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ON REGULAR VECTOR BUNDLES

BY

DAN L. PAPUC

Introduction. This is a survey paper concerning the results obtained
in the research {made between 1985 1995) of a structure formed by a regular
vector bundle (F,p, M) endowed with a field I of cones. This structure
is denoted by [(E, p, M); K]. The topics considered are:

the gcometry of an arbitrary structure [(E,p, M); K] (the geometry
of a locale fibre £, | the global geometry of (F,p, M}, the geometry of the
set of global sections of (I, p, M) ).

the geometry of the set of operators from a structure [(E., p, M); K]
to a structure [(E', p’, M); R3] (the set of positive operators and structure
(82/Q: K) ; ordering, norms and distances for this last structure),

the geometry of natural lifted structure of a teusor bundle associ-
aled to a structure [(E,p, M): K],

some applications of these results.

A regular bundle is @ vector bundle (E,p, M) for which E and M

are real lopological paracompact connected without boundary manifolds and
dimM = w.diml =n+m.

A feld of contes i= a0 map I

1

K:ireMaK@)ck,CE. (I, =p ).

for awhich are satisficd the following tiro arioms:

Ao N(r) C E,o (Yo € MY is a eonver pointed closed with interior
potnis cone (in the topological pector spuce 1),
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Ay The sets UlER () and UE . — Kiey) are open stthsets of the
topological munifold I

‘The structure Tortaed by a regulac vector indle (Fop A endov ed
with « ficld of cones K wiil be denoved by [(17 g A0 A

Remarks. i. A regular vector bundle (£ p. AfY has a field of cones i
and only i there exists tor [ po AT a continuous slobal section of pon zore
vectors o . that s,

C:M = F.ope¢ = ida. ¢lr) £ 0. (v e M),

2. A good example of [(Fop M) K] bs [(FAL p 3 K1, where M s
a time oriented Lorentzian manifoid and K ey (Yo £ 30) s the quadratic
cone of non spacelike time oriented tangenl vectors ol V.

Uhe stady of 2 stracture (B p, M) K] is suegested by the existence
of time oriented Lorettzian manifolds and justified by a certain necessitn of
globalisation of the results obtained by Mark Krasnosel'skij auwd Gis grooup
of wathematicians in their study of positive operators (~ce the monographs
[6]. and [T]. 19%9).

Ihe first paper where a vector hundle endowed with a field of cones
appeared is prabably that of Dennis Sullivan ([i5]). From LIS the geon
otry of a differentiable manifold endowed with a field of tangent cones was
studied by Dan 1.Papue. ({8]-[10]). The general case of stincture [((F.p. M)
was studied for the first time in [H] and {120 The generad lines of a sew
ceometry of a time-oricnted Lorentzian manifoid were ostablishied by Dan
LPapue [13]. Liana David studied operators cna veetor batncle endowed
with an homogeneous n— hedral cone ficld iu [2]. Sowne speetral properties
of positive lincar operators on a vector bundbe endowed with an arhbitrar
cone field wore established by Liana David in (5] De [14] it was established
a gencral theory of positive operators hetween (wo regniar veetor hundles
endowed with fields of cones. We present here a survey of all these resnhs,

1. The general theory of a structure [(f.p AR

1.1. The geometry of a local fibre of the structire [{1, p. Mo
K1. The results of this section are taken from [5] and [11].
The pair (Fo KX Vere M s e Wrcin spuce. Benee it follows:

al. There is an ordering rolation on F.
N<YeY-—Xehir (XY@ F,0.

The pair (E,<) is an arde ved topological peclor spoee,

&
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b). For every 7 € Inth'{.e), Iy is 7 measurable i.c.

VX el , A RA>0. A< X <M.

I has a norm determined by A (e} and a fixed Z € IntK{r):

[lz: X el - |XlzeR.

LX|2z = min {MAe RA>0.-AZ < X < AZ}.

This norm is monotone (0 < X <Y = 0<[X|z <|Y|z) and directed on
both sides. - B )

. r)_. The o,:)rn balls of I, in the norm | | and the open ordered

intervals in < . both determined by the same X 5 :

; in <. _ s Xo€ Er.e € Rz >0 and

Z € it W () coincide i.e. ' '
B{Xy,Z.c} = (Xo - 2. Xp +e7),

where
B(Xo,Z.e)={X, |X - Xy

z < E}
and
(,\'() — /7. Xo +EZ) = {X l Xell., 3 < ",_\}0 -5 7 < X = X()+"1Z}
I for an arbitrary X € . we put
Ry =X+ K{xj={Y [N <Y}EAx-=X-N(@)={Y |Y <X}
then

BN Zs)=(X -<cZ X +es) = (_Illtf\'(‘\'_gz)_l_) n (Illt[\’(_¥+gz)_).

; Phe three topologics of I, , the first determined by the structure
(£ p. M) . the second by the norm | |; and the third by the open ordered
iMtervals, cotncide, ‘.

dy. Other properties of the Krein space (£ K(2))(£, being finite

dimensional) are:

— the cone K{r) is a generating set for . i.e.

