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which represent a 3-dimensional surface.
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A NEW APPLICATION OF THE OH’S
STABILITY CRITERION

BY

MIRCEA PUTA AND GHEORGHE IVAN

Recently Oh [1] has given a simple eriterion for the orbital stability
and instab Vity of the relative equilibrivme of an Hamilton - Paoisson system.

Morc precisely. let [2 be a Poisson manifold with codimension one
symplectic leaves at regular points, /I be a Hamiltonian function and py
be an equ ibrinm. Assune that pg is regular point. Let ¢ be a given
Casimir fu ietion whose level sets are svinpleetic leaves near pg . Then by
Lagrauge multiplier theorem

dH (py) — wodC'(pg) =0

for some wy € R.

Assume that we have a smooth family of equilibriuin p,, near p,, =
po - and define L by:

Lop) ™ Hp,) - wCip.)

Assume that d*L_{py) has one negative cigenvatue and all the others
are positive. If we define:

de |

dioy = Hip,) — C'(p).

then we have:
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Theorem 1. (Oh} If A (wg) > 0 (resp.. < 0) then p, = po is
orbitally stable (resp.. unstable).

Remark 1. (sec [1]) One interesting feature of this theorem i~ that it
doos not involve the eigenvalue analvsis of the Hnearized part of our inttial
svstem at pg which s usually necessary to check the linear or non linear
stability, but it only invelves the analysis of the tlessian and an auxiliary
{unction of one variable.

Remark 2.(sce [1]) We can also apply this criterion to the case
where the Hessian has only one positive eigenvalace by considerivg — 1L
and —d {w).

Now we shall apply this criterion to the rigid body motion with a
single control applied te its minor axis.

The rigid body equations with a single control about the minor axis
can be written in the following forn:

Ny = (M ms
(1) My = (a2
7}13 = dxiny i + {2}

where m = (my.m.mz} is the angular momentumn viewed in the body
coordinate svstem. [ = (f;. I, I3y is the diagonalized moment. ol inertia
tensor, I, > Iy > I, and as usually:

I N e T ey £

O Iy ly e sl 7 o Ll

Now we employ the feedback @
2) ty = —kmpm;
where & is the feedback gain parameter. We refer 1o the svstem {1) with
the feedback (2) as the controlled system.

Theorem 2. The controlled system (1). (2) is a Hawilton-Poisson
one with respect to the phase space P = R® the Poisson structure :

{f.9)¥-¥ (

a; — K

M"’) SAWERYIE

iy
whers

thy — fl.f

g l ' m . D] ;
M- = > (m] - mi + m:;——”—'aw-—)
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and the Hamiltonian [ given by :

Tk s mi -
H - L IR T 4
2 ( 1[ 1~_J ! [ -'J[‘

Proof. Indeed wo have :
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as requircd. =

Remark 3. Let us note that the level surfaces M* = constant are
ellipsoids of codimension ove when ay > k and spheres when A = 0. so
they are regular Jeaves of =03} = R of codimension one and we can apply
Oh's theorem. :

Theorem 3.  The controfled system (1), (2) may be stabilized about
the relative equilibrium py = (1.0.0) for kb < ay .

Proof. Let us choose (7= (%i’l!) Then

]
(”1(,’!(]} = ([ 0 U)
1
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dC(po) = (1.0.0)

50 Wwg

Set L. = —wC . Choose p, = (#‘,(),()) . Therefore

dlw) = H(p,) —wC'(ps) = —
dwli

Differentiating this twice we get,

and so 3]
d" (wo) = L_z--' >0

from the above. Now consider the Hessian 8% L, (¢). By simple computa-

tions. we get :

;2 ) 232 1 LY (40,032 ! 1 - S y2

B Ley(m) =~ + (£ = F) Gma) + (= &) S 0ma?.
Hence, for & < a3 we can apply Theorem | and so we obtain the

desired result. w
Remark 4. For the particular case k = 0, we refined the Ol's result

for the free rigid body.
Remark 5. The same result can be also obtained via the cnergy -

Casimir method [2].
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DIFFUSIONS ON LAGRANGE MANIFOLDS
BY
D. HRIMIUC

Phe Riemannian theory of diffusion processes and stochastic develop-
ment wis extended by P Antonelli and ‘T Zastawniak to the case of Finsler
nanilolds. the extension being motivated by important problems in Biology
([1]. [2]. [3]). Weextend heve this theory to some special Lagrange manifolds,

1. Nonlinear connection on TM; parallelism. Lot M be a
smooth - dimeusional manifold and = © T3 = Af its tangent. bundle,
If (') is a local system of coordinates on a domain {7 of a chart on M then
(' g’} is the induced local system of coordinates on 7=/ ({7) in T'M.

We set & == dJae!,  9; = /)y

Let (ML) be a Lagrange manifold and N = {.'\",‘-'(.‘a'._ 4)) a nonlinear

connection on AL (4;. ;) the adapted frame and (dat.8y') its dual. We have
(rn d; = ¢ — .'\'-,-‘:('.)‘j. 5_«‘/; = (!y’. + .’\';rf.r'j
We denote by
Cola ) vy’ o g0y r)'yj

the metrical steucture on T3 induced by L and N where
n) l ] l.
(1-) ﬂi_, = _'z'f)-l')_, [}

We cnn ascociate to N and L a wetric o connection CU(NYy =
P . o
= (L0000 ) with Hs coeflicients expressed as follows:

. . | . : [
(1.3 L= 59 {000 +dpg, - &) gi). Oy = fz“.‘fh(?_.!lf;;\~
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