also that the isoseparation #2_for consistercy must be an (.‘lf‘mﬂlli
of the isofield, that is, must have the structure of a puwnber n nmi‘lipll;f.w‘l. by
the i-ounit . This isoscalar character is expressed by the isomultiplication

o kg = (P x D x T x (epx )= ¥ x gy x T =ux 1,

(2.18)

But the contraction over the repeated index k is in isospace. We recover Im

this way the isoseparation of Def.2.2. as one can sev.

o e Ot e B s

i
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Because of the above occurrences, isospaces can be practically treated
via the conventional coordinates &* rather than the isotopic ones Fo=aFx]
whenever no confusion arises. The svinbol & will be used for the coordinates
of conventional spaces, while the symbol # will be used for the coordinates of
isospaces. When writing g{r....) we refer to the projection of the isometric
§ in the original space.

Despite their simplicity, the iftings R, g. K} — 552(;&._5;. f?) have sig-
uificant implications. In fact, the functional dependence of the isounit [ re-
mains unresiricted under isotopies. Besides being well hehaved. real valued
and symmetric. the isometrics § therefore have an nurestricted functional
dependence indicated carher, § = gleiviep, 7.0 This esiablishes the
“direct universality” of the isoriemannian spaces indicated in Sect.1.

Isonnaces *f?(.f',_r}. 1) therefore satisfy all conditions [-VIE of the Sect. .
Coundition 1 on the geodesie representation of free trajectories within phisi-
cal media will be studied in Seet.3.5. The isometric § is arbitrarily nonlin-
ear in th velocities and ethee quantities. thus verifving condition 11 Iso-
lagrangtans ou Z*f?(.?',_@. Iy are universal for all possible resi-iive forces. as
proved in el [16h], thus satisiving coudition 1. tsospaces Nie. g, ) can in
deed vevresoat nonlocal-integral effects as shown in Sect.2.6. thus verifying
condition 1% The isometric § is wanifestty inhomegereous aud anisotropic.
Uiis satisfviog condition V. The generalized feovering character of N over R
ie evideni «th the latter admitted for the particnlar cage [ = i.thus verify-
ing cond:ticn V9L Finally, the nondocal-nonlagrangian effects arve represented
with the isotopic element T wiile the local-Lagrangian effect= are presented
with the conventional welric g. The two effects are then sepurated in the
verv st e of the isomeisic § = Tg. thus corifying condition VIL

2.4. tsodifferential calculus. Al Uhe intersational Workshop on
Differenticl Cleometry and Lie Algebras. held in Dec. 1991 at Aristotie
Universits in Fhessaloniki Greece, Santilli submitted the isoropies of differ-
ontial calcuiins, or isodifferential caleulus for short, snbsequently published
in ref.[19) which permits a simple, yet upigue and sienificant. lormulation of
the isogecniotries.

For the reader’s convenience. we review below the isodiiferential caleu-
Jus on a Hat isocuclidean space. Topological aspects are studicd in Sect.2.5
and 2.6. The formulation on eurved isospaces is sindied in Seci.3.

Let £(x,8, K) be the ordinary n—dimensional Buclidean space with
tocal coordinates @ = {a¥} b = 1,2, ... 0o and metric 6 = diag {1, 1, .. 2
over the reals R(n,+.x}. Lel ]1'(.?:23, fi) denote isolopic images with local
coordinates & = {34}, isometric & = T over the isoreals F(n,+,X) with
real-valued and symmetric isounit of Class 111, [ = (f,-j) =T 1= (Tt =
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7' whose elements have a smooth but ot herwise arbit rary dependence on tie
local coordinates. their derivatives with respect 1o ai independent varianle
and anv needed additional guantity, [ = TR, Doa ..

Definition 2.3. ([19]) The “first-order isodilferentials™ 'nf( ’fn:';.s i1
of the contravariant and covariant coordinates #% and by on an isocuelidean
space [ are given by

(2.19) dik = (e ety dEg = T dde

e HT :" rhiler OHTES -
where the expresions di¥ and di, are definided on 12 while the ((li!‘(h]).()ﬂd'
fng expressions f"'id.r‘ and Ty 'da; are the projections on the conveniional

o ! } £ 3 e o i Fy " o
Euclidean space E. Let f{&) bea suficientlv smooth isolunction on & closed
C3 . : ok sy, N B
domain D(#%) of contravariant coordinates #% on . Then the “isoderiva

P . ~ s N S T
tive™ at a point & € D(FY) is given by

(2:20) 3 ' Frok 4 Jgak F(ok
i,k (D) it — Lim Sg" +diT) - Sl ),
fi§s) = Sl = DT e = g

= = a7 FY - . 3 . . . FI-'!
where (jf(:?:)/(jff:" is computed on E and I’A.‘Bfg.r)/d.z" is the projection .mf,..
The “isoderivative” of a smooth isofunction f(&) of the covariant variable