VX e 10,37, 2; € It (2}|X = Z) — Z;.
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- the cone K (z) is a normal cone l.e.
5, = min {{(X/|X}z + (Y/ Y2z, X, Y ¢ K(X).X #0,Y #0} > 0.

(VZ € Inth (@),

— the cone K {r) is a complete reqular con, i.c. every non- decreasing
upper bounded sequence of E, is convergent in the ordered topological
vector space F, .

1.2. Global properties of a structure [{/7,p. M) k). The result
from this section are taken from [41], p-13-19. We remark that the relations
(23) from [111. p.AT are nol true (see {12]}.

a) Two topological propertics of a structure [(#. p M) k]

U(Int A () = lnt{U A (2))
If {X, } -+ X, and (Vn& N} 0< X, then 0< X, -
b) A very important result is the following theorern ({11], poti):

Theorem. If it is considered an arbitrary structure {(F.p. M) k1.
then there exists a continuous global section ¢ of (I7.p, M) such that the
vector ((z) is interior to the cone K(x}(Vr € My e

C:M = E, po¢ =ida, ({2} € It k(). (Ve € Al).

¢) A main tool in study of a structure [{E.p,M): K] is a function
v:{(Z X)e€ UlnLK(.r) x E, —rv(Z.X)e R?,

where v(Z, X) = (o(Z. X}, 5(7, X)) and
~ {Z,X)= win {A|]A € R.Y <AZ},
3(Z,X) = max {Al]A € RAZ <X}
The function  has the following I-IV fundamental properties:

Y(Z, X)) (Z.Y) € U(Int K () x I, ],

YA€ RSO v(Z,AX) = A-w(Z X) v(AZ. X) = (1/A)-v(7, X).

IL 3(Z X)+BZY) < HAX+Y) < alZ.X+Y) < alZ,X)+
a(Z,Y).

ML v(Z.7) = (1.1), »(Z.X) = (0.0) = X = 0.

IV. YA € Rla(ZAZ—X) = A=3(Z. X). HZAZ=-X) = A-alZ, X).

The map v is continuons.

P——
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Fundamental theorem. let be given
a regular vector bundle (I, p, M),
- -a continuous global section ¢ of (E,p, M) such that ((x) # 0(Vz €
a continwous function vy : £ — R* satisfving the conditions
obtained from the fundamental properiies -1V of v substituting there
VP X)) X)) by oc(Y).

. The three elements (K, p, M), {,ve, uniquely determine a structure
[(h,;:). M) K], where Vo e MIK{x) = {X € E,|3(X)>0}. Ifin £, we
consider the ordering X <Y &< Y —-X € K(2). then a-c(_X) = min {)\'l)\ €
R.X <AC(x}}, Ac(X) = max {MAe RAC(») < X}

d) Some important relations: Va ¢ M, VX, Y € [7,, Z € Inth(x)
¥ € RK(x) e 3Z.¥)>0: | '
HZX)< o2, X)), olZ2. X)) = -p3(7. -X);

X - NAXY e Frii{a), o, X)7 - X € Frll(x);
Ve N2 = (N —cd N +:2) &

Aoy e B 0<s, <eflalZ N)—2) oA V)< al/l X+,

Bz, X)—ee 232, Y) <B{Z X) +=:

V(Z.X)= (A ) & X = MZ: (YA€ R);
X <Y & a(Z.X) <a(Z,Y),3(Z.X) < BZ.Y):
| Xz = max {jo(Z, X}, 8(Z. X)|}.

. e} -lf f'.or the structure [(£,p, M)}; K] it is given a continuous global
section ( of (£,p,M) such that Vo € M|({(z) € Inth' (2}, then we can
define the function

[lc: X € Er > | Xol € R,

where

Xl = [X2lC(0) = max {|o(¢(2), X2, 18(6(r). Xa)l}.

For every .« € M, the restriction | |¢ |£; of the function | |¢ is the norm
| cis) : k- = R above considered ({(1.1.h)).

N 1.3. The space of global sections of a structure [{E,p, M); K].
I'he results of this section are taken from [11], p.49-53.

a) The set of all global sections of the vector bundle (£, p, M) is

Y={ajo: M= E po= idpy.0 i C“}.
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% is a real vector space and a module over ring ¢ = {fIf: M >
R.fis C°). .

For ¥ it is used the WOV -topology (the €0 -Whitney open topol-
ogy). The set ¥ with WO topology is a topological additive abelian
group. _

The topological space (X, WO - top.) is a real topological vector space
if and only if M is a compact manifold.

b) A positive global section of the structure [(E,p, AN K is an
clement o of & for which o{r) € A (x), (Ve € M).

The set Ks of all positive global sections of [(E,p,M); K] is a convex
pointed closed with inlerior points cone of the real vector space Y. endowed
with the WO -topology.

