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Theorem 2.4. The solution of the family of diflerential equations
(2.6) converges in probability as wiesh m — 0 to the <olution w(t) of the
stochastic differential equation

(2.%) du' 4 f._’}ku-“ sdr® =0, {0} = g

Ifulf). vt} are two sohitions of (2.8) then

(0. 41

FTheorem 2.5.

o (el o pid))e'e = ronst. (s, it
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CONNECTION MAP
IN THE HIGHER ORDER GEOMETRY

BY

IOAN BUCATARU

Recaatlv, Ro Airon and Ghe Avanasin ([, [3]. [6]) have developed
aopeoinets zation of the higher order Lagrangians which parabiels that of
the first sider Lagrangians expounded in a monograph by R.Miren and
Mo A nasts el ([3]).

I iz geometrization o central role is plaved by certain nonbinear
rutiects st the keoscalator bundle.

Gorabm s to azseciale to every nonlinear ~onneetion in the h-asculator
tusdle wospecial map called conrection map, which to bhe simiiar to that
so=tdered by P.Dombrovski (1)) for Huear comiections and extended in
‘ 20 Phis map will be used for providing alternative exprossions for
H
1

T N
MY
&

ome facts fron: the igher order geometry.

In &1 we recall the notioa of noslincar eomection i the bosculaior
tindiv, The connection niap associated 10 a nonfinear connection in the
keomeulator tandie s intioduced Gn 820 B appears as o speciat morphisig of
veetar bupdles tn such a way that for k=111 reduces to the wsual cosnection
map asyociated toa sonlinear connection {[3].pag.28). Thew it is shown that

s Bernel s just the Lorizontal sabinandle,

1. Nonlinear counections in the k-osculator bundle. et M he
a real. smooth manifold of dimension noand (Ose 370 M) i hoosculator
binelle. Then Ose Y3 ois a real smooth manifold of dimenston (K410, We
set f7 =0t ML

Let (01 be the local coordinates in a local chart £ 3/. The loval
cocidinates on w71 {) © # will be denoted by (o5 y"e L yF).
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A change of coordinates (. J7LR B Lt A S 1L B, G5 on 1 s

given by:

) : i
A "y !r!ll!\“} | =n
X
it
gl = Sy
f).l""
N UL oL
(1.1) 2 = 9 ey 49 2
! d.r-" : (').U(I)J‘
(k1) Jlk=t)
ST N 1 VN ATy
k= e +AUU“"”-’ Y

As dr: (TF. 75 Y = (M. 7. 0M) is an epimorphism of vector bun-
dles. it resubts that its kernel is a vector subbundle of the bundle (15 7, £).
This will be denoted by VE and will be calied the vertical snbbundle of the
TE. The fibres of VE determine an integrable distribution V@ u € 7 =
U, € T F which has the dimension kn, called vertical distribution.

A nonlinear connection on I is a vector subbundie N £ of the tangent
bundle TF such that the Whitney sum:

(1.2) TFE = N b VE holds.
The F(E)-linear mapping .J 0\ (£) = (£} defined hy:
o i J i) i

(1.3) S

) =0

— R | -] -
(‘).r’) (')y“)‘ (i)y(k_”’) AytFH (l-,)yik)z

is a k-tangent structure, that is. /%1 =0.

Lot us consider Ng = N, Ny = J(Ng). ... Npoy = J(Npo) and Wy

the distribution locally generated by {)—%\-]—i}:ﬁ We have & -+ 1 distribu-
vy '
tions (No. . ... Ni_i. Vi), each of the dimension n, such that:

(£.4) Tl = Nofu) s Nolu) b ..o Npoy () o Vi), Yu g £

A local basis for the F(F)-module \{F), adapted to the distributions
No.Nio .o, Ni—y and Vy.ise

(1.3) {

), where:

5 ) & d
szt 6ymi L gyt Tyl

S —
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5 ¢t o S
ST e N T e N e
(1.6] R () Oyt
i a
T =. T_"). —_— = - 6
rﬁy“" St z\'y“’"')' J((gu(k—z):)'

Tire tonetions N VY are called : jel
A alled the coeflicients of the nenlii
o i he nonlinear con
section Vo Dhader o cliange of coordinates {1.t)on s

i ol - the basis (1.5) changes

(o S e A Ao @ .
Ao e g (\‘le iy ..\,'r/,(”}.l UL—,{A‘I. . _é'i__p-m

e il hasis of the hasis {1.0) s

ths {dat oyt 5;,!(“'}. where :
5;/“”. = Ty 1\-!:: !
{1
. Sy = dy' M 4 _r\-‘]f dyftti o :".l'; da!
11.9) (1) (2)
Sy F = g .‘lf.: dyt g M dat
(n {#

\

e functions :\-.’_;. .U_} are called the dual coeflicients of the nonlinear
(1) (A)
copthes o N
Phie caetlicients N 10000 Vand the dual coetficients .\Ij,
{1 )] {hH
we related by

My =00 Mp=N+ N A
(4] ETeT (2} (1
M= N N AR L+ NI AT
LR i) (h=1) (s {n (k—ﬂl

voshinear connection N ks completely determined by a svstem of

oo ML miven on every domaty of toeal eliart and whicl
Lk

vaclmnge of coordinaies (11 verify (6.6) from [0



256 I() AN Bl f\] \l{l 4

2. The connection map associated to a nonlinear connec-

tion N on Osc M. Let be ([ = Ose " Mom, A1) the k-osculater bundle.

