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THE KLEIN IMAGES OF A CLASS OF LINE COMPLEXES
FOR WHICIH TWO FAMILIES OF PRINCIPAL SURFACES
CONSIST OF CYLINDERS

BY
M.A. SOLIMAN

Introduction. We consider a 3-dimensional efliptic space Sy referred
toa moving frame as an orthonormal polar-tetrahedron T(Ag. A7 As. As) of
four lnearly independent analytic points A b = 0.1.2.3. An infinitesimal
displacement of such a frame is determined by the matrix egnation:

{i) 4 =wA,

where A = (Ao, Ay Ay Ag) is columm mateix and w = (L), (kj =
U, 1203) s skew-svinmetrie sguare matrix of rank four, which is called
Uartan’s matrix corresponding Lo the elliptic space S5 (3], The clements oy
are the tvariant one forins (Pfafi™s dilferential forms) of the elliptic group
af translormation, whose structurai equations have the form:

i I),.;',-’ =" A ;;;’, - ;u,;, A <, {ev i) =001.2,3).

where L dewotes the exterior differcntial operator and A denotes the exterior
pioeduet between the differential forms.

The Klel mapping 8:(r(1.3) — 5! C S5, 15 from the =et of lines
L3 (Grassinann manifold) of the space Sy onto the points of the four
Hensional Kiein by perquadeie pt (K -guadric} as the absolutum of the five-
Hinensional etliptic space Ss. HCis well-known that the Grassmann manifold
Cortto 3 has dimenston fowr []. The mapping A which niaps the ser of all

ce ot ) Bijeetively onto the paints of the N-qguadrie p! ¢ 55 (the Klein
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space) is called the Klein map. In virtue of this definition the line A5 -

corresponds a point { = [A;. 4;] which is called the Klein point. (N-point}
belongs to p' C S5. where [1;. 4] denotes the Grassmiann prociuct of the
two points A, ;. In this case £ is determined by six-tuples (g, 0ig)
such that € satisfies the Plucker condition Q. () = . (4 + (265 -+ fifg = 0.
From this definition, it follows that the line manifolds immersed in 55 can
be studicd as point submauifolds on p! < 55 [1].

in order to study the geotnetrical properties of the K-images of tine
manifolds immersed in Sy on the K-guadric p'. it is necessary to con-
struct the moving frame attached to any point on ptC oS5 [5]. We dake
the rectangle hexahedron formed by the six edges ol the framme of the frame
T{Ag. A1, Aa. Az) as a moving frame conjugate to any K -point on pt. We de-
note this frame by (%, . Py Py CPa. Pyy where the K-points PP i =
1.2.3 satisfy the following conditions:

QP PYy=46,. <P.Pj>=0. j=123
< P P_, >= 5,“,‘. < Iy, -)J’ >
and
£1 = [.‘(}, .‘l]]: f_’_) & [.‘h]. .4*_:], ﬁ; = .‘i(), _‘13].
Pt = [.4._:_. .‘1;;], P-_: = [,‘l;g. .4]]. f)'; = [l] . .“2}.
Sucla frame is called a normalized polar hexahedron and is denoted
by H(F. P, = 123 The infinitesimal displacements of the frame
H(F;, P;) are given by

R I B S S I A A B R
dP -u—wl: (3 I -—w{; ([’ wy P
(3) L I e e A e A N
' ap, 0wy - 0 wi w5
{]1)'_1 "‘JJ(; D () “Lt)i] “ .J:j ’)_P