We obtained this way a structure (Z; A'g) . The fundamental 1. prop-
erties of this structure were studied in [11]. are essentially different if M is
compact or not. (S:A’g) is a Krein space if and only if M is a compact
space. We remark:

Inthy = {o|oc € ¥, a(z) € Inti(z). Vo € M}

¢) Some properties of the structure (X Ke):
1. Ky is a generating cone for ¥, ie.

Yo € ¥:3¢1, G € Inths|le — G — (s
2. 0y Loy & 09— 01 € Ry (o,,01 € £}.

oy < oy & oy () < azx). (Yo € M).
(£; <) is an ordered vector space.
3. For an element ¢ € Inth'y, X, will be the set of all ¢ measurable

elements of X .i.e.
Yo={olo e, 3x e R.A >0,-X <0 <A}

We shall have:
31. E¢ =Y if and only if A is compact,

3,. 5S¢ hasanorm | |c:o €T ol € R, where

lo]c = min {MA e RLAZ0,-A0 <0 < Y
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34. If ¥ is the set of all sections with compact support then
\‘-‘_‘c‘ C SC- (VC < lntl\').

34. The set {E¢|¢ € IntKy} is a covering of .
4. For ¢ € intR'y it is defined the equivalence relation on X:

gy~ Ty > Ty — ) ESc, {o1. 79 EX)

5. The norm | |¢ of ¥¢ determines a distance d¢ on every equivalence
class ¢+ X,

Yo,,0, € a+ Eddc(al,ag) = |O‘1 = G'-g|c.

6. Theorem: If ¢ is an arbitrary fixed element of Inth's . then

a} for every equivalence class o+ S¢ , the metric topology determined
by d¢ and the topology of open ordered in 2 determined by ( intervals
coincide,

b) the WO —topology of ¥ is the topology for which a base of neigh-
borhoods is the set of all open balls {B{o,(c)} defined by means of the
distance d(,

¢) the equivalencies classes ¢ + ¥ are closed and open subsets of the
topological space (L, WO° ~top).

If we consider only algebraic structure of linear space on T and the
cone K'x . then we can define open ordered intervals (oo — £¢, 0o + £¢) for
Yo € ©.¥= € R,e > 0.YC € ¥,((2) € Inthk{x). The topology defined by
these open ordered intervals is exactly the W' -topology of .

2. Operators for a structure [(E,p, M):A}. All results of the
following three sections (2. 1-2-3), are taken from [4].

2.1. The cone of positive operators. The structure (2/€0; K) .

a) An operator from a vector bundle (L, p, M) to a vector bun-
die (E'.p', M) is a continuous map A : E — [ for which Alp~Hx)) C
p' "), (Ve € M) . We shall denote the set of all these operators by 2. So:
Q= {A|A: E - E', A is continuous, A(p~'()) C p~Hx), Yz € M)} .

The set @ of all operators between the regular vector bundles
(E,p, M).(E',p', M) is a real vector space and a module over the ring of
real continuous functions defined on M oron E.

Some particutar sets of operators from (F,p, M) to (E',p'. M), ie.
subsets of Q:
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the linear subspace of €, denoted by € . of linear operators
(the morphismns from the vector bundle (E,p, M) o the vector bundle
(E' ', M)), _
the linear subspace of Q. denoted by Qu: . of section opeltatc:rs.
Every such operator is defined by a global section of (K. p,M). H o €
ool M o Elplod’ id s, then the section -eperator Ag determinerd
by o will be 4. 1 E = E'0 AL(X) = o'(p(X)) for VX € L, ic
A =c'op. .
Obviously Q7110 = {Aa} {4y is the constant operator determined
by the trivial global section of (E'.p", AT} ).

b) Let be two structures [(E,p. M); Ky] and (£, p:', A RS

A positive operator from the structure [(E.p, M) K] te th'e {:atrnra
ture [{E'.p'. M); Ka] is an operator 4 1 £ — I osuch that A(A({x)) C
Kolr). ¥o € M . The subset of ail positive operators of §1 will he denoted
by K. So

Fa={41A= Q. AL {r) C Wala), IV € Afy}

The set i — € of all positive operators from [(F7,p iy Ry to
[, p, M): K3 is a convex generating cone of Q.

¢} Among the positive operators from the stricture [(I7,p, M); {\'1]
to the structure [(F.p, M); K3] there are considered the operators 4 Whl(:.h
satisfy the relation A{RK((z)) =0 € No(2),Vo € M .-This subset of Q is
denoted by €. So:

Qo = {AlA € Q@ A(R (2)) = 0 € K:(2), Ve € M}.

€ is a linear subspace of Q and Qo C Kq, Q1N 0y = Qs N = {46}
By means of structures € and g it is considered the quotient linear

space

Q/Qo = {.4 + Q()%VA S Q}

An arbitrary element of €/, A + €, will be denoted by [4].

The maps A€ Q[‘ — [A] € Q/QO and A, E Q)_;l — [491]’6 Q/,QD
are injective. Also, [4;] = [A;] if and only if 4 (X) = 4;(X),VX €
Ry (p(z)) | | o o

The last remark permit to consider the following important subset o
Q/Qo 5 )

K = {[A]|A € Kq}.