#y at the point g € D(zy) is given by

2.21) . N
i Cofey L Tt die) = @)
g = = I . _. = Lim -
(4x) = coei = I ls, = _Lim
G dix 2y =i dx; TETE a0 diy,

The above definition and the axiom preserving character ol t.ht‘_ tsol
topics then permit the lifting of the various a:?pec'{.-; of :he.m.u.\-.enlJo.n}a”
differential calculus. We here mention for brevity the f{)l.lowmg isotopies:
the isodifferentials of an isofunction of contravariant (covariant} {"oordmales
#F ($;) on fi‘(j:,& R) are defined via the isoderivatives according to the
respectives rules

L . ‘ D s
P ﬂf Jak _p i ()f P A - _(_)i { L (——.’I‘l']d.r".
(2:22) df (@ = 38 = T G i = Gt =
aa af . oo O g I = —-f—l' du,
A (D, = G0 = T s = Gt = gp
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where the fast expression originate from the fact that the contraction is
Bt space. thus with respect to the isometric; an iteration of the notion of
isoderivative leads to the second-order isoderivatives

{2.2)

FIGE) g L) L@ e P
—Clh ne J 5 IEAE ge . ‘ &
EPYS 1 ISDTTA T "1 o0, (no sums on k)

and simtarly for isoderivatives of higher order; the isolaplacian on E (2.4, R)
s given

(2.21} ..l = i},t.('}*' = ('A}is},-.l.('}_.‘ = fikakél_jdj_ ()‘ - fj/é-i‘k-f)k- _ 3)/3.’1""_

avdd results to be different than the corresponding expression on a Rieman-
nian space Rir, g, R} with metric giz) = § A = 3_1/"8;5'/25”('31-, evell
though the isoeuclidean metric 3(;1:~ . a,...} is more general than the Rie
mannfan metric ().

The following properties then follow,

(225)  0'/di) = 8}, 9iifdt; = 67, baifdi =T, b'(ba; =T,

Other properties can be derived by the interesed reader.
For completeness we mention the (indefinite) isointegration which is
the inverse of the isodifferential, e.g..

{2.20) fr?:?' = /’f'fd:r = [rl;r: ="y

namely, j = [ T. Definite isointegrals are formulated accordingly. Due to
itz simplicity we shall tacitly assume the isotopies of integration hereon.

The above basic notions are sufficient for our limited needs at this
time. The class of isodifferentiable i=ofunctions of order m will be indicated
.

An tportant property is that the isodifferentials and isoderivatives
preseeve the basic isounit [, Mathematically | this conditions is necessary
to prevent that a set of isofunctions F(#),4(#),.... on E(£.8, R) over the
isofield R(#1. 4+, X} with isonnit [ are mapped via isoderivatives into a set
of i=ofuuctions _f’{:?').f}'{.i"). ..., defined over a different field because of the
alteration of the fsounit. Physically, the cordition is also necessary because
the nnit is a pre-requisite for measurements. The Jack of conservation of the
utiit therefore Implies the lack of consistent phbysical applications.
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As an example, the following alternative definition of the isodifferential
(2.27) Qb = d(itiet) = (@ * e + T = WHda',

would imply the alteration of the isounit, - W # [, thus being mathe-
matically and physically unacceptable.

Nevertheless, when using isoderivatives of independent variables, say,
isoderivatives on coordinates and tine, the above rules does not apply and

we have
(2.28) DD f(E.5) = H0kFE D) = D1 0 (L))

Additional properties of the sodifferential caleulus will be identified during
the course of our analysis.

Note that the ordinary differcntial caleulus is I(u:;ll-diffent.ial on f7. The
isodifferential calculus is instead local-differential on I but, when projected
on [, it becomes integro-differential beeause it incorporates integral terms
in the isounit. The above isocalculus admits a natural exicusions to the
genodiffercntial and hiperdifferential calentus [13].

Note finally that the isodifferential calculus is a particular case of the
broader genodifferential calenlns in which the isounit is no longer symimet-
ric, in which case all products wust be ordered to the right or. separately.
to the left. In turn, the genodifferential caleulus is expected to be a par-
ticular case of the still broader hyperdifferential calentus in which . besides
the ordering of all multiplications. the individual right and left isounit and
isotopic element are multivalued [18].

2.5, Kadeisvili’s isocontinuity. The notion of isocontinuity o an
isospace was first studied by Kadeisvili [2] and resulted to be casity redneible
to that of cgu\-’en}ionai continuity for the isotopies of (lass 111 becanse the
isomodulus | /()] of a function F(E) on isospace F(3. 8. 07y over the oficld

fi(ﬂ,—{—. %) is given by the conventional modulus |j(r)| mltiplied by the a
well behaved isounit i .