L f]ﬁ{ i L LQ(_; —'u‘a'(i) 0 (-“-":]; _""‘_!5 0 J L f"" -

1. Line complexes immersed in the space S;. We take the
generator { of the Grassmann panifold ¢r{1.3) a= Lhe edge Ay i of the
frame T{ 4. Ay, Ao, 43). The invariance conditions of the line £/ = A4,
under the transformation group of Sy are ! =0, 7 = 0.3.v = L. 2. [he
line complex defined as a 3-dimensional submanifold of (/r{1.3) s denoted
by Cir(1.3:3) be., any line of Gir(1.3:3) depends onby npon three principal
forms say wi.wl,wi. The differential equations which characterize this line
complex related to a canonical moving frame (the planes Agas 4. dg.454
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are coincident with the planes which correspond to the points Ay, 1y in the
notmal carvelation respectively) are given Iy '

dh a3
4 - == o . | - =
T -..'f g = f
R 3 i
Jr\w.-]—‘.ul } ¥ J'_' W‘_

Gt ere Kodetermine the enrvatare of the fine complex and a4, 5 . pog. ¢ are
wsariants in the firet and secomd order contact elmments of the ray ¢ of 1he
ine comples respectively (6], ‘

.\Y‘m\'. we consider the ne commples (1 for which two fsilies of princt-
st sirfaces consist of < vlinders. This complex has been studied in [71. and
Duracterized by the following svstem ol Plafl™s cquations o

wi Koo e]r
. AR I A VO B et 2
Wi - Keil 710 ¢ o N AR
Ko — 0 5 g¢| L™

wiere n = =10, g=r

. .=_\Im.wcl SoAL i [T] stiedied the existence of this complex. He proved
the Tollowing, theorem

A .Theorelm 1. Flhie complex of lines in Sy, whose twe families of
principal surfaces coincide with two families of cyvlinders in the sense of
-,- . . ) o . oo . . . - . - - : -
Clifford oxists within three arbitrary functions of one varialie.

Fhe following theorems study the geometrical properties of the com-
plessunder disenssion,

. . L . )
Theorem 2. Oue of the principal surfaces, which corresponds the
By O L L =P . . N ¥
characteristic value § = —AL is the coordinate surface ol = (. o5 = § and
the others coiuer g Tie surl: ’ -
others cofncids with the surfaces

wi = 0wy —wl =0

. : B
wy =0 Wy +wy =

liht.‘}drem' Ao A the ray Ag Ay deseribes o congruence of lines wi +
0 the A A e ) . : . 2

- Iy {“!..h{:_\ Aa Ay describes a congruence with imaginary focal
fuints harmonic devise the vertices Ay, 4y,

A
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Theorem 4. If the ray AgAdz describes a congruence of lines w —
wi = 0 then the ray ApA, describes a congruence with real focal points
harmonic devise the vertices Ag. Ay

In what follows we state the following theorem which study the geo-
metrical construction.

Theorem 5. Take one parametric family of surfaces with null Gaus-
sian curvature cut orthogonally rays of normal congruence. For every surface
of the familv construct its polar conjugate surface. Take these two surfaces
as focal surfaces of some congruence, one parametric family of these congru
ences construct the complex characterized by a = 3 =0, q=r.

We refer to [7] for the proofs and more detailed discussion on the
previous theorems.

2. The h-images of line complexes on the absolutum of the
K -space S53. It is well known that the K-image of a line complex is a 3
dimensional point manifold (3-dimensional surface} on the absolutum of the
[ -space S5 [4]. We denote the I -image of the line complex (5) by a3(F)
which described by the vertex P of the frame (P, P;) of 5; where

P, =[dods] APy =wiP Wil 4w P - wPe
But wl = Wwi. Then
(6) APy = Wi (P + KPOwi Py — wp Py

The second-oscutating K -space denoted by ’l'}";a(a_g) of the 3-dimensi-
onal I-manifold aj is obtained from

