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Introduction. In the study of vector bundles one considers prolon
gation of certain geometrical objects on the base manifold or on the bundle,
to the total space. Among thesc prolongation there are the vertical and
horizontal lifts for tensor fields and linear connections. The definitions of
these lifts, given up Lo now, have some deficiencies as follows.

a) For certain objects the vertical or horizontal lift is not a vertical or
an horizontal object [1].

b) The definition given for certain lifts on a general vector bundle [1,
1 - 6] does not reduce to the definition hefore kuown [7, 8], in the particular
case of a tangent bundle’

¢} The definition for the horizontal lift is given only for certain partic-
nlar types of tensor fields [1, 4 -6].

The aim of this work is to modify, to complete and to extend the
definitions of certain lifts on a vector bundle according with a more natural,
more consequent and more simple point of view and to give geometrical
characterizations for these lifts.

1. d-Tensor fields and d-Lifts. Let & = (E,m, M) be a vector
bundle with total space I, projection 7 and base manifold Af. connected
and paracompact. Let be, in adapted charts on A, € and E, the local co-
ordinates (29}, ("), (¢', y*) respectively and the pairs of corresponding dual
basses (&, d'), (€a, "), (&, o, d' d"}, where 0 = d/dxt, 0y = 0/Qyq, d' =
det d® =dy* and i, j, k= 12,...,m, abec=12....n. Setting for cach
s = (ey) € ELVLE = kerl'om, we obtain the vertical distribution and so
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the vertical subbundle of TE . denoted by VIS, Fhis is the distribution
tangent to the vertical foliation on f-. Considering the quotient bundle
WE = T'E/VE ., we obtain the following short exact sequence over F,

i) 0 5 VE S TE 25 WE -5 0,

where ¢ and p are the canomical injection and projection, respectively, For
VI we have the local basis (&) and for WE', the basis (3. = p(d)).
Then putting for each z € B.VEE = {a € TTH|a(d.) = 0.V, € V.E}.
we obtain a subbundle V4 E of T7F, called the urthogonal dual of VF .
Setting then W15 = T /VEE | we get the short exact sequence over F.

2 b—s ViR Lrp iy o,

with j and g the canonical injection and projection. For 1""F we have
ihe focal basis {d') and for WLE, the basis (d° = ¢(d")).

As base manifold for the vector bundle &, A has a supplementary
structure and we can consider the following class of tensor fields.

Definition 1.1. A distinguished, or shortly d -tensor field of type
(p.q,r.8) on the base manifold M of the vector bundle & is a section t of
the vector bundle PTM U ELTT™AM 2 €7 over M.

L4
The local expression for such a tensor field is

: ERYRERY Y, FREE I ; L : by = :
3}‘ i t_}ll_I:b_ g (3‘)(]£} : :"'{.-“_ -'..""d'll M G2 rbs*

Also, E being the total space of the vector bundle §. we van consider
the following class of tensor fields.

Definition 1.2. A d tensor field of 1ype (p.g,r.s). on the total
space E of the vector bundle £, is asection T of the vector bundle OFW
VETVIE S WLE over F.

8 T T B, 0t oA @ 59T

These tensor fields were considered in [5] from another point of view.
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T'he coordinates of the tensor fields ¢ and 7. have the same law of
transformation under the change of the adapted charis and so we can give

Definition 1.3. The d lift for a d tensor ficld L of type (p.q.r,5)
on M. given by 3). is the d —tensor field T=t" of the same tvpe on E,
given by 1) where

- ety it . (peetpf) e
2) e .J:b,l.. b_’ (r,y) = ’Jl"‘.fzbl"'f’ {r)

Let F(M) be the ring of '™ real functions on M and f= fom. -
for cach f € F(M). Putting F(AN! = {f9f € F(M)}. we can see
that F(M)! is a subring of F(E), isomorphic with F(M). Let TF(M)
and T(M) be the F(M) module of tensor fields of type {p,q) and the
bigraded F(A) tensor algebra of Al Tet then, 77(&) and T(&)} be the
F (MY module of tensor field of tvpe (r,s) and the bigraded F(M) tensor
algebra of €. We denote by TPV (M, ). T(M, &) and TFPI(E ). T(E E)
the module of d- tensor fields and the corresponding fourgraded algebras
on M and F . respectively.