(2.29) HGIENGIENE

Definition 2.4. ([2]) An infinite sequence Foofo.. .. is said to be

~stronglv isoconvergent” to f when

(2.30) Lim if—f1=0.
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ey NERLLH v x . Fo 1f1 »
while the “isocauchy condition™ can be expressed by

(2“) |fm_fn|<5—6 "(1;-.
where § is real and m and n are greater than a suitably chosen N(4).
— :(i::l:;(l):‘otg:iflzs[z(if other notions of continuity, limits, series, etc. can be
. Note that functions which are conventionally continuous are also is
f'()llllll!l(lilh. Similarly. a series which is strongly c;)m-'orgenl is‘halso ;txronl"ljw;
Ih()t'nl'l\'(’[‘g('lll. However. a series which is .st.ron.gh' isocon w-rg:eunlis not 1]%'("
essarify strongly convergent  ([16b]. p.271). As a result, a s'erie;; whicl i
mn\'v'nrimmH.\ divergemt can be turned into a convergent fOI‘I;! under a srjii;b
abh-.mnfup_\‘. ‘I'liis mathematically trivial property has rather imp()t:tan;
z‘apphrarlmn‘s. c.g.. for the reconstruction of conver;‘;vnt perturbative series
for .a'rrr‘:.ug interactions. which are conventionally divergent. | o
. hl!nil‘dl'l_v. the reader may be interested in. knowing that, given a func
tio which is not square-integrable in a given interval, tlmre1 alwa\.fs t;w' l:':_
an isotopy which turns the function into a square-integrable forn [1l()'.a] ;:)1 y
novelty is due to the fact that the underlying mechanisin is no{that I(.)f t}:(.
nse of q weight function, but that of alt.ﬂ;ing the underlying ﬁe!d.. :

28. T - i ' i
e srixglaé Soux:las isotopology. The notion of n—dimensional
somanifold was first studied by Tsagas and Sourlas [22]. The main lines can

l -/ . . 5 . . -
v ! d as [()“‘)‘.\ 5. '\ “ 150U lt S r 9 g
hto t]l( [(Jl 1]

(2.32) f=diag.(B1.Bs... By, Bel,. ) £0, k=1,2.....n

(Ann.s'ldvr t‘hen 1 isoreal isoficlds ﬁk('ﬁ.+, x) each characterized by isounit
[ = By with {ordered) Cartesian product -

(2.33) BN = Ry x Ry x ... x Ry.

?;'.IJ(I'("R;, _z R itis ?vidom that 18" ~ 1™, where B™ is the (‘artesian product
i »ovonventional fields Rin, 4, x). But the total unit of R™ is expression

(2.-;2). l Il( reror one cat il g < I) b I)
i £ 1 ( { a l() )(}h, 10} via sim ]E lBOtO V Oi
l ©ronve nil(J”!Ii t()])‘)l()g\ (HY !? .

(2.31) F={0.f". K},

;\'zht;l‘f; I represents the subset of R defined by
2.3% '

Rypes P =ctay, o a Vs < ity ; ;
{P={a;,a1..... Ay <@y g g <, By, W ax € RY
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As one can see, the above topology coincides everywhere with the
conventional topology 7 of R except at the iscunit [. In particular, 7
is evervwhere local-differential, excepl at [ which ~an incorporate integral
terms. The above structure is called the Tsagas Seurlas isotopology or an
integro-differential topology.

F

Definition 2.5. ({22]) A “topological jsospace”™ (™) of Class
is the isospace R* of the same class equipped with the isotopology T of
Eq.(2.31). An Yisocartesian isomanifold™ AM{RY) of Class I is the topological
isospace T{R"} of the same class equipped with a vector structure, an affine
structure and the mapping

(2.36) FiR R [ra— fla)=a Vae .

An isocuclidean isomanifold” M(E(#,6, f?)) occurs when the n—dimen-
sional isospace E is realized as the Cartesian product

(2.37) F(# 8, R) m Ryx Ry x ... X R,

and equipped with the isotopology 7 with isounit (2.31). The “isodual topo-
logical isospaces”, “isodual isocartesian isomanifolds™ and “isodual isoeu
clidean isomanifolds™ are the images of their corresponding structures under
isoduality.

For all additional aspects of isomanifolds and related topological prop-
erties we refer the interesed reader to Tsagas and Sourlas [22.23]. 1t should

he noted that their study is referred to M), aund that the structure
A (R") was introduced in [19].

2.7. Isotopies of functional analysis. The isotopies imply simple.
vet nontrivial generalizations of all conventional matiematicat structires,
with ne exception known to this author. This implies also a compatibl. I_'it?-
ing of functional analysis whose study was initiated by Kadeisvili i ref.[22)
under the name of functional isoanalysis. The latter diseipline begins with
the isotopies of continuity outlined in Sect. 2.5, and includes the isotopies of
conventional square-integrable, Banach and other gpaces: special functions
and transforms: ete. (see [16a] for brevity).