APy = WidP,+KdP +dK D)+ (D Py + K+
fwidPy + (Dw3) Py — whd Py — (1)
= WwdP - wi Ps + wiPy + w3 Py) + K{ir + o P+
+od Py — wiPa) + () 1)+ (P + K PO DG)+
tud(— Py 4 w2 Py — WPy w0 Py) + (D) Pr -
—w (—wi Py twdPy - WPy - wH ) — (D) Ps
= (P(Wg)z —*'12"'-":3 +w(l,w3)!’1 + (““V';“f(; f v"t‘)'-*]', P+
Flwiad + Ruiud + DY Py + ((wiwh 4 Nedug—
= D) Py 4 (—(w§)* + Kufw? = (wi) = (wa)* ) Pa+

Pl — KR + b =) Ts £ (Df)(Pr 4 K1Y
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Then
) d2 Py = (p(wd)? - wiwd + wdwd + Kwiwd — Kwlwi) P+

2

H{(=2K (W3)? + 203wd) Py mod Py, Py, Py, Py + K Py)

From (7) it follows that the normal space Np,{3) contains the I'-points

1, Ps. Therefore, the first and the 91 fyndamental forms of a; denoted
by 1 and I1;. [1y: ‘

(8) I =<dPs,dPy >, Il =<d®Py, P>, II,=<d’P;,P3 >
are as follows:

I =< dP3,dPy >= (w})? + (1 + K?)(w}d)® + (w3)~
I = ple)? + qlwp)® + 2qwgwi + a(wi)’.
I = =2 (W) + 2wlus.

"I‘llf['4]( - an curvature Ky and the mean curvature vector {5 are defined
Oy

(9) Det o

{1\—3 -~ 1 4 Det 1 4Det i1
Hy = (trace [1) Py 4 (trace 113)P3

Thus we have the following results:

(10) { Gaussian eurvature Ky = [p(g* — 3%} + (L + K)?)/(1 + RA?),
vector mean curvature Hq = (p + 2¢) Py + (=21 )Pa.

Thus we have proved the following theorem:

- o .

. Theorem 6. T'he Klein image of the line complex (5) is a 3-
d_nnensmna[ surface immersed in PY C Ss which is determined by its Gaus-
sian curvature and mean curvature vector given by (10).

We now study the geometrical properties of the line complex (5) on
the quadric.

3. ’I:lfe geometrical properties of the line complex (5) on the
t:!uadrlc. The equation «w§ = wi = 0 determines a line congruence. For this
line congruence we have
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(11 APy = wi (P + K + (wa (12 = P2).

We note that the A-point Py describes a 2-dinensional surface on It whose
2dimensional tangent KW-space Tp{n,) has the tangential coordinates

[[:)3-. 73] '*' I’l‘lplr ‘D.’. - F-’] \'VQ h?l ve

APy, P+ kP, Py =Py =

= [dPy. Py + kP, Py = Dol + [P d(Py + kP, Py - )+

[Py 4+ kP d(Py = Py) ]f_ [ (P + k1) +wh (P = P,

PrA ki, Py =Pl [P (Wl B Wt wi Py 4+ Wi P+

O N L ) + () P P = Pl

+[P% P +L'PI'(_‘~’”1 +~*—"_> Py = JST)I +“"'(§T)'i] (= wn"l +-'01
_AT + WA = (0 (i Ko P+ (e} + Kag) Pt

H(wih + R Py + (w? - Wuwi) Py 4 ipwg) P Py~ Pl

[P Py + N (] = &)+ (wf - wi)t

Fwy — wd )P+ (wh — <3P

2 — wi

But w} = —u{

Then

AP, Py + kiy. 1 Py =
= [Py <N w‘)(i’—i ) -
AR GEPy A+ () P Py = Pl
FPyowh + K P20 (P = P+
120 (Py = P31 £ 0

e+ K =

This meaus that [, I 1Y S A 2] is not stable.

I he second-osculating A-space If,,s{u_.) of the

!