Obviously. [A} € K if and only if A € (), A(R(r)) © Ka(2), (Yr e M).
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The set K is a convex pointed generating cone of the linear space
Q/5 . '

In virtue of a remark made above, it is given the following definition:

It ix called the interior of the cone K and it is denoted by IntK the
subset of /% defined hy

IntK = {[B]|[B] € /%, B{lntk(2)) C Inthy(x),Va € AM}.

Obvionslyv, lmtK C K.

2.2. Ordering relation for the structure (/. K)

@) For the lincar space §2/Qq . it is defined. by means of the cone K,
an ordering relation [5):

[.‘[], l\_:] - S?/Qn[[/h] S [A_r} = [Ag] - [11] e K.

Obviously [42] - [4] € K& [A; - 4] € K & VX € A(e)j(Ar -
AHX) e Ky(z) @ VY € Ki(o)4:(X) < A2(X) (in the ordering defined
by I, for the structure [(E',p', M): Ko} ).

The pair (£2/€; <) is an ordered vector space, directed on both sides.

If [By].[B:] € Int K then there exists two others elements [Bj], [By] €
Int K such that [Bs] < [B)],[B:] <{B4].

b} The above ordering relation defined on the linear space §/Qp per-
mits us to determine topological structures of Q/Qq .

An ordered open interval centered in [A*] € 1/ , determined by an
element [B] € IntK, is a set

& [A*] — =[B]. [A%] + ¢[B] »:= {[A) € Q/Q|3e, =, € R,

0 <eyp <c:[A%)—e1{B] <[A] < Ax] +¢,[B]}.

The set of all ordered open intervals determined by the same element
[Bl € K is a base of a topology of /€ , denoted 7yp;.

2.3. Norms and distances for the structure (2/9y: K)

a) An element [A] € /Q is called [{B] -measurable, [/3] € IntK , if
there is A€ R.A > 0 such that —A[RB]} < [4] < A[B].

There are elements [A} € /€ which are nol [B]- measurable. For
example, if f: E; - R is a continuous positive function, unbounded on a
certain Int iy {z} . then the clement [fB]is not [B] measurable.

The set of all elements of /9 which are [B] -measurable will be
denoted by Arg;. This set is a real linear subspace of /4 .
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The set of all linear spaces {Sp|[B] € IntK} s a (’Uverir?g of Q.
b} On theset A ={Ap) € fnt K} it is defined the relation

Arp)y Ay € A Ay < A = Ay C X

_ oy
Obviously A{Br] C _l[“u] = [Bll € A[B"] “ 3A e R.A >0, [B fis
AB"]. ' o h
The relation < defined above is an ordering relation directed on bot

sides. ‘ .
¢) On the set Apgy. {[Bl € It K) it is considered the map
[ gy A — R where

(V[A] € Appy). [[Allpsy = wmin {AJde R A 20, —A[B] < [A] < AIBl}

This map is a monotone norm of the linear space A[B.] . '

d) By means of the lincar subspace App; © .Q/.QU. il is considered
the linear factor space (€2/S%)/ g . An element of this linear .fa,m(‘)r space
determinate by an arbitrary [4] ([A] € /) will be the class of egunivalence
[A] + Ay - .

For every class [A4] + Appy we consider the map

dip) - ([A] + A[B]) x {{A]l + Jz) — R, (i[B]({AJ + [AT, [4] + [.4"}] =

= |[4] [.4”]“3} e R.

The function djg) is a distance on [A] + Ay -

3. Field of cones on the associated tensor bund.les. All results
of the following four sections (3. 1 2-3-4) are taken from [12}.

3.1. The structure [(£..7. M); K] ‘

a} For the vector bundle (E.p, M), it s considered the dual veetor
bundle (F=,p*. M) where £ = (€6 B = R.V& € Af}.E€. being a
linear map. _ =

If for (£.p.Al) the field K of cones exists and it is gwc-l..'lh?n for
(E=, p~. M) it is also defined a field of cones A~ . In this case K™ is the
map K*:x2€ M = K+ (2) C L+, C Ex where

Ko () = (6,16 € E5.64X,) > 008 € K}

The pair [E=,p". M); k] satisfies the axioms Aj and A; .
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A linear functional ¢, € E} belongs to IntR™(z) if and only if
Co(Xz) >0 forevery X, € K(2),X,#0. . .

Let ([7,4, m, M) the tensor bundle of tensors of type {p?) . A (p?) ten-
sor {, is a polylinear (with regard to R) map ¢, cBy X Ex X .. %X Eg X

p Limes

x Eox Elx...xEY — R. The space Ep is defined by E, =

o

q Limes
= {t.t,is a type (pMWtensor,¥Yor € M} . By means of the fields of cones R
and K™ itis defined a field I, of cones on the tensor bundle {Ep. 7, M).
Wy isthe map Kyt € M — Kpo(x) © Epey C Epe where:

Kpa(ry = {tolts € Epu ot (X1, Xoy .., X, 61,85, ..,69) > 0,

VX, € 1\'(.1').V£j eN(x);i=1....,;m7=1,...,q9}.