The reader should be alerted that the use of conventional functions,
such as the trigonometric or hyperbolic futictions, within the context of
isotopic spaces leads to a number of inconsistencies which ay remain -
detected by non-experts in the fields.
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3. Isoriemannian geometry

3.1. Background notions. In wemoir [13] of 1983 we presented,
apparently for the first time, the isotopies of the Rirmannian gecmetry or
isoriemannian geometry for short, which was constructed via the isotopies
of the product. In this section we present the isoricmaunian geometry con-
structed via the isotopies of the differential calculus and show thal the fatter
formulation is more conductive to a single, unified, abstract formulation of
the conventional and isotopic geometries, that is. of the exterior and interior
problems.

Our study is in local coordinates representing the fixed frame of the ob-
server, and all abstract, coordinate-free treatments are left to the interested
mathematician. For the conventional geometry we assume all topological
properties of Lovelock and Rund [3] of which we preserve the svmbols for
clarity in the comparison of the results. For the isotopic geometry we as-
sume Lhe topological properties by Tsagas and Soutlas [22] as outlined of
Def.2.6. Qur presentation is made, specifically, for the (341}-dimensional
space-time. with the understanding that the extension to arbitrary dirmen-
sions and signatures is elementary. In particular, for clarity we shall first
study the isoriemannian geometry of Class | for the characterization of mat-
ter an then study its isodual image {Class 11} for the characterization of
antimatter.

Let B = R(x,g.R) be a (3+1)-dimensional Riemannian space over
the reals R(n,+, x) [3] with : local coordinates @ = {+#} = {r,ad}, 2! =
cof, 1 = 1.2,3,4, where «g is the speed of light in vacuumy nowhere singular.
symmetric and real-valued metric g(x) = (gu) = g% and tangent Minkowski
space Al{r, . ) with metric » = diag.(1, 1, l,—1) over the reals R. Let
the interval be writlen in the familiar expression 2’ = atg )’ € R
with infinitesimal line element ds® = de*g,,{r)de? and related formalism
(covariant detivative, Christoffel’s symbols, etc.[3]).

Let R = '.f?(.f',g}, R) be the isoriemannian space of Definition 2.2 with
local coordinates & = {&"} = {+*} and isemectric jlr,v,ep.7,..) =
Tle. voa, .7, )g(e), where T = ("I.:‘H") is a nonwhere singular, real val-
ned and symmetric matrix of Class [T with C elements, The isospace R is
defined over the isoreals @ = R{(#, +, X) with comwmon isounit [ = (") =
T-1. We then have the isoline element

(3.1) # = [, (@, b aoT. . )] x T € R

with infinitesimal version dé? = (di g, «d3") x [ € R.
The isonormal coordinates ij occur when the isometric § is reduced, not
to the Minkowski metric i, but rather to its isotopic image. i.c., g np=1n
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and. as such. they are the conventional normal coordinates (principle of

moequivalence [16b]). In different terms, the correct tangent space is ot
the conventional space M (... B}, but the isominkoewskian space M{F, iy It)
characterized by the same isounit and isotopic element of R{F, 8. 7Y, that
is. with the isominkowskian moetric fj = Ty, where T is the same as in
the isoriemanuian metric ¢ = Tg. Under these conditions, the isonormal
coordinates reduce the g—component in § = Ty to the y—component of
i) = Ty and this illustrates that isonormal coordinates coincide with the
conventional normal coordinates.

To have an idea of the possible applications, we mention that ihe
sonnits of Class 1 can alwavs be diagonalized. thus expressed in the form

£l -} —'.2) "

rey ¢ - . —# 4 I
(3.2) T = dino.lny " 02" "oy Ty a0 =120

As siich. the above isounits permit the achievement of the central geoinetric
objectiv of Sect | : the geometrization of a locally var ing speed of light
¢ = co/ny within physical media, which ocenrs via the fourth component of

the isoline clement

i3.4) Flgudt =telF poroia (x)l . e= cofnale p. 7o)
where ggy is the ordinary metric clement and ny is the fawiliar index of
refraction. )

The general isotopic rule § = Tg then permits the lifting into i
rior conditions of any given exterior metric, such as Scim arzechild’s metric
f20]. Note that the latter metric can only represent the constant spewil g
and this illustrates the effectiveness of the isotopies for the geometric =Ly
of interior problems. The universality of the isotopies has been indicatod
in Sect.2.3. The preservation of Einstein’s axioms oceurs as follows., The
representation of locally varying specds of light technicaily oecurs via the
isolight cone [16a.b] d&* = rj.i:“;}“,,:?;?-" = 0 which is the image in faoiipace
of the deformation of the light cone in the tangent Minkowski space caused
by variable speeds. 1t has been proved that the isolight cote 15 2 poitent
cone in isospace anaG, nioreover, that the eharacteristic angles of the couven-
tional and isolight cones coincides {sce rel. [16h], Cl.s. {or det ails). fn wher
words. the isotopics reconstruct the speed of light in vaciunt as the masiinai
causal speed in isospaces over isoficlds, thus preserviny all Finsteinian «x
ioms in their entirety. The latter vesult 1s not a meie mathematical carosry
because it is imporiant for specific applications, sucle ww the varrect calen
Lations of gravitational horizons. In fact, the region ouiside these horizons
is not empty, but fided up instead by very large and dense chromospheies,
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It is well known that within these chromospheres the speed of light is lo
cally varving with the density j, temperature 7, etc,, thus preventing the
exact validity of the conventional light cone. The use of the isolight cone
then permits more realistic studies of gravitational horizons because, while
in isospace the maximal speed is co, the speed of light in its projection in
the conventional space titme is the actnal speed ¢ = «o/n(r. g 7. ..