Sodinensional - quzfa(e ,
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ay is obtained from

AP 4 (D3P A+ K PO+

¢ Py = -%dFi + Kdly +
Sy = dFa) + (D) (12— Pa) =
= Al i = w3 P+ WPy +fw ) + KW Py oy Pt
fat Py = wd P) 4 () Pi] + (Dwd ) 9P+ KP4
+4hﬁﬂl+ddu—%ﬂ.+m1}—
— (=g Py b wp P =y Py “%“W-J;P )]'* U’)wu)( y =Py =
= (pled)? — e +wgwn) i+ (megig + whwiw P + (wiwh +
+K4@hP—2+W$£+K%wJL+((é)+kwd+
Foigey (wm o it = Rig)? A ed)? = wiwd) Pat
+{ D) (P 4+ W)+ (Dwg){ 12 Py)
Then

1y = (plwd) — (T + R Ywgwi + (1 + N o) I+
{12) +{~2N (U[}) (W(]J )’l s
(mod P> — 3.y + KNPy Py T

! r”“;.,_;”‘!>_')[¢;A}:+(I+h"‘))(“;g)‘).

[

i1 CdF PP = plag )t
= plasd) 4 (- NG )

[

= plwg )’ 4 2(g + 3w

(b Bl {1+ R -
PO ) (@) =

Pl =< d? Py Py >= =21 (3)° 4 2()".
- { atssian curvature Ko = [plg+41 4+ (1 - INHTIRE )
l - by oy
j Leckar mean curvatare £, = [p+ 20g + 51100+ 1200 = K] Ps.

Thus w have the following thearem:
— eyl S 5 > .
T worem 7. The Kloin image of the line congruence wy—wy =0 s
w 2= di onsional surface which i= determined by its Gaussian curvature and
vector ean curvatare given by (11
e equation w = 0, w = 0 determines a principal surface. 1t is
well ko wo that the A-image of a ruted surface is a curve on the absolutum

of the  “-space 55,
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For this surface we have

4Py = WP +wiPy+ 3Py~ wlPy =

1
(14) - 2 T 3 -
= (AKwi)P + wgP1 = wi (P + K FPy).

Note that dP; depends only on one principal form, then P describe a curve
on the absolute.

APy, Py +KP]=[dP,P1+KP]+([Pd(P+ KP) =
=[w3(Pi + KP), P+ KP) + [P, dP, + KdPy +dK ] =
= [Ps, (w3 P2 — Wil + wf"ﬁg + w?ﬁ3]+
LR (WP + Wi Py + W) Py — wiPa) + (pog) Pi]

Then

APy, P+ K= [P ()Pt + (f + Kb Py + (—} + Kud) Pot
+(wr|3 + I\'wg)ﬁg + (LAJ? —_ I\’u}é )ﬁr;] =
= pi [Py, P+ (o8 + Kwi) (B3, P2]+
+(~wi + K} ) [P, Ba) + (w§ + I\'wg)[]’3,—ﬁg]+
Flof - KPP

Butwh =0, wi=0—wi=uwj=0 _

Then d[Pg, P1 + I\'PI] = pwg[P3, Pl] - 21’;&)3[133, P3] 2;'é 0

Then the curve which describe the Klein image of the ruled surface wh =
0, w_% — 0 on the absolutum of Sy is not a straight line. The tangent plane
[Ps, P1 + kPy] for the ruled surface wh = 0, wj = 0 is not constant. Then
this ruled surface is not a plane line bundle. This means that its Klein image
is not a generator of the absolutum £ C K.

&P = W(dP) + KdP, +dK P+ (Dwd)(Py+ KNP =
= wi{(WiPr ~ Wi Py + i Py +wiPa)+
FK (WP 4+ w3 Py + WPy — wi Pa)+
+(pad) P + (D) (Py + WP = (plws)?) Pt
+(wiwg + Kegui) Py + (wiwi 4 KNuwjwd)Pa+
+H(=(w3)? + Kwdwd) Py + (wiw] — K (w3)) Pa+
+ (DAY PLE )
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But wi =0, wi =0, w =hkwi

