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Y MY defined on fibres by K, Toll = g M x .0 X Py M by
' L otimes
oy o (ko .
Ny Ny = (K, Ny Ny N o0 Ky Xy s e momorphism of vector bindles,

Definition 2.1. The m—worphisin K defined in the above Proposi-

tion will be called the connection map associated to the nonlinear connection
N.

Proposition 2.4.  The heruel of the morphism K is the horizonlal
stblbuindic NI

Proof. Since A is a m—cpimorphism of vector bundles, her A
subbundle of the bundle (T/. 7. 1)
Lot be w € I and X, « 1.0 Then X, € Notu) ioand only

{c) L
K, N, =0.Va = 1.k that is. it amd only F X, € Ker 4,0 This means that
for every u € E.Ker iy = Nglu] hience Ker K =NE

Other properties of the map A will be given i oa fortheoming paper.
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A CLASS OF GENERALIZED LAGRANC
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in (i pRpor e

— pietric which provides as paotealar cases all the (/f.— met
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depending on
i A manifold endoweg
i~ calied o generalized Lagrange space, (GL— spaL
seetric (see K. i\luon and

Ry

associaie to a given Finsler etric dv

The applications 1o Physics and Biology of those
Justify the stusdy of 1he present /L — metric.Althoug
will become clear how this can
given Fiusler elric.

— .t 1 oo R = 1
oy = {r' gty be the coordirates un A oand TAL, respectively ;
with run from 7 oto o oand the Flinstein um\(nnon on summat g
vot = LY be a Finsler space . Then 172 TM ——+ i

positively ]—lu‘n]lng__,rﬁr]f}Ous W

i)

‘,-‘U;[.:'. y) = (;',U, 1‘-12/'.2_. ('.),' =R o
yt

; u( it is Aaunnctl that the quadratic form 5 {r, yicics (€Y € R™ is pos-
ive defined. Natice 1that -

71l yh are positively 0-homogencous functions
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Tl
ooy

and I° =, (e 0)y'y’ . When a change of coordinates (r.y) —— (&, §) on

TAf s performed, from F(z2(r) j(r, y)) = Fle.y) it follows

H

(1.2} Yol y) = i S (B(2), Bl y), D= Trie

If the provenance of 5,; from F is forgotten but (1.2) is preserved one gets
the notion of /L.—metric. More precisely we set

Definition 1.1. A matrix (g, (r.y)) is called a G L— metric if

{) ‘lu(' '/)—q-l(’ J) _

2) gijla,y) = da%0 8" grnte (). ylo, y)).

3) detlg,;(x.p) # 0.

1) The signature of the quadratic form g;, (¢, y)§'&. {€') € R" is con-
stant.

2. A class of (L— metrics associated to a Finsier metric.
Let ¢ and b two smooth real functions on Ty af so that af{x, y) > 0 and
b(a,y) > 0 for every (o, y) € ToM . We set y; = “I,-J-yj and consider the
matrix

(2.1) gij(.y) = aleoyhile, yh +0(x, my;y;-

Proposition 2. The matrix (g;;(x, y)) in (2.1) is a positive definite
(/L.— metric.

Proof. The svinmetry is obvious. The tensorial character ol g, (v, y)
follows from (1. ‘2} notiring first that it imphies y, = dix Ko . Noew if we
put ¢#¥(x, ) = L(v2% — = piu’) . where 470y, = 8] . one verilies that
g9t = a'~ . Hence det{g, (r.y)} £ 0. Note thal a +bF? > 0. For
&)y e RY , from g;(, IEE = T % A b€y ) (4 &yt it follows
that {gi;{r y} = positive definite.

Remark 2.1. When = (o, y) has only a constant signature then
(g:, (. y)) has a constant sienature only on some subsets of Tyl .

Remark 2.2. The tollowing particular fors= of the G L—wetric (2.1)
were studied in [3.0Ch. X- NI

1) a=exp(2®(r.y)), b=0 : g lr

ey} = exp2Pie. gt i)
2) a =exp(2afe)). b=0. yle gy =qly) ¢ egleoy)
= exp(2a{x}}74,(y) 1= the Antonelli metric .
3) a=1,b=1- rT-(l'—u} : j’j-_:(-i-,‘}) = 3i (0 ) + (== ,'..1‘|'_],- e 1/ A

This metric was applied Lo Relativistic Optics, l"here n
index of the medivm. The cases n constant or g dependl
remarkable ones.

The function ¢ = ¢;;(x, y)y'y’ is called the abso
GL—metric (gij(®. y)).

Proppsitlion 2.2, The absolute energy of tne..GB
s ={a+bF*)1?

A (/L—metric is said to be regular if its «quo]ute en
Lagrangian. that is, the matrix with the entries d, () e/2 is
general. the (i 1= metric (2 1} is not regular. llowever whe
not depend on ¥ we get, 0; () /2 = (a+2bF" Vi +by,yJ wluc
of the form (2.1}, Thus in thu- case the (/L— metric (2.1} is e

One says that a (/L—metric (g,;{,y)) is provided by
grangian or it is an L- mewric if there exists a function L : TM SO
that g, (e y) = &d;L/2. It is clear that. when exists, L is notlunlque
(-)ne proves that a ( L—metiie (g,;(x,y) is an L— metric if andlonly if
ey, = dogi . Adirect calendavion gives,

Proposition 2.3. T'he G L— metric (2.1) is provided
grangian [ and only if i

(2.2) (Dr)yij = (i) vaj + (b — {0y + O(yiye, — Ykvij) =

The equation (2.2) hokds in very few circumstances. In other words
the (L—metric {2.1} with arbitrary a and & provides a large class of
(L — metries which are not reductble to L— metrics. For instance, we have

Proposition 2.4. Fven a and b do not depend on y, the
(/L= miirie (2.1} is noi reducible to a L— metric.