The IntKo(x) in the topological space E,s is the set
IntKpe(r) = {t,1t: € Epo, (X1, Xayo oo, Xp, 1,62, ...,69) > 0,

VX; € K(2), V& e K*(2); i=1,...,p;5=1,...,q}.

The pair [(Ep, 7. M): K] satisfies the axioms A4; and A, .

[n the following we shall put [(E,p, M); K] = [(E}, 7, M); K}] and
(B p". M); K] = [(ED,m, M); K?).

The geometry of a pair [{E,q, 7, M); K] is the geometry of a regular
vector bundle endowed with a field of cones, (i.e. astructure [(E,p, M); K]),
the geometry that was exposed in [12]. The most important properties of
this geometry was presented in § 1 of this paper.

3.2. The heredity with respect to associated tensors bundles.
If a structure [(E.p, M); K] is given then there are associated to it the
structures [(E*,p™, M); K] and [(Epe,m, M); Kye], (Vp, g € N), which are
uniquely determined. If for the first two structures, [(F,p, M); k] and
[(E*,p*. M); K*], are fixed two vectors fields, Z and (, such that Z{x) e
It () W e AT and (&) € IntR*(z), (Y2 € M then

E=(Q(D...000Z0Z¢...07,

p times q times

{where 71 is the tensorial product) is a section of the tensor bundle
{(Fye.m M) so that Vo € M|S(x) € Inth . (z).
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The last remark shows that the structure [(I'.‘. poAT): .‘.‘] endowed with
a continuous interior vector flield Z and a continuous linear functional fleld § .
(Vo € M{&(x) s By — R, &{2) is a lincar map and E(){X,) > 0 for every
X, € K{x),X; # 0) determines in a natural manner & unique structure
[(Epe.m. M); K pe] and a continuous interior tensor field Z. All these prove
the hereditary power” of the properties of the initial structure.

3.3. Globa! sections of a tensor bundle endowed with a field
of cones. We consider the set of all global sections of the tensor bundle

(Epa,m M)
V= {alo M = Epmor = idag, 018 confinuonsy.

vl is a real vector space and a module over the ring &= {flf - M=
R, fisC%}.

For ¥ we shall use the W Q! —topology (the €0 Whitney open topol-
ogy}. The set ¥ with WO topology is a topological additive abelian
group. The topological space (WO top.) is a real topological vector
space if and oniy if A7 is a compact manifold.

A positive global section of the pair [{Eye 7. M) I ,:] is au element
o of ¥ for which alx) € Ky la), (Vo € M) . The set K0y of all positive
global sections of {Ey, . M) I} is a convex pointed closed with interior
points cone of the jeal vector space v . endowed with the WO - topology.
The fundamental properties of the structure (LA ,nX) were studied in [6].
They are essential diffevent if M is compact or not.

3.4. Positive operators on tensor bundles endowed with fields
of cones. A positive operator in this context was defined in [}, For two reg-
wlar vector bundles over the same base space A, (£ p. M) and (L. My,
endowed with the fields of cones I . respectively K’ a positive r:por:i't.n}' is i
mayp (linear or not linear) @2 12 = £ so that plo® = p. $(K{r)) C W (x).
To every positive operatar & it 1s associated a positive operator for the vec-
tor spaces of gloiw! sections. Py ¢ (N Ae} — (VL) determined by the
refations:

bvioe L ‘I)g[ﬂ') =a € v where o' = (b(O") = (Boﬂ'.

The fundamental properties of arbitrary positive operators were es-
tablished in [6]. ,

For the case of tensors tangent to a dilferentiable manilold endowed
with a field of tangent cones. sote positive operators hetween associated
tensor bundle were defined in [11] p.56 57, by means of the tensorial opefa-

tions: tensorial multiplication and addition (deterinined by fmeans of global’

positive sections of some appropriate tetsor bundles).

|
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4. Applications.

4.1. Field of tangent cones to smooth manifold. A structure
[(E,p, M) K], where M is a (" -diff. manifold and (E,p, M) is the
tangent vector bundle (T'Af,p, M) of M, was considered in [8] and [9].
Obviously. the geometry of a structure [(TM,p, M}: K] contains more new
facts than the geometry of a general structure [(£,p, M); K.

a). In [8]it was defincd a regular partial ordering on a smooth manifold
(M. <). (Definition 5, p.63) and the connections of this structure with a
structure {{(T\M, p, Al); K] were established.

For a structure [(T'Af, p, M); K], an oriental curve of M is a map
cit €fad) C R = x(t) € M, (e <b) which is injective, continuous,
piecewise ("' diff. and every tangent vector dz(t)/dt belongs to K (z(t)).
The point r(¢) is the start point and the point x(b) is the endpoint of this
curve,

The ficld of tangent cones I is oriented if the following condition is
satisfied: every map r : ! € [a,b] C R — x(t) € M which is continuous,
piecewise C'' -difl., with non zero tangent vectors, every tangent vector
dr(1)/dt belongs to K(x(t)), is an injective map; (Definition 6, p.64,[8]).