Then
(15} 2Py = (plwiVVP 4+ (2R (W3 Ps mod (P, Py + KPy)
he geadesic curvature of the curve {w) = Koy, «f = 0. wf = 0) is

denoted by Wy where

Wo= [P dPy.d*Py (Py+ KP).P;3] =
= [15,wd (P + K Py). (p(wd)) P+
+(=2K{wEY )Py, (P) + K P), P3] =0
Thus the curve is geodesic,
Th_eorem 8. The Klein image of a ruled surface w) = 0. w? =0is
a geodesic curve on the absofutum P} of the K-space Sk

. .“ .. . . s . . 1 _ n 2 . 5 o
Fhis r!;‘(ldns llmt. the F)ulul .surfla(e o 0. wi = 0is of type helicoid.

. e cquation wi = 0. wy —w; = 0 determine a principal surface. For
this surface we have:

APy =wiP +wiPy +wiP) —w Py =
(16} = KuwiP + i P +uiP —wiPy =
- (P - P)
Then

diPs. P = Py) = (P, P)-

: o B
~ 20t a) [Py, Py + 2l [Po. Pa] # 0

e ) ' . 0o 0

Illu.« the cutve which deseribe the Kiein image of the cylinder wi=0. W}
wi = 0 on the absolntum ol S; is not a straight line.

For the exlinder w¢ = 0. wl — wi =0 we have

d4g = wé.-h +w[';,-13 +w*3‘43 :""’(IJAI +w3'43

Ay = w{:ln +w_-§.'{| + w';“g :w;? -{-w‘%/‘g

Then

- (lf.'lf[y 4 1A} = u:fI}(Al +idy) — Jug(’lo +id3) =
ZuJ(%(."h +?4_r) (rno(l (.h)-}-fr-’tg]}.
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(1%) (f[.‘[) ol (u—'(lj.\] +u.-(,sl } f{w'(;]h) -+ w'él_r) =
H = w4 =AY (mad (Ag = i443).

Therefore from (17]. (18] we obtain the following d L) = 0 (inod L) dLs =0
(mod Ly} where [, [ Mo+ 74 0+ 7dad L = Ll — 740 sl
are 1wo generators of the absolutum. Therefore Ly and Ly are stable and
(Ao + i), (A — £43) move along them, respectively.

The Klein image ol the waving fine Ay by is @ moving peint on th
absolittun while the Kletn image of the generator Ly s a fixed point. Sines
Qg L) = 0 then tie fixed pointis a pole of the curve wiich s desaribed
by the point 1y + o4y on the sbsolusimn. The curve together with the pole
are in polar conjugate.

Shtilariyv the Kein image of the gencrator £, b a fixed point o the
absolutum. this fixed pomnt together with a curie deseribed Ly o moving
point on the absolntunm are in polar conjugate. We have

L, ={#osristy. sy 1]
ALy =l + i), N + i)+ (o + ids d(y + 040 =
= [wd Ay + wij Ay o Ay -i-iw‘-ff_fl(, + il A
TR U U I PRSI PAORVE' s PR 8 DR S0, G PP S RO P

—{-u_‘.h + 1.»;.,.1-;

If wi #£0. wl —wi=0implies off = =
Ien
dly = il dg. 0] = <§[Ao. 4] — il [Ar ]+ wffd W)
+ed[An ) gl ] i e 4] AR
bwil o, As) + e la ) — il ] - fw[ Vi As] = '

= g =K [A ] [ ] = Kb 8] = [ o)}

and il Ly deseribes a ruled surface its Klein image is o ctrve on the quadric.
Le. the image of Ly which is a pole moves along a curve on the absolute.

We cali this curve pole carve (polled).
Now we can state the theorem which gives the geotet ricad coustrue tion
of the Kletn Image of the complex {5H) on the almolute,
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Theorem 9.  UWe take a curve on the absolutum considered as a
pole curve (polled). cach point of this curve determines a curve which is
in polar conjugate to this point. all such curves represcut the Klein image
of the congruence and the Klein image of the complex ander consideration
represents as & one parametric family of the Klein image of this congruence.