Note that the exterior geometrization in vacuum with constant speed
of light ¢y s a particular case of the isoriemannian geometry occuring for
i = i. Thus iliustrates the covering character of the isoriemanuian geometry
over the conventional form.,

3.2. Isocovariant isodifferential and isoderivatives. In the first
forerulation of the isoriemannian geometry [13]. differentials of contravariant
isovector fiekds X7 on R were defined by dX = ((').-‘E'})?d.f‘ = (('),,,{']f',,“d.’i“’ #
dX = (0, X yde? O, = dfidet. The isodifferential caleulus allows us Lo
introduce the following alternative definition

(3.1 fli e (f‘)y-i"f)(!"f'“ = Tup((')p.i- -5)‘}110([.?7 =

= (0, 8 dat = (09 X2, edi,
where the last expression s introduced to recall that the contractions are
in isospace and not in conventional space. The preceding expre=sion then
shows that modifferentials of isovector fields coincide at the abstract level
with conventional differential of vector fields for all Class [ isotopies.
The isocovariant differential can be defined by

(3.5) DXP =dXx7 41,7, Xvdi",
with coriesponding isocovariant derivative

(3.6) X

= O X7+ 1,7

where the isachristoffel’s syinbols ave given by

—
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— Dgfos) = Lesa

- ~dpis vl Ay - —17.7¢
b, 5 =g = l TR | Fo= [{g},,,) ]] 4

One sitontd note the abstract identity of the conventional and Class Lisolopic
contcetions. The extension to covariant isovector fields and covariant or
contravariant isotensor ficlds is consequential (see [23]).

[lie jsotopy of the proof of [3]. pp. 80 l.yiclds to the following:
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Lemma 1. (Isoricci Lemma): Under the assumed conditions, the
isocovariant derivatives of all isometrics on isoricinanniai spaces are ielenti-
cally null,

(3.8) : '(}H."-'|‘- =0. a,y=12134

The novelty of the isorieinannian geometry is then illustrated by the
fact that the Ricci property persists under an arbitrary dependence of the
metric.

Despite the similarities with the conventional case, the lack of equiv-
alence of the Riemannian and isoricmannian geometries can be lustred via
the isotorsion [13]

l?ig) 'f'u j‘j‘ == f‘oﬁ? - i:"‘rdn:

which is identically null for the isoriemannian geometry here considerad, but
its projection in the space ¥ is not necessarily mll. Interior gravitational
models treaded with the isoriemannian geometry arc therefore theories with
null isotorsion but generally non null torsion. This property i needed [or
a realistic treatment of interior problems to avoid excessive approximation
such as the tacit assumption of the existence of the “perpetual mation™
within a physical medium which is implied by intenor theories with null
torsion.

The occurrence also illustrates the property, verified at subsequent
Jevels later on, that departures from conventional geomet ric properties must
be studied in the projection of isoriemannian spaces in the original spaces
because, when treated in their respective spaces, the two geomet ries coincide.
Stated in different terms, wheu using the conventional geomieiry, exterion
gravitation can ouly be studied in the spaces . On the conivary. when
using the isoriemannian geometry, interior gravitation can be studied in two
different spaces. the isoriemannian spaces R and their projection into .

Another way of identilying the differcnces between the Ricurannian
and isoriemannian geometries is by considering the following isogeodesic
equations

‘ Digs (fv;g s . A di”
3.10 LA N I T B 0,
(3.10) Ds  ds il dé ds

where © = cfi'/rfﬁ — I, x dr/ds, & is the proper isotime and I, the re-
jated (one-dimensional) isounit. The preceeding equations must then be
compared with the conventional equations
Drg duy e )a'.-r:" dx?

fUs (e Sl
Ds ds S ds ds

{3.11)
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It is evident that the latter equations are wmost quadatric in the veloc-
ities while the isotopic cquations are arbitrarily nonlinear in the velocities,
as it occurs already in a flat space.  Also, the later equalions are local-
diffevential and variationally selfadjoint while the former admit nonlocal
integral terms aned are variationally nonselfadjoint in R although selfadjoint
in R [19].

