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dC(po) = (1.0.0)

50 Wwg

Set L. = —wC . Choose p, = (#‘,(),()) . Therefore

dlw) = H(p,) —wC'(ps) = —
dwli

Differentiating this twice we get,

and so 3]
d" (wo) = L_z--' >0

from the above. Now consider the Hessian 8% L, (¢). By simple computa-

tions. we get :

;2 ) 232 1 LY (40,032 ! 1 - S y2

B Ley(m) =~ + (£ = F) Gma) + (= &) S 0ma?.
Hence, for & < a3 we can apply Theorem | and so we obtain the

desired result. w
Remark 4. For the particular case k = 0, we refined the Ol's result

for the free rigid body.
Remark 5. The same result can be also obtained via the cnergy -

Casimir method [2].
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DIFFUSIONS ON LAGRANGE MANIFOLDS
BY
D. HRIMIUC

Phe Riemannian theory of diffusion processes and stochastic develop-
ment wis extended by P Antonelli and ‘T Zastawniak to the case of Finsler
nanilolds. the extension being motivated by important problems in Biology
([1]. [2]. [3]). Weextend heve this theory to some special Lagrange manifolds,

1. Nonlinear connection on TM; parallelism. Lot M be a
smooth - dimeusional manifold and = © T3 = Af its tangent. bundle,
If (') is a local system of coordinates on a domain {7 of a chart on M then
(' g’} is the induced local system of coordinates on 7=/ ({7) in T'M.

We set & == dJae!,  9; = /)y

Let (ML) be a Lagrange manifold and N = {.'\",‘-'(.‘a'._ 4)) a nonlinear

connection on AL (4;. ;) the adapted frame and (dat.8y') its dual. We have
(rn d; = ¢ — .'\'-,-‘:('.)‘j. 5_«‘/; = (!y’. + .’\';rf.r'j
We denote by
Cola ) vy’ o g0y r)'yj

the metrical steucture on T3 induced by L and N where
n) l ] l.
(1-) ﬂi_, = _'z'f)-l')_, [}

We cnn ascociate to N and L a wetric o connection CU(NYy =
P . o
= (L0000 ) with Hs coeflicients expressed as follows:

. . | . : [
(1.3 L= 59 {000 +dpg, - &) gi). Oy = fz“.‘fh(?_.!lf;;\~
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A systematic presentation of the geometry of a Lagrange manifold is
given-in the monograph of Miron and Anastasiei [8].

Let w1 {0. 7] = M be a smooth curve on M oand 0 # o € 1 M.

“The vector field y(1} € Tl is called the nonlinear parallel transport
of yo along @ (f)if

dy'. i

(1.4) e Njletn. gl —- =9

(]3) fj([]) = o

Generally this nonlinear differential equation has only a local solution.
We are interested to find a nonlinear connection such that the solution of
(1.4). (1.5) is defined on the whole interval [0.7].

For a regular Lagrangian on M we have the semispray associated to
L (the Euler - Lagrange field)

(1.6) E=yd +&0 . & =gl —v* 0,00 1)
The solutions of the Buler - Lagrange equations

- d —_— ;e
(1") m(};fd)_‘)(la—(]. i —W

are the integral curves of &, that is the solutions of the equations

FTENT dr

(1.%) =

Wo can associate to & a caponical nonlinear connection with cocflicients
given by

o [ .
(1.9 NG = —;2()‘,5

Generally. the paths of N ‘. thatis the solutions of the differential eqnations

{10 d* i {n " ot .
(1.10) gt =

are different from the integral cnrves of €.
Let & = y'9:L — L be the energy function associated to £
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. Definmition 1.1.  YWesav ihat the noniinear connection N = (-"."’-') on
Vs conservative with respect to £, o

(r.ihy flelt) ylh)) = const

Generathe V= () i enservativ [ i
weneraity Vo= (V) isanon censervative nonlinear conuection and its

paths are dilferct Trowe the integral curves of & Let Vo= (N9 a nonlinear
cennection on 1 saeh tlat .

wheve [ ave the components of a (1, 1) d Aensor field. We are interested 1o
find 17 sneh that Vs a conservative nonliear connection.

TR i d . o .
I Theorem 1.1. 7y = Tig,;. the following conditions are equiv-
dtent: .