Proof. In our hypothesis. {2.2) reduees to 554 — Yijye = 0 which
mudtiplicd by 5% gives (1 — n)y, = 0 . Fhis is false for n > 1. Hence
[2.2) dovs pot old. a

Propesition 2.5. The (/L— meiric g;,(x.y) = exp(2@(x, y))-
cles g iy not reducible to an L— mietric.

Proof. For 6 =0 and a = exp(2@{x. y)) . (2.2) reduces to E('}t-‘l’)‘:._.
hdYy s = 00 Multiplving this by 4% one obtains (n — I)E)Afb = 0 which
i false when @ depends on . Thus {2.2) is false. a
We notice that the Antonelli metric (a,,) Is an L— metric. 'Fhe correspond
g Lag rangian is just ils absolute energy £ = exp(2a(2))F*(x, y) .
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The non reducibility of some ¢ L—metrics to L—metries shows that
the weans provided by the svinplectic geometry are not sufficient for the
study of the ¢/ L— metrics. The metrical approach systematically used in [3]
is more powerful in this respect.

Now let be a(a. y) = (2 (e, y)). b= pg(F*(r.y)) with a, 1y —
Ry . Then (2.1) becomes

(2.3) gl g) = o1 )3+ 300wy,
Proposition 2.6. The (h—metric (2.3) is reducible to an

L— metric if and only il 4 == 2",

Proof. For the 1 — metrie (2.3) the eq. {2.2) is equivalent 1o (20’ -
iz — viveg) =0 or i =20 since yeny, #0. m
By the Proposition 2.6 the 71 - metvic g Vv, + Zal (B gy, s
an f—metrie but we do not know L. Looking fer L in the form L =
(1), 0 Ry =+ Bn we find o = o Thus the ¢/ L—metric il y) =
G i+ 20/ (R Yy, with (D +187() = 0 ls an L—anetrie proy ided
by the Lagrangian £ = o{f7Y,
This fact can be abso choehed by a divect calentation neticing, ot 2y =
A1 The Lagrange spaces with L = o b fealled o - Lavrange spaces)
were studied By 2.0, Antonelli and D, Hrimine [2] as Lagrangiaus gen-
erating sprays. he problem o fiad all Lagranaans gonerating “prayvs was
posed and a filst class o such Lagrangians was studied by Mo Anastasicl
and L. Antonelli in [1].

.!Jrr’)r'\'__f‘
a (I

3. Canonical N —linear connection - the ([ metric (2.1).
Let N be the Cartan nanlinear connection of £ The V= - jl.-.f.’k . wliere
~i, are thegeneralized Christoflel symbols™. 11 one seis 8, = & — Nigy

tire canonical N — hnear connection of g (a. nh was the local coetlizienis as
follows. [3. C'h. X X1} :

3.1) Fie = 59 (8 0an A Sty = Dig i)

Che= 30" (@ igm + i, e

[o} ]
Lot {Fig. 50 be the local coeititents of the Cartan couwnection of [

‘Pliose are obiained from by (3.1) hy replacing o with 5, . We aote that
e = a0 : . L
e — *,'j,gf_';h = dpd @1 /4 s totally svinetaie and Cnpy =0

5 A CLASS OF GENERALIZED LAGRANG

We s

i = oxp(29). by = KD b =K ¢, o ék‘
(3.2) by = 8, b% = 35, {.J,g. e (')A.b. s “Kig
ho gl = than + dne = w2 'I

By adong caleulation one eets

j,- = !. (AT '5:. 4 (l’.idi‘ (b'*l, ik ';J('rhrl‘"'hd.k B

3.4 (v 5: Lowd Bt ' '
=l + @50 = Sy b i [P
bl b dy) b By ]

where

P =y {00k 5601 + ey + /If.fl_f.- = Dok = L),
N = [0c(yny, Y+ 8l ) — &y e bl 2.
By =&, 4 "-,"-‘,-f"{

I’ = ";,L - !}‘!)..

and the wpper seript 707 means the eontraction I (4}, The formulae (
stmplify when o and b oare H - covanant constaant, that is. dpe = 0 an

b —= - L .
Bh=0 o a4 and b donot depeud on oy oor when the both situation hold
it ds oo aud b oare constant. In the latter case we pot '

o

e ihos h il [ 3 .:'l 1
(3..1) Fiv = i by A = st QO8] 300 i
A o

e .

i ik T”+T‘i_'fll'_f ik

Further an, the torstons and the curvalures of tie canoaical connection (3.2)
ceubl be determined. The caleulation simplifies il the idea of [1ansforimation
of Finsler connections is used. of. [ 3. Ch, X Xi}
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