Remark. The d lift is a F(Al) -monomorphism of fourgraded alge-
bras.
Setting for each | form g € 7 (£}, given by plr) = palr)e

e
i

6) ()2} = pale)y,
where > = (7. y) € I, we obtain a class of functions on E with the following
important property. For two vector fields A and B on I, we have 4 = B

if and only if A(yp) = B(yu), Y € Ti(€) . The operator 4 can be extended
to tensor fields T € T (&) by

T) T rea, B G ea, G e)(z) = BTN @0, @0 @

In particular, for T = I¢, the identical automorphism of £, we get the
canonical vector field K" =4(/¢) on £, given by

R) K{vpn) = pu, Vi € Ti(€).

with the local expression N = y*d, .
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Definition 1.4. A vertical vector field on 1, s a section of the
vertical subbundle V' E.

Hence, a vertical vector field is a d tensor field of type (0.0,1.0}. It
has the local expression A(z) = A" (@, y)d -

Definition 1.5. The vertical lift, for a section u of the vector bundle
£, is the vertical vector feld ut on the total space I, given by

9) W(op) =p)'s Ve Ti(E).
where for fe F(M), f'=for= I

Locally, if u= u"e,, then u" = u ()0, . lor w=¢,, we get
10) (e0)" = da, a=1,2,....n.

For the vertical lift we note the properties

11) [u?,v"] =0, Lru’ = —u",

where £ is the Lie derivation with respect to the canonical vectaor field.

2. Normalization of the Vertical Foliation. The total space E
of the vector bundle & being a manifold endowed with the vertical foliation,
for its study it is convenient 1o consider a normalization of this {oliation,
that is, a distribution on k, supplementary to the vertical one. Such a
distribution will be called horizontal distribution and denoted by HE . With
HE we denote too the corresponding subbundle of TE and we shall call
it the horizontal subbundle. M being paracompact, we can consider a
normalization N defined by a linear connection D in the vector bundle §
[6]. Setting in local charts
12)  Dgse =Tig(2)ea, N (z) = it ()’ 8, =i — N0,

!

we can see that (4;), ¢=1,2,...,m,are m linear independent local vector

fields and they generate locally the horizontal subbundle I F', associated to
the linear connection D.

Definition 2.1. A horizontal vector field on the total space E of
£, with respect to the linear connection ) (or the normalization N)isa
section of the horizontal subbundle HE .

Locally, for such a section we have A(z) = A, y)d;.
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. Definition 2.2.  The horizontat lift for a vector field X on the base
manifold M of €. with respect to the connection I on €. is the vector
ficld X" on the total space I, given by
13) Ny = atDvp). I e ).

Locally, if X = X', . then X" = X'6,. For X = ¢;. we obtain
1) . (H) =4, P02,

For the horizontal lift, the following properties hold

5 (FX) = J X% (XY = [X, Y]~ 7RBy.
(X' u") = (Dyuw)?. Ly X" =0

'}\')hvrc- [ e F(AY, X.¥ e THAL), v e THE) and "7 is the curvature of

Definition 2.3. . vertical | -formon E is a I- form which vanishes
on cach horizontal veclor flefd.

- So, a vertical 1 form on K is a section on the subbundle HLE C
117, the orthogonal dual of HE. Locally. for such a 1 form one has
a(z) = a (e y)(d + N

. Definition 2.4.  The vertical lift for a I-form p € T(£) is the
I form pt € T (I) given by the relations

16) PN =0 (et = ple)t, VX e THM), we T'(E).

I gt = pra(r)e . then p¥(z) = p (o)(d" + N (e, y)d*). For p = e,
we got .

1) (f) =8 =d" 4 NI a=1.2,..0 0.

The | forms (87). a = 1.2, n. generate locally the subbundle HLE.
Remark. Fhe vertical 1 forn on /7 and the vertical lift for a 1 form

on & depend of the wormalization N .

For the virtica) it of a ¥ form g € Ty(€). one has

%) L' = A (XP Y = (o B ).
dp (X n = (D) (e)", dptnt ety =0
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It follows from here

Proposition 2.1.  The vertical lift u" of p € Ti(€) is closed if
and only if ju is covariant constant. In this case p" is exact and one has
p® = d{yp).

Definition 2.5. A horizontal 1 form, on the total space L of £ . is
a 1 form which vanishes on each vertical vector field.

Hence, a horizontal 1—form is a section on the subbundle Vik cT-E.
Such a 1-form has the local expression a(z) = a; (2. y)d'.

Definition 2.6. The horizontal lift of a | -form w € TY(M}. is the
I-form w" € T{(E). given by the relation

19) wh = T r(w).