(i) The paths of N voincide with the inteeral curves of &
{it) The nonlinear connection N s conservative,

Proof: We use the following identities:

.’li.i(‘)kﬂ‘jh = {IA-_ii)f,q""

-« C
-} - ‘- . .. -
N i =~ Nogtij = il = 0kl
.Relnjark. N = {N]} is a conservative nondinear connection if 7 are

solutions of the system of cquations :
. : TN N . clF )
E B3} tigicy’ = 9" Ol - Ol ~ N gy

L) igiv = Tigi;
\ solution of this svstem is given by:

mi e s 1 . ] .
! ! . q = w | "
15) V= gt = ol + &)
where
_-’F = .f,f,-,r;'" = (;;jgj-f;/‘. = 5‘-';;‘:, €= y*(f)kgf' —2¢

We suppose that the energy function has the following properties:
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<
| | £ is continuous on T3l smeoth on 174 = PANAO, e My
23 The local expression of £7 fuilills the conditions

a ) o E(royl = o

Pt > ‘
b ) Flroy) =0 <=y =0 for every r.
Examples. For the Lagrangians

a ) Liroy) = Letie o (Einslerian case)
Loy (e y) = '_—,!"'i.i.y] 4 Ay -
¢y I a ne=lomogencons non degenerate Lagrangian £ verifies 1) and 21
above,

Theorem 1.2. If N =1V 1isa conservative nonlinear conteetio
with respect to the regular Lagrangian L and the cnergy ffui.(‘.l‘r()r! I'm.«'. rf
properiies 1) and 2) above then the cquation (1. 1) with the initial conditing
(1.5) has a unique solution defined on o, T].

Throughout this paper we use Lagrangians for which the energy fane
tion has properties 1) and 2). o

et 2 [0.7] = M be a smooth curve on A and o{t) = (L) ylt)y 1ts
horizantal lift, that is dy' = 0. _ _

If ug € Toqpy ). we say that the vector field w(t) € TopM 15 the pa-
rallel transport of ug along r{0) it its hotizontal 1t is the parallel transport
atong o{1). of the horizontal lift of w.

That is:

da® .
4u; + L '_.r'(i).!!(ﬂ)u-’i—;’——_'()‘ w( (1) = uy
{

(1.16) =+ L}

I w(f). u(1) are two <olutions of {1.16) then

A\

(1.18) gt .r/(!])rrir‘-f —consl. ¥ e[0T

2. Stochastic parallel transport. In this seetion we exiend the
concept of stochastic paraliel transport along o trajectory of an horontal
diffusion on TALL _

Let wit) be « diffusion on A defined for all £ € (0,77 where 't 12 A

i1 i

stopping time. {For an introduction in this fiekl see [0 T ?
We shali approximate the diffusion by piee ewise satple oatboon ;.'
Given a partition & 10 =1y </ < o0 T H0F Towe Lafes o psercewiat
spooth curve w0, with first, second anel Uhird ardor dorivative sl that
ey = xifa)a % {0, - oni. We can B coch samphe fne b anl
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thus we obtain a process y{8) € 1, (n M whose samiple paths satisfy the
ordinary differential equation: )

diy. (1) . dr!
2.1 Y-\l ' _
{4.1] i f‘-\J(JT(f},y,[t)) — =0

A the nonlinear paralle]l transport, with the initial condition
(2.2} yr (0} = 1o

"Theorem 2.1. {'he solution of the family of ordinary differential
epuations (2.1). (2.2) converges in probability as mesh = — 0 to the solution
of the Stratonovich stuchastic differential equation:

(2.3) dy + V(o). yl)) o de? =0

{2.4) g{0) = i

Defiaition 2.2.  The solution of (2.3). (2.4) is called the stochastic
nonlinear parallel trausport of yy along the diffusion «(t} and the diffusion
Grit). () will be called the horizontad lift of the diffusion x(t).

Theorem 2.3. If y(l) is a solution of (2.3) then
{2.5) Eelt), y(0)) = const. as. on [0,7]

In the same manuner we can define the stochastic parallelism along a
e}

horizontal diffusion on " A1,

Let o(f) = (). y(0)) be an horicontal diffusion on T Al starting al
o o) and e (¢) = (eo (1), g (1) a piccewise smooth bounded first. second
and third order derivative such that ¢ (f,) = #(t5). a € {0, --- ,n} where
Ti0=1y<H < < t, =T is a partition of [0. T].