If for a structure [(T'M,p, M), K] the field of cones K is an oriented
field, then for M there exists an ordering < 0 of its points i.e. x <y if
r =y orif +#y then there is an oriented curve for which = is the start
point and y is the endpoint, (Theorem <, p.6,[8]).

For the obtained structure (M, <)} an oriented curve of [(TM,p,
M}, K] is an ordered curve (p.63,{8]).

h). If we suppose that for the structure [(TA,p, M), K] a C™-
diff. global section ¢ of interior to K{x)}(¥Ye € A} vectors is given (see
1.2.b) then for every smooth curve ¢ of A, we can consider a canonical
parameter. H the curve ¢ is determined in a local admissible chart of M
by r = .a(t) then a canonical parameter of ¢ is determined by the relation:
s is a canonical parameter of ¢ if |da/ds|Cspy =1 (9], p-48).

The canonical parameters of a curve permit us to consider the length
of this curve:

LC((';S!,S?‘) = lS'Z "-':lla
otherwise

Lc((‘;h.f-g) = |fl(fﬂ'/dt Q[,;“))df.l,

where o = r{f),s; = r(t)). 5 = r{r;).
Using the leagth of curves of a structure [(TM, p, Af), K] for which a
global section ¢ was fixed, in a natural way it is introduced a distance on
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A . By means of this distance it is obtained a etric geometry of A .In
this geometry there are established some proper ics analogous with some
properties from classical Riemannian Geometry.

For the metric geometry of a structure [(TAL p, M), K] with the
global section ¢ fixed, many problems are open: the study of geodesics,
the study of metric connections. problems concerning the definition and the
study of curvature a.s.0.

¢). For a smooth manifold A for which there is and it is fixed a struc-
ture [(T'Al, p, M). K], associated linear connections and (for the directions
tangent 1o Al) an intrinsic parallelism can be defined {[9]. p.47 18).

A linear connection ' is an weak associated linear connection of the
structure [(TM.p, M), K] . if for every smooth curve ¢ and for the parallel
displacement 7. determined by I and ¢ we have (N (x{1))) C K(x(t)}.

A direction tangent to Al is a 1-dimensional linear subspace of
T.(M). Two distinct fields of directions {pX} and {pY'} . defined on the
same smooth curve, for which the vectors X (w(f}) and Y{(x(t)} do not
belong to the Fri(z(t)), are intrinsic parallel il the anharmonic ratio de-
termined by these directions and by the directions obtained by the inter-
section of 2-dimensional linear subspace [X (x(t)). Y {x(t})] of 1. (M) with
Fri«(t)) is constant.

Many problems concerning associated linear connections and intrinsic
paralielism (existence, characteristics properties, autoparallel curves a.5.0.)
are open.

4.2. A new metric geometry of a time-oriented Lorentzian
manifold. All results of this section are taken from [I3] . A paper dedi
cated to memory of Professor Albert Crumeyrolle, Paul Sabatier University,
Toulouse, France}.

a). A Lorentzian manifold is a structure, denoted by {M. gl. where:

M is a real, n+ 1 dimensional, '™ ~diff. paracompact connected
without boundarv manifod; ,

gis a (' diff. global field of tensors tangent 10 M | these being
{wo- times covariant symmetric of rank n+ 1 and signature n.

This structure is fundamental in the General Relativity Theory (see
[5]). The classical geometry of a structure [M.g] is founded on the study
of tensor field g¢. This study is guided by the analogies with the study of
Riemannian metrics. So in every tangent to Al vector space T.(Al), a
Minkovski metric (i.e. “a scalar product” and "a norm”} is deterinined by
means of the tensor ¢(x). But this scalar product and this norm are not
scalar product and norm in general admitted sensc. The obtained results
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are sometlimes very different from those obtained in the case of Riemannian
metrics (see [1]). ’

After some preparative, in [13] it was defined another norm in the
tangent spaces to Af and this way, a new metric geometry for the structure
[Al.g] is obtained. We shall present this norm here.

h) For a Lorentzian manifold {1, g] these are considered the cones
of nonspacelike tangent vectors i.e. the following subsets of tangent linear
spaces to M :

Cle) = {X]|X € (M), g(2)(X,X) 20} (Yo e M)

Every set C'(z) is determined by a degenerate hyperquadric and it is com-
posed from two convez pointed closed with interior vectors {in the topological
space T,(M)) cones which are denoted by C*(x) and €'~ (x) . These cones
satisfy the relations :CH{z) U O~ (r) = Cla),CHx) N (2} = {0}, X €
CTz) e ~X e C (x).

A Lorentzian manifold is time-orientable if there is a global > ~diff.
field of timelike vectors tangent to A ie.

Ya € Mlg(x)(Cx,(x) > 0.