It follows

Proposition 2.2. The horizontal lift of a [ -form w on M is the
1-form w" on E given by

20)  WMXM) =w(X)Y LMty =0, VX e THM). we T'(E).

If w=w(2)d .then w"(z) =w;(x)d". For w=d', we obtain

(21) (@Y =d'i=1,2,...,m.

Remark. The horizontal 1-form on F and the horizontal lift for a
1-form on Af are independent of the normalization N .

From the previous considerations it results that the following systems
of local sections (8,.9,). (d'.8") represent the dual bases adapted to normal-
ization N . defined by the linear connection D) on £ and the adapted charts
on F. We shall use these bases in the sequel to simplify the calculations.

3. N-Decomposable Tensor Fields and v -Lifts.
A normalization N for the vertical foliation determines a direct <um
decomposition of the bundles TF and T"F.

(22) TE=HE®VE, TE=ViEHIYE,

We denote by H and V the horizontal and the vertical projectors and hy
F =V = I the almost product structure associated to this decomposition.
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For each A € T'(F) and « € Ti{F) we obtain

(23) A=HA+ VA a=Ha+Va=aoH +asV.

Definition 3.1. A N-decomposable tensor field of type (p,q,r,s)
op the total space I of the vector bundle €, with respect to the linear
('u:lnu-rriun 1), is a section of the vector bundie @PHE G VE @TVLE @°
HAE

We denote by TPY(E,N) and T(E,N) the F(E}- module of N -
decomposable tensor fields of type (p,¢,7r,s) and the corresponding four-
grasded tensor algebra,

Considering a tensor field 7 & 7;’3::(5’) as a JF(E)-multilinear appli-
cation 't (T B« (TR 5 F(E) . it follows

Proposition 3.1. A tensor field T € 7;?,:"(5 ) is N -decomposable
of type (p,q,r,s) if and only if

(24) T=To(H? x V" x H x V*).

Such a tensor field has the local expression in adapted basis

~ a—

(25) T(z) = ’1t:l‘.'_'.'.;:;'l‘.'._',;:" (2, 9)8, 0. 0, @, dN @6 B ... 8.

lence, a N - decomposable tensor field is a d-tensor field in the sense
used in [6]. Evidently, it depends of the normalization N, defined by the
linear connection I on £.

From 23) and 24) it results that each tensor field T € T}(E) can be
decomposed in 2%V -decomposable tensor fields of type (p,q,7,s) with

p+r=1¢and g+ s = j. Therefore, we have

THE) = & TIT(E.N).

LE L S]

Using this decomposition, the bigraded algebra T(E), can be replaced
by the Tourgraded algebra T(E,N).
Definition 3.2, The N -lift for a d-tensor field T of type (p,q.r,s)

on I . given by (4). is the N -decomposable tensor field T of the same type,
given by (25). where

NN it fpdyode g _ plpecdpag.a,
(26) ]31...]:b1...b, (. 9) =T, 50, ) (2. )
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It follows that the A7-lift is an isomorphism between the fourgraded
algebras T(S. F) and T(E.N).

Definition 3.3. The v lift. for a d -tensor field t of type (p.q.r. &)
on M . is the N -decomposable tensor field t¥ on k. given by

= . [ -y - ' 1
(27) f‘(w:‘.....w:f._pﬁ ..... gl Xy X)) = .

=f{{wy. ... A IR VAR STRRRRE Ngettten oo TS
where w, € T{{M).n, € TH{E). X, & THM), wy, € THE).

Locally, if t is given by 3. for t" we obtain

(28)  (7(z) = 0N NG, g, OB 8

J1 ...jqbl .. T

Remark. The lifts d. .V and 1 satisfy the relation
(29). v=~Nod

It is not difficult to check the following characteristic property for the
v —lift.

Proposition 3.2. A N decomposable tensor ficld T, of ivpe
(pg.r,s) on E.isthe v -lift of a d tensor field of the same tvpe on M if
and onlv if

(30) LT =(s—nT.

In the following table. we consider certain important classes of N
decomposable tensor fields of type (p,g.rys) on {he total space E.