We now introduce: the isocurvatire tensor

- TR T It LRL a3 1 3 ~ 31 I B

(i I 2) H‘ -8 d.si .»J ~ ()'yl o & + I p'r 51 r.rp'- —1 pﬁ"vi -rpﬁ;

the isoricel tensor R, = R‘,-’a,,,;; the isocurvature isoscalar R = §%° Ry
the fsocinstein tensor (. = R — %Q,,,,H: and the isotopic isoscalar

(3.13) 6 = 505" (sl = Tpopl275) = Tonaly %6 (%677 - PGy,

ihe latter one being new for the isoriemannian geometry {see below).

3.3. The “five” basic identities of the isoriemannian geome-
try. Tedious but simple calculations then yields the following basic identies
of the isoriemannian geometry:

Identity 1. Antisvmmetry of the last two indices of the isocurvature
tensor

(3.14) . ff:-“ﬁ& = '_Rnlj:'r-v:-

Identity 2. Svmmnetry of the first two indices of the isocurvature
tensor
'”Ll.)) Hu-h& = l}_-ia'vé;

Identity 3.
socurvature tensor

Vanishing of the totally antisymmetric part of the

(3.16) Raos + s + BsPay = 0;
Ydentity 4. Isobiancli identity

[.3"?) {?r)ﬁ’yﬁ T 1 R-ml?_l.l-,.fﬁ -+ f?y 35,01‘1 = 0;
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Identity 5. Isofreud identity

[o—

- IR
(3.1%) R¥3— =8" 1R — -

2 80,0 =0 49,77,

where © is the isotopic isoscalar aud

L B
1= — 5= I
Zi)al“j‘t T
Cren l ".5 "lA" L)
ey = <[0T, s — 80125 +
|3.lg) _l_(d'p‘jgn'\ o 5‘,’15””")[.-."! 1 .(-;-_n', i ",.' —‘(}.,"’IA‘[_:"F._],

A curiosity is that the conventional Riemannian geometry is generally
thought to possess only four identities. In fact. the fifth identity, siven in the
above list by the Freud identity. is generally unknown in the contemporary
technical fiterature in the field.

‘The latter identity was introduced by Freud [1] in 1939, treated in de-
tail by Pauli {6] and then generally forgotten for a half a century. apparently,
because of a conflict between the lack of source of Einstein’s fiekl equations
in vacuum. R %(‘5 'y = 0. and the evident need of a source i vacuum
for the Freud identity R — E(\"' I 56 "0 = (:l',_f‘f"(‘)P""”"’_; {there written
in a conventional space. see [16b] for details).

Following a suggestion by the anthor. Rund [8] studied again the iden-
titv and proved that the Freud identity is a bona fide identity for all Rie-
mannian spaces irrespective of dimension and signature, thus confirtming
the general need of a sourse also in vacuum (see below). ke this note we
have presented the isotopies of the Freud identity, that is. its formnlation in
isoricmannian spaces, as characterized by the isodifferential caleulus,

Note that all conventional and isotopic identities coincide at the ab-
stract level. This confirms that the conventional and isotopic geometries
(exterior and interior problems) can be treated at the abstract. realization
free level via one single set of axioms. as desived (Sectul), in both the exterior
and interior formulations are realizations of the same axioms.

3.4. Interior isogravitation of matter and antimatter. The
isotopy of the proof of the Theorem in [3]. p.321. leads to the following

property first identified in 1988 [13] (see also [16]} and which is here recovered
via the isodifferential calenlus.
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Thec')rem 1. (Fundamental Theorem for Interior Cravitation of
Matter): Under the assumed vegularitn: and cottinuity conditions, the most
general possible isolagrange equations F°8 = 0 of Class 1 alone an actual
]J‘E!fh l.’(. oti a (341 dimensional isoriemannian space for the e‘i:a-"arfr(‘rim
tion ol the interior gravitational problem of matter satisfvine fhlo proper-
ties: A1 Svammetry condition, 1727 = 7 2) Contracted is(-ﬂ)i;aon('hi identity.

U= Unand 30 The dsofread identity are given by

o

A1 R = g = S g0) 1 e - D — .

R T goayhi .

;“.rr rer - s det g1 20 0 and 8 are coustamis: and 1% is a sonrce tensor
O | . —_ 7 VIR B - 3 7 ' i M -
O Cand A =0 the inlerior isogravitation ficld equations can be written