A time orientable Lorentzian manifold is called a space-time manifold.

If for a space-time manifold [M,¢], aglobal €™ ~diff. field of timelike
vectors ( il is fixed (determined), then this space-time manifold is called a
time-normalized space~time manifold.

For a time-normalized space time manifold the field ¢ uniquely de-
termines. for every point © of M, one of cones C*(z) or C~(x) which are
subsets of the set of nonspacelike tangent vectors. This is the cone Ct(x)
or ('~(r) which contains the vector ¢(z). This subset of C(z} will be
denoted by A'(r} and it will be deterinined by the relation:

R(z) = {X

[X € THMA[X #0Ag(X,X) >0

Ag(C(r), X) > 0) v (X = 0]}

This way it is defined a map
K:reM-—o Ko T, (MycT{M)

which satisfies the axioms 4;, 4, . from [L1], p40. It is obtained a struc-
ture {(71M), p; M)K] from {11], p.10. Consequently: all results from §1-4
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regarding a structure [(E,p, M); K} can be applied for a time orientable
Lorentzian manifold. for which a € ~diff. global field { of timelike vec
tors it is specified. This way. as in 1.1 it is obtained for a time-normalized
space-time manifold a new metric geometry.

Convention: A time-normalized space-time manifold is denoted by
[M,g:¢, K]. Obviously here A" is the field of concs tangent to M uniquely
determined by the pair g.¢.

Remarks : 1. The field K can be determined also by another arbi

trary tensor field globally conformal to g, i.e. by an arbitrary element of

the set G(M,g) = {pglp: M — (0.20),pis C™ —diff. }.

2. For an arbitrary Lorentzian manifold [A,g] the condition to he
time-orientable (the existence of a global ¢ ~diff. field of tangent timelike
vectors) it is a strong restrictive topological condition for M. But it is easy
to see that every Lorentzian manifold can be locally endowed with a structure
of time-normalized space time manifold. This means that for every point
z € M there is an open set of A, U7, such that the Lorentzian manifold
(restricted to U,) [Us;¢ll7;] can be endowed with a structure of time
normalized space-time: [y, ¢]0+:Cur Ky -

c) Some elements of the new geometry of M, g,¢, HY.
1) VX € T.(m)|X € K(x) & (X =0V (X # 0Ag(X,X) >
0A g{C(x). X} > 0).X € Inth'{z) & g(X.X)>0A g(C(a), X) > 0.
VX, Y € T(MIX <Y o¥Y-Xeh(x)ae (X = YIVI(X #Y)A
(g(X. X) +g(y.¥) > 2 g(X,¥) A (9(C(2), ) > g{Clx), X))
3) VX € T(M);VY € Inth (X))

X ¢ {pYlpe R} = (9(¥, X)) = g(¥,Y) -g(X. X) > 0.

) If we set D(X) = {(g(Cl), X)) = 9(C(),6(2) - 90X, XON72 -

(g(¢(z),¢(x))) ™", then the map
D(): X e I'\(M) - D(X) e R,
is a pseudo-norm of T.{(M} i.e.
D(X) >0, D(pX) = |p|- D(X), D(X)}+ DY)} 2 D(X + Y).

We remark that D(X) =0 X € {p{t)|p € R}.
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5) The function v : (2. X) € U{luth'(x) x T(r)) = v(Z, X) € R’
(see ].?.c)} where ©(Z, X) = (a(Z, X).3(7, X)) € R has the real numbers
a(Z. X)) and (7. X) determined by the relations

M2 XY= g(Z. XV g%, 2) + X)), 372 X) = g(£.X) /gl 4. Z)y — D(X).
6) The map |l X € T(M) — |X]|c € R, where
[ X = max {|a{C(p(X)). X)|, P(C(p{(X)). X))} =

= |g(CpY ), X)|/g(C(p(X)).CP(X)) + D(X)

restricted to the tangent space T.(M), {# = p( X)), is a norm on this vector
space.

A physical interpretation of this norm: if for n =3 it is considered the
Minkowski 4-dimensional space tangent to [M.g] ie. [Lx (M) g(p(X))]
ancl in a local chart of M, normal in & (i.e. in this local chart for
the tensor g in &, gap = —Oub:Gagings = ¢ a.b € {1.2.3}}) we have
Cp(X)) = (0,0,0.1/c), where ¢ is the speed of light, then for an event
Y(X X2 X2 0) (an element of {T,ix),{M).g(p(X))]) the norm |X|; is
the sum of the distances |ct| and (6,.;,.-\"’.‘"")1/2 .

Another geometrical properties of the structure [M,g:{, K} are ex
posed in {13].

4.3. Applications in the theory of monotone dynamical sys-
tems. Thestructure [(Fp, M}, K] can be used to obtain  a generalization
of the theors of monolone dynamical systems ([14]). In order to see how
this generalization works there are presented here the definitions of some
concepts sitmilar to these which can be fonnd in [14]:

A semi flow on the veetor bundle (2. p, M) is a conlinuons map ¢ :
15w Ry -+ I which satisfies the following two conditions:

) VE>O0Ye e M d(E,)C Eyy (Fe=p7H2)).

i) VE>0.Ys20:0,, =®,0b,:0, = idy .