Let u (1) € To (M be a process whose sample paths satisfy the
ardinary differential equations of parallel transport:

{
du,

i

K
cdr

12.6) -
o

+ Ly =0. u.(0)=uy

where wg = T, M ia a Fy measurable random vector and 7 ts an arbitrary
partition.
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Theorem 2.4. The solution of the family of diflerential equations
(2.6) converges in probability as wiesh m — 0 to the <olution w(t) of the
stochastic differential equation

(2.%) du' 4 f._’}ku-“ sdr® =0, {0} = g

Ifulf). vt} are two sohitions of (2.8) then

(0. 41

FTheorem 2.5.

o (el o pid))e'e = ronst. (s, it

BEFERENCES

LoP L Antonelli, T Zastawniak,  Diffusions on Finster mnanitulds, Proe. of th AP
Svmposinm on Mathematical Physics. Torun, Poland (19921

2. L Antenelii, T Zastawniak,
plication in Biology, Noulin. World, | (FI941). pp LI A7

d. PLoantoadli, Tl Zastawniak, Introduction (o Diffusion on Pinsfer Moanifolds.
MathCempne. Modelling, 20 {1904, pp 109 116

4. Blworthy.  Stuchastic Differontia! Equations on Sanifelds, Cambndpe
Press. Cambridge. 1952

Stackastic Calenfus i Manifolds, Speiuger-Serlag Bertin

Stachastie calentus on Finster manifolds and an on

iversily

5. M.Bnwery. Hontelbers,
[HERE
(DR F AT TRITN
7., Tkeda, S Watanabe.
Noreh Hollane Amsterdam. Kodansbher, Tokyo, 10
Vi Geometry of Lagrangs Spaces, Theory amd Applica-

Diffusion on the toral space of a vectar bundtle, {16 appoat).
Storkastic Differential Lep et ard Dilfusion Processes,

12. Aliron., M. Anpastasiel,
toms, vinwer Academic Press FTPHLD No.39, 19044

o

Depr. of alailhiomatics
U niversitby “ALLCuza
TASL GLOD
ROMANIA

Recelved o 10111996

e

ANALFLE S THINTICR ALE UNIVERSTTATS » AL 1

lomul XLIV Supliment, s 1o Matemariell, Hv

CEEA™ 1A%

CONNECTION MAP
IN THE HIGHER ORDER GEOMETRY

BY

IOAN BUCATARU

Recaatlv, Ro Airon and Ghe Avanasin ([, [3]. [6]) have developed
aopeoinets zation of the higher order Lagrangians which parabiels that of
the first sider Lagrangians expounded in a monograph by R.Miren and
Mo A nasts el ([3]).

I iz geometrization o central role is plaved by certain nonbinear
rutiects st the keoscalator bundle.

Gorabm s to azseciale to every nonlinear ~onneetion in the h-asculator
tusdle wospecial map called conrection map, which to bhe simiiar to that
so=tdered by P.Dombrovski (1)) for Huear comiections and extended in
‘ 20 Phis map will be used for providing alternative exprossions for
H
1

T N
MY
&

ome facts fron: the igher order geometry.

In &1 we recall the notioa of noslincar eomection i the bosculaior
tindiv, The connection niap associated 10 a nonfinear connection in the
keomeulator tandie s intioduced Gn 820 B appears as o speciat morphisig of
veetar bupdles tn such a way that for k=111 reduces to the wsual cosnection
map asyociated toa sonlinear connection {[3].pag.28). Thew it is shown that

s Bernel s just the Lorizontal sabinandle,

1. Nonlinear counections in the k-osculator bundle. et M he
a real. smooth manifold of dimension noand (Ose 370 M) i hoosculator
binelle. Then Ose Y3 ois a real smooth manifold of dimenston (K410, We
set f7 =0t ML

Let (01 be the local coordinates in a local chart £ 3/. The loval
cocidinates on w71 {) © # will be denoted by (o5 y"e L yF).
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