(M) 2881 the Whitney sum ol the tangent bunedle (TAf 7. M) whith
itself of k=times and N a nonlivear connection on I
(o)

Proposition 2.1. Lt bew € K.X, = X/ )J 1,1. I
L
Ly P
4 \‘—', € T E Then:
f)/
(1 (o B
(X' + MEX) =5 [r € Tap M
(1 i
) i) oy
(X7 MEXY+ 3EXY)S f cilrn € Taai M
(H (e ) -
(k) (k1) (n p
(NOEM) X+ M) 0 le(t € Triuy M.
{1 &)
Proof. let us set
W (0)
(R Ny) = X040 X
(n
(N _ {2) (1 {0)
(2.1) (K N = X M X 4 A
( (1
(k) o (&) {h=1}) _(U)_
L”\“- )= N M L MLXY
i1 (k)
By a straightforward calenlation one obtains:
(m {n g (k1 :
S R S
X w = X 5;?',- |u 'i’(!\u -\u) (sf.)'l”l |*r -+ {]\u . .. } H] 1w
Acording to (1.7). {_‘.L |t”;5q?__”i b oo )fl(()“’ |.} are d-vectors on .
Thus a change of coordinates {1.1) on I implies
ST
(22) i o N
) -i);.j (y (+ ) o)_:i iy
(e X = PR X (N Xa) = e (K X0
! it

5 CONNECTION MAP IN THE HIGHE
' ™
Consequently X' (R, X0,
{0} Iy
some veelors, that s, \’ = Inays (W X, )2
r i

U
(W, A ,,)'W |_.(,,J belong to oM. e,

(1} (t)
We shall put W, X, = (K i_d 3
e shall pat W, X, = (K, X,) Dot fetu)y «o., R

Lk}
N
= (N, \,) i |10y and we note that if the vector X is gw

{11}
basis (1.5) then the expressions (KX )T are very sit
lave: : ‘ ] |
"

Proposition 2.2. Let v € F.X, € T, E. X,

{n (k)
vi_ & _i
+.X (‘Fy““ }u -+ ‘l ) ook ’a 0
(] (v}

Then K, X, = X! ;ﬁ‘; gy (= L &).

Proof. Taking into consideration (1.6) we have:

o (M (2)
o= X 1y _d CEL o
.\u X ! |t" +(\l_ A ¢ (\E;)d (1} ,u +(‘
0| (K)  {h—1) (0) )
oL X' — XV NP - XINH) &
el + + (X X/ Ni— X7N}) T
_ (1 (r) ¥
we obtain:
)y (o (0) (1) (0)
(R Xu) = (X' = XN )+ XY M' =X+ \f(M‘ \”) =X
. o (1) (l (1) (1)
n 2 1), . () (o {0)
(W X)) = (X = NN = XIND) + MHXT - X NL) + XM =
{n {2) (n () (2
('-")r (%l» } 0) ()
= X"+ XA - N) 4+ XA f\;’ — M N =X
o (e (|) u) g:) AT
Stmilariv using (110} we pot:
f) n}

(N, XY = X' Ya=35).(i=Tn.

Fhese consideration make abvions

Proposition 2.3. The map K : (FF. ., E) —= {TAY),
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Y MY defined on fibres by K, Toll = g M x .0 X Py M by
' L otimes
oy o (ko .
Ny Ny = (K, Ny Ny N o0 Ky Xy s e momorphism of vector bindles,

Definition 2.1. The m—worphisin K defined in the above Proposi-

tion will be called the connection map associated to the nonlinear connection
N.

Proposition 2.4.  The heruel of the morphism K is the horizonlal
stblbuindic NI

Proof. Since A is a m—cpimorphism of vector bundles, her A
subbundle of the bundle (T/. 7. 1)
Lot be w € I and X, « 1.0 Then X, € Notu) ioand only

{c) L
K, N, =0.Va = 1.k that is. it amd only F X, € Ker 4,0 This means that
for every u € E.Ker iy = Nglu] hience Ker K =NE

Other properties of the map A will be given i oa fortheoming paper.
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A CLASS OF GENERALIZED LAGRANC

The geometry of a general metric be,
airection nochat point is now weli-knowi
Loueral moet;ie
ad the metrie tsell = cadled a G-

Ay Frsler space is a particnlur (7 — space.
in (i pRpor e

— pietric which provides as paotealar cases all the (/f.— met

3.CH.A-N1].
‘JFJ - |1“‘[|':l‘"
atogo very far with its zeometry 1

»artan poalinear contection of the
Einsler spaces, (/L—metrics. Teo M be a real smoot

Dlinite dimension noand 774 s tangent wantfold. Let

a stneoth (unction on (A7 =T Y\ 10}
wepect to oL The Finsler metrie of 27 i

LSTHNTIFICK ALE UNIVERSITATH “AL, 1. ¢uzan
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depending on
i A manifold endoweg
i~ calied o generalized Lagrange space, (GL— spaL
seetric (see K. i\luon and

Ry

associaie to a given Finsler etric dv

The applications 1o Physics and Biology of those
Justify the stusdy of 1he present /L — metric.Althoug
will become clear how this can
given Fiusler elric.

— .t 1 oo R = 1
oy = {r' gty be the coordirates un A oand TAL, respectively ;
with run from 7 oto o oand the Flinstein um\(nnon on summat g
vot = LY be a Finsler space . Then 172 TM ——+ i

positively ]—lu‘n]lng__,rﬁr]f}Ous W

i)

‘,-‘U;[.:'. y) = (;',U, 1‘-12/'.2_. ('.),' =R o
yt

; u( it is Aaunnctl that the quadratic form 5 {r, yicics (€Y € R™ is pos-
ive defined. Natice 1that -

71l yh are positively 0-homogencous functions
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