Name Charac- L.ocal expresion

terisation

q=0{ T="T"3" ey 00,

AP L b

Vertical |p

. o . L ARy -.?l'“'.p S j-| s e __'!‘
Horizontal |r=s=011T = 1‘“._.‘“ [ Ch N ﬁ;,, i
Vertical- |p=s =01 =T/""0d, oo iy dn cy g di
horizontal
. gl .adp ! :_J. ’ R
Horizomtal- 1r = ¢ = 0 T Ib:...b: e I : (LR SRR ATt
vortical

S
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These tensor fields determines four bigraded subalgebras of the algebra
T8, N). which will be called: vertical. horizontal, vertical-horizontal and
horizontal vertical subalgebras, respectively. We remark thay the vertical.
horizontal and horizontal-vertical subalgebras depend of the normalization.
The vertical horizontal subalgebra is independent of the normalization and
coincides with the subalgebra of 7 (€, F) given by the d-tensor fields of the
tvpe (o.¢.r.0}.q.r € N on E.

Definition 3.4. The vertical (v}, horizontal (h), vertical- horizoutal
(v and horizontal vertical (hv)-lilts are the restrictions of the v-iift to
the following submodules of tensor fields of type {p.q. .5} on M.

V= Ve (ALE)=Tr(e) = ViTEs (M =TPM):

(31) ol = vyreriargs M =vimerna-

Examples. 1) For I and Irys, the identical automorphism of £ and
T AL, we obtain

(32) () =V, (Ira)* = H.

2} Considering algebraic combinations of the vertical and horizontal
lifts for certain structures on the base manifold M and the vector bundle
€. we can obtain interesting structures on the total space E.

a) For f¢ and [Fpap, we get

(33) (L)' = Uran)* = F.
b) For two metrics g on Al and 5 on §. we obtain
(31) G=g"+9"
which iz a metric on L, generalizing the metric of Sasaki on the tangent
hundle [41

Remark. Denoting by ¢ and h the vertical and norizontal lifts.
defined in (4], for & £ THEY and & € T {M). we have

W= bt ML R o= N
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Hence. hY is not vertical and &" is not horizontal. Aflter that, Y and k”
are more complicated than " and A",

4. Derivation Laws in the Algebras of ¢ —Tensor Fields.

If we give a connection ¥ on M and a connection D on &, then
we obtain connections in the bundles TAL 1M £ and so. in cach of the
vector bundle A TAL om0 AL 2 £ Henee,

Proposition 4.1. A pair (V. D) of linear conncctions, on M and
€. determines a law of derivation in the fourgraded algebra T(M, ) of d
tensor fields on A .

But if we give a linear connection D on the total space I of the vector
bundle £. generally it does not determine a law of derivation in the algebra
of d-tensor fields on £ . However we have

Proposition 4.2. A linear connection D on the total space F
of the vector bundle & determines a faw of derivation in the fourgraded
algebra T(€,E) of d-tensor fields on F if and only if it preserves the
vertical subbundle.

Proof. In fact. D preserving the type of o tensor fields. it has to
preserve the type (0.0.1.0,). that is the vertical subbundle. Conversely, if
D preserves the vertical subbundle, it comes out hal it preserves also the
orthogonal dual VLE and so it_induces by restriction, linear connections
on VE and V1FE. denoted by D. Putting then

{35) D4B =D4B and D& = Dyn,

for 4,8 € THE) and o € Ti(E). we obtain lincar connections D in the
bundles WE and W+E and so a law of derivation in the algebra T (. £).
It follows also

Proposition 4.3. A connection D on the total space E of the
vector bundle € determines a law of derivation in the algebra of d -tensor
fields on F if and only if

(36) poDaoi=0, vA e THE).
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5. Derivation Laws in the Algebra on \ -Decomposable Ten-
sor Fields.

Let 12 be a lincar connection in & and N the corresponding norma-
lisation on [,

Definition 5.1. A vertical connection is a linear connection D
on the total space IX of the vector bundle €. which preserves the vertical
subbundle i.c.

(37) DB e VTHE), ¥4 e THE)LB e VT (E).

It follows
Proposition 5.1. A lincar connection D on the total space F is

vertical if and only if

(38) HoDyolV =0, YA e THE).

Hence. a vertical connection induces by restriction, a linear connection
on the vertical subbundle V£ and also on the orthogonal dual VLiE. It
follows that a vertical conunection defines a law of derivation in the algebra
of vertical horizontal tensor fields on £

Definition 5.2. The vertical lift of a linear connection D in the
vector bundle €. is the linear connection DV on the vertical subbundle VE,
given by

(39) Dt = (Dxw)', Dioo' =0, YX € T (M), w,ve T (€.

For the curvature R of D", we obtain
(-10) 'fé_\-n yaut = (R%, u)* and zero in rest .

Hence. R = 0 if and only if #P =0.

Definition 5.3. A horizontal connection is a linear connection D
on the total space £ of the vector bundle £ which preserves the horizontal
subbundle 1e.