(32] ) I}n.‘l . l(-iu.i l F”:._}(.) . fruﬁ =il i 3 3

. — 4P = _pnd e (ar
5 2_/ T —7 R N ST

0! P fad e r eyt
where £ isca source teasor and 77 s i stress -energy tensor

Note the appearance in Fgs. {3.21) of t{e isotopic isoscalar © in the
!.i 5 .fm-! of source terms in the rhas, both originating from the isofreud
entity, Additional studies not reported here for br(:\-'i?v (see [lﬁbjl (“h 0.'
kave shown that the tensor 7 is nowhere null, of first ()-r'fier 11{ }11a n|f
tadke aud given by the electromagnetic tensor t:r';lginatir;g the mass of%he
vlv:a.u'u‘:._r‘\ particles constituting the body considered. 'F]Iel'(l’f‘()l‘(‘“l‘h(;‘ iso-
fopies perit the “identification™ of the gravitational and :=1'c—c:im}nagn(-"ti{'
I{vM in .i.’u' : terior problem by eliminating the need of their “unification”
thn the interior problem there are additional contributions from 'ho-rl e
interactions). | ’ o

\I.uu.. J.Iw isotopic formulation of the interior problen: permit a theory
ol .rhv “origin™ of the gravitational field. rather than jts “description”, it
which il rass terms ave replaced by the fields which ori.ginatéi rhpp sa 1 “t];
the I):.trlic-i_r tevel, "T'his establishes the need of a source a.IS(; for th;]]i‘l?e?d
"(J!.:lélll\"hl:}i_]ll vacuum. exactly as requested by the exterior Freud identit
/i - 500l —~ %r) i = B4 V07 = 7% _ ol which theref(;r);
Cmerpes the exterior limit of interior equations (3.21). .
. Pauivatently it has been proved that the equations B, — 1§% (B = 0
e i cnn])atillriv with the primary. well established., e'I(-rt.rm;i.agr;leIi(iiori_in
ol the mass of eletentary particles. and are afflicted by other )rnll)lemagt'
n~pw-is.lsr|rh as: lack of weight in the tangent Minkowsk] space: :)roblematfc
Aspects i the relativistic litit of conservation laws: lack of l;niqm‘nesq ilrc:

b
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the PPN approximation with consequential serious ambiguities in the inter-
pretation of experimental data; and others. These problematic aspects are
apparently resolved by the above isotopic theory on the “origin” of the grav-
itational field based on the Freud identity and its exterior lignit in vacuum
[16b].

~ We should finally note that the isotopic scalar is written in the Llis.,
rather than in the r.hs. of the ficld equations because of geometric problems
with Einstein’s tensor Gy = Ry — 267 qlt (lack of preservation of the
Ricci Lemma under isotopies), which are resolved by the tensor Gigia=
Re;— 3693 - 18,40 (sce [16a], Ch.5 for details).

Theorem 1 applies. specifically and solely. for the characterization of
matter. The corresponding representation of antimatter cau be obtained
via the antiautomorphic map called isoduality™ 1 > 0 = [t = —1 < 0 of
the entire formalism. including ihe basic unit, numbers, spaces etc. This
results in the isodual isoriemannian geomelry. that of Class I, which is
characterized by isodual isoreal isoficlds Rt +,37). isodual isorietannian
spaces ‘f?‘i(.i"",_r}d,f?"]. isodual curvature tensor. isodual curvature sealar,
isodual isotopic scalar O etc.. whose study is omitted for brevity {sce [16b)
for all details).

The above isodual formulations essentially implies that all quantities
change sign under isoduality, including the encrgy niomentuut fensor, cur-
vature etc., although these negative quantitics are now referred to a negative
unit. In this way, the eravitational treatment of antimatter is brought in
line with the particle treatment. that is, the characterization of antiparticle
as historically discovered, that via negative cnergy, which now holds at all
levels of study.

it should be noted that just the change of the sign of the charge is
basically insufficient for a classical represcutation of antimatter in a math-
ematically and physically consistent way. In fact, the representation of an
timatter requires an antiautomorphic map of the corresponding representa
tion of matter beginning with classical formulations. This is established by
charge conjugation which is precisely antiautomorphic. afthough only rep-
resentable in Hilbert spaces. Isoduality is the only antiautomorphic map
known to this author which first applies at the classical level and persists at
the operator level where it becomes equivalent to change conjugation (sce
[16b] for details).

A first main result is that antimatter autimatter have a gravitational
«attraction” equivalent to that of matter mrat fer systems becanse a negative
curvature referred to a negative unit !" is fully equivalent to a positive

curvature referred to the positive unit 1.
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However i i
- nt:;.!i‘ the isodual theory predicts that matter antimatter and an
E er svstems experience a gravitati ' i -
; : 3 avitational “repulsion” i
attermatier sy Xper g pulsion”, because in
§ 1e projection of one system in the ¢ ing i
o e the _ system in the corresponding iso-
space, resulting in negative curve
' : ature referred to a positiv i
vice versa, which represents r i o and propesed
_ sents repulsion {see [16b] for details
experimental verifications). B ctadls and proposed
3.5. i i
i h Iis?o‘parf.tllel displacement and isogeodesics. An isovector
o l. " on R is said to be transported by isoparallel displacement from a
2 . . 1 § 0 e 3
point Mm(#) on a curve ' on R to a neighboring point m’(Z 4 d¥) on Cif