The stbset A4 C F is called positively invatiant if Vi > 0.$,{(A) C A.
Fhe subset A s called invartant if &,(A4) = 4. &

If & is a semi flow on the vecior bundle (/<. p, M) then the orbit of
asection o of (E,p. M) is the subset of F

Glo) o= {d i)}V = 0.V € M}

[he section o is called an equiftheinm seetion of & if (o) = Imeo .
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It is clear that ¢ is an equilibrium section of @ if and only if Vax €
M,a(a) is an equilibrivm point on the flow &, : E; x R — F,, where
¢, =0 ErxR+ -

For a structure [(E,p,M); K] a semi-flow & on the regular vector
bundle (E,p, M) is called:

_ monotone if for ¥t > 0,Ve € M,YX,Y € I, |X <Y & &,(X) <
®.(Y);

— strongly order preserving if it is monotone ad for Yo € M,VX,Y €
E.X <Y (ie. ¥ —X € Inth(z)) = 3 a neighbourhood of X in E
and V a neighborhood of ¥ in E and to € R such that

VX' € UYY' € VIp(X') = p(Y) = &1, (Y') < &, (X'):

— almost strongly monotone if it is monotone and for Vo € M.
VX,Y € E-|X <Y = 3ty € R such that ®,,(X) < ®(¥) (i.e. (Pro(Y)-
®,,(X)) € Inth(z)).

Proposition. If for a structure [(E,p, M; K] a semi-flow & onithe
vector bundle (F,p, M) is almost strongly monotone then ® is strongly
order preserving.

This Proposition shows a possible manner in which results obtained for
monotone dynamical systems in Banach spaces, ([11]) can be generalized for
a steucture [(E,p, M); R]. For this last structure endowed with a monotone
(strongly order preserving, almost strongly monotone) semi-flow different
topics can be studied: the behavior of the orbits of the sections of (£.p, M),
problems of stability, equilibrium sections and points, positively invariant
sets etc.

4.4. Results concerning particular positive operators on par-
ticular structures [(E,p, M): K}].

a) In [2]. Liana David considered a structure [(E,p, M); K] for which
the cones of the field K are n — hedral cones and the topological manifold
M is compact. In this case two theorems are proved:

Theorem 1. There is a finite number of continuons global sections
of (E.p,M),0y.03,...,05 such that every positite loral linear continuous
operator A : (T,Kg) — (8, Kt) which satisfies the condition Mri) =
o.,Vi € {1,2,...,s} Is the identity.

Theorem 2. There is a finite number of continnous global sections
of (E,p,M),0,,03,...,05 such that every sequence of positive local ligear
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continuous operators A, : (L, Ks) =+ (X, Kg) which satisfies the condition
Ao o o, ¥ie {1,2,...,s8} also satisfies A, (0) 2 o,Vo € .

by i [3] Liana David proved that for every structure [(£,p, M); K]
with Y compact there is a "plastering” structure [{E,p, M); K] i.e. every
cone of the field K admits as a plastering cone, a cone of the fteld K’} (see
7. p.50).

Also in [3] are presented some results concerning spectral properties of
linear positive operators of an arbitrary structure [(E,p. M); K] . For exam-
ple. the spectral radius of an arbitrary positive operator of [(£,p, M); K]
belongs 1o the clasure of the spectrum of this operator. Many others results
are established.
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Introduction. In the study of vector bundles one considers prolon
gation of certain geometrical objects on the base manifold or on the bundle,
to the total space. Among thesc prolongation there are the vertical and
horizontal lifts for tensor fields and linear connections. The definitions of
these lifts, given up Lo now, have some deficiencies as follows.

a) For certain objects the vertical or horizontal lift is not a vertical or
an horizontal object [1].

b) The definition given for certain lifts on a general vector bundle [1,
1 - 6] does not reduce to the definition hefore kuown [7, 8], in the particular
case of a tangent bundle’

¢} The definition for the horizontal lift is given only for certain partic-
nlar types of tensor fields [1, 4 -6].

The aim of this work is to modify, to complete and to extend the
definitions of certain lifts on a vector bundle according with a more natural,
more consequent and more simple point of view and to give geometrical
characterizations for these lifts.

1. d-Tensor fields and d-Lifts. Let & = (E,m, M) be a vector
bundle with total space I, projection 7 and base manifold Af. connected
and paracompact. Let be, in adapted charts on A, € and E, the local co-
ordinates (29}, ("), (¢', y*) respectively and the pairs of corresponding dual
basses (&, d'), (€a, "), (&, o, d' d"}, where 0 = d/dxt, 0y = 0/Qyq, d' =
det d® =dy* and i, j, k= 12,...,m, abec=12....n. Setting for cach
s = (ey) € ELVLE = kerl'om, we obtain the vertical distribution and so
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