Proof. We take the rectangle hexahedron formed by the six cdges of

the Frame T4, A Ay} as amoving frame conjugate to any A-point on
pt We denote this frame by H{P P P PPy, Py, where

oo ] Py=[A0.0) 1y = (4. Ay,

{.l_&. ‘{] P_) = [.“:;, .'ll], ?;:; = [.41. ‘_g]

~__
it
Il

i

Conzider a pole curve on the absofitte. On this curve we take a moving point
say Iy Sinee 1% deseribes a curve:

P | .2 2 1P
{(19) APy = wg ) Wi Py 4wy Py = wo Py
nst be depends on one principal formn only say wl then we have

)

wi=Awd, Wl= Mwd, wy = Ay,

But dI’y describe the Klein image of a eylinder. This image is given by

(20) APy = wh (P — Pa).

(mupaun;_;ll]w two equation (19). (20) we have wi = wl =0, w? = w} and
SHICC Wiy wy are mmslung at the samne time then they are hn(,ath dependent,
s0 we can take wi = I\u‘]

The equation: wi = KNw?. Wi = w}
determines a line congrience its Klein image by the equation:
APy =g (Pr+ K P +wi (P = Pa)

which re‘pr(‘%ont a two dimensional surface, one paramcl.ric family of these
surfaces gives the Kiein image of the complex w! = Aw? (where v = 3 =
). g = r} which are determined by the equations

A = wiPy +wi Py wgwl —wiPy =
:T#I{(K‘I f)wu U\I"(IW’;}I +
3 g - Wyl + (7 = Kq)wi) Py—
—wg(_’j;a + k1Y)
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f“_: = wf 1 +w_)‘!){ == ;;JJFl +...‘ll]_F_-
{5 — W) (g — Ko} 4 wy Pyd
+T]‘;'\T{([\’”; - q)-,:(') 4 Wy —1 ).u-';}l’] -+ .;.‘J, "y

APy = - — Wi+ Wil —whPs =
- ”J(_;(Fi F W) A wi - Py
AP =Py — il + »'f_;z + :-»":_):5. =

= g = W3)wd 4 (3 — Nohwi} P — i (P NP+
+i%"f{]\"i — )06+ (K5 - ‘I}w‘:";} "
ar, = - g+ ‘-»‘(I} Y —i-v‘.fl " +w‘5;753 =
= ﬁ:{(h' —"I)'v‘v'(l) +(Ng - ",).‘,'3}1’1 +~‘v'£lnpii+
dr (= Ngdwd + (g = W)} Py )l
Py =P Py =Py =i Py =
= wi(Pr + KPy) —wh b +wil’

which represent a 3-dimensional surface.
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A NEW APPLICATION OF THE OH’S
STABILITY CRITERION

BY

MIRCEA PUTA AND GHEORGHE IVAN

Recently Oh [1] has given a simple eriterion for the orbital stability
and instab Vity of the relative equilibrivme of an Hamilton - Paoisson system.

Morc precisely. let [2 be a Poisson manifold with codimension one
symplectic leaves at regular points, /I be a Hamiltonian function and py
be an equ ibrinm. Assune that pg is regular point. Let ¢ be a given
Casimir fu ietion whose level sets are svinpleetic leaves near pg . Then by
Lagrauge multiplier theorem

dH (py) — wodC'(pg) =0

for some wy € R.

Assume that we have a smooth family of equilibriuin p,, near p,, =
po - and define L by:

Lop) ™ Hp,) - wCip.)

Assume that d*L_{py) has one negative cigenvatue and all the others
are positive. If we define:

de |

dioy = Hip,) — C'(p).

then we have:

Com nicated at the 25-th Natnonal Conference of Geometry aml Poprology.
September <223 1995, lagt, Romania