(3.22) DXP=dx?4+7T,%,X°dz" = 0.

or in integrated form

(3.2:) XPat) — X3(m) [ N
a Di ods
where one should note the isotopi
sotopic character of the integration. The is
one ghoy _ . The /
of the conventional case [3] theu yield the following: ; ooy

Lemma 2 'vressary ¢ suffict it
. Necessary and sufficient conditions for the existence of au

isoparalle 3 : A

’ a; allel ;rdn.spor! along a carve C' on a (3+1} dimensional isoriemannian
E (k() 3 N . - .. . -
D tre that all the following conditions are identically verified along C

-~

Ir. : i3 A’t.l Y
(3.21) R.,),sX% =0,  3,9,6=1,2.3,4.

'\' P v e = 1

ara”.qotlfi. again, the abstract identity of the conventional and isotopic
i[;)parta“(;irmport. 1J['{n:)wlever, it is easy L0 see that the projection of the

g | transport i the conventional space R i i
. space R is structurally diff ]
the conventional par: ¢ : Y e

parallel transport, In particular, if the | i
. LB pe ar, if the latter is represented
3 . would note a twistin i ing i
. aw, sting action as occurring in the realit

. ’ 3 . - - Of
motlo::\v\ |1hm' nhysical media, which is evidently abscnt in the exterior che
Along similar lines, we say that a smooth path &, on R with isotan—'

gl ut 1 y — lld O/ds 15 an ! i 5 S0
Sogf'()d ¢ W ill n ” 15 S

(3.25) Diy dioys - di®di
T - = = + I o i TR T = 0
135 ds d5 ds

it is casy to prove the following:
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Lemma 3. The irogeodesics of an isoriemannian space R are the
curves verifying the isovariational principle

(3.26) 5/[(}.1(1 o T .)ri.i"'ri.f- ]I =],

where again isointegration is inderstood.

Finally. we point out the property which is inherent in the notion of
isotopies as realized in this paper according to which geode~ic trajectories
in ordinary space coincide with the corresponding isogeodesic trajectories
in isospace. For instance. il a circle is originally a geodesic. its lmage un
der isotopy in isospace rewains the perfect circle, the isocircle [16b], even
though its projection in orizinal is an ellipse. This is due to the fact the
semiaxes of the circle 1, = +L & = 1.y, are deformed under isotopies into
expressions 1 = +1 = 1y =2 characterizing an ellipse in conventional space.
But jointly the corresponding units along the » and y are deformed by the
inverse amounts, 1 — ny*. thus preserving the perfect circle in isospace.
The same preservation in isopace occurs for all other curves.

The differences between a geodesic and an isogeodesic therelore emerge
only when projecting the latter in the space of the former.

An empirical but conceptually offective rule is that interior physical
media “disappear” under their isoriemannian geometrization, in the sense
that actual trajectories under resistive forces due to physical media (which
are not geodesics of a Ricmanuian space) are turned into isogeodesics In
isospace with the shape of the geodesics in the absence of resistive forces.

In summary, a basic question raised in this paper is: why use in interior
problems the Riemannian geometry with metric g(x) when the same axioms
permit metrics §(,0.a....) with an unrestricted functional dependence in
the velocities and other variables? Equivalently. we can ask the question:
why use the simplest possible realization of the Riemannian axioms when
a structurally more general realization exists for a more adequate represen-
tation of interior problems? Still equivalently, another question raised in
this paper is: why use geometries implying the sole constancy of the speed
of light when the geometrization of the locally varying speed of light as
occurring in the physical reality is available?
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FIELD CONES AND PGSITIVE OPERATORS
ON REGULAR VECTOR BUNDLES

BY

DAN L. PAPUC

Introduction. This is a survey paper concerning the results obtained
in the research {made between 1985 1995) of a structure formed by a regular
vector bundle (F,p, M) endowed with a field I of cones. This structure
is denoted by [(E, p, M); K]. The topics considered are:

the gcometry of an arbitrary structure [(E,p, M); K] (the geometry
of a locale fibre £, | the global geometry of (F,p, M}, the geometry of the
set of global sections of (I, p, M) ).

the geometry of the set of operators from a structure [(E., p, M); K]
to a structure [(E', p’, M); R3] (the set of positive operators and structure
(82/Q: K) ; ordering, norms and distances for this last structure),

the geometry of natural lifted structure of a teusor bundle associ-
aled to a structure [(E,p, M): K],

some applications of these results.

A regular bundle is @ vector bundle (E,p, M) for which E and M

are real lopological paracompact connected without boundary manifolds and
dimM = w.diml =n+m.

A feld of contes i= a0 map I

1

K:ireMaK@)ck,CE. (I, =p ).

for awhich are satisficd the following tiro arioms:

Ao N(r) C E,o (Yo € MY is a eonver pointed closed with interior
potnis cone (in the topological pector spuce 1),
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