(41) DB c HT'(E), VA € THE), Be HTYE).
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Proposition 5.2. A lincar connection D on the total space E of
the vector bundle & is harizontal it and only it

(42) VoDyol =0, VAC T 1)

A horizontal conuection on £ induces, by restrictions, linear connec-
tions on the horizontal subbundle HE and on its dual orthogonal HE.
Hence. a horizontal connection defines a Jaw of derivation in the algebra of
horizontal vertical tensor fields on £,

Definition 5.4. The horizontal lift of a linear connection ¥ on the
base manifold M of §. with respect to the linear connection D on £, is
the linear connection N% on the horizontal subbundle HE . given by
(43) V’fghY’"' =(VxY)' vEyYh =0, YX.Y.e THM). ue THE).

u'

For the curvature R of V" we get
(44) Roynyn 2% = (RY,-Z)" and zero in rest.

Hence, R=0 if and only if RY =0.
A vertical connection D on E. generally does not carry a vertical
1-form on E to a vertical one. In fact, if @ € Ty(E}, then we have

(45) (Dan)(X") = —a(DaX*?), YA€ THE), X € TH(AL}.

Hence. D is vertical if and only if D4 X " s horizontal for cach X &
TYHM). that is if D is also horizontal.

Definition 5.5. A N-decomposable connection is a linear connec-
tion D on the total space [ of the vector bundle £ which induces a deriva-
tion law in the fourgraded algebra of N - decomposable tensor fielis.

From the previous considerations it follows

Proposition 5.3.
bundle & . determines a law of derivation in t! algebra of N decoiposa hic
tensor fields on E if and only if it satisfies one of the following conditions:

1) D s in the same time vertical and horizonial CONNECT o,

2} D preserves the subaigebra of vertical tensor fields,

3] D preserves the subalgebra of horizontal tensor fields

A connection D . on the total space £ ol a vector

13 A NEW DEFINFFION FOR CERTAIN LIFTS ON A VECTOR BUNDLE 71

4} D is a F-conunection, that is DF =0

5) There exists a pair of connection {5.5] on VE and HE so that

(16) Py=DyoV+Dyoll, VadeTHE).
These connections were studied in [1,5.6] and called d —connections.
I & more general setting they were considered in [2,3).

Definition 5.8. The v-lift. of a pair (V, D) of linear connections,
on the base manifold A and the vector bundle €. with respect to the
normalization N defined by I}, is the N -decomposable connection DY on
the total space I given by

(17} DY =DyoV+VioH  vAeTYE).

For the torsion 7" and the curvature RY of DV, we obtain

(18) TYUXE YRy =TY(X, V) + 4+ k24 and zero in rest.

(49) R4wyn 2= (RE}.Z)"',R}” wt? = (R, )" and zero in rest.

where 7% and RY are the torsion and the curvature of V and R? is the
curvature of 1),

The lift D" was considered in [4] and called the horizontal lift of the
pair (Y, 12}, but it determines a law of derivation in all the algebra of N
decomposable teusor fields.

These considerations can be extended as follows. Let DY be a fixed
cobitectioh bin (e Vertor nadle €. Considering a connection D on £ we
can see that putling

(50) D'{"."h,‘ u' = (Dyxuw)?. D3e" =0,

we ohtain 4 cottnection 17 on the vertical subbundle, called the vy -vertical
lift of 77. Now we can give

Definition 5.7. The vy 1ift of a pair (V, D) of ronnections on M
and & . will respect to the notmalization Ny . defined by the fixed connection

1P on £, I« the connection D'® on I given by

(51) e = Do VP 4+ o 10
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where V? and H® are the projectors corresponding to V. For the torsion
Tvo and the curvature R" of D0 we obtain

(52) Tre(Xho,yh) = TV(X,Y)" + yREY,

. T (X ut) = 5(X,u)", T, 0"} =0,
where S =D - D%,

h v g 4 oo I} b
(53) R;?,,O},.,DZ el= (R.\YZ) L’Ri\?h:.}'h._-_ 4] (R‘ Y H)
and zero in rest.

The case of tangent bundle, where the difference between our defini-
tions and those given before is more important, will be treated in another
work.
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POISSON-NIJENHUIS MANIFOLDS

BY
IZU VAISMAN

This expository paper is a summary of the author’s talk at the 25
Rumanian National Conference on Geometry and Topology held at the
“AL1.Cuza” University, Jassy (Rumania) in September 1995.

The author is grateful to the organizers of the Conference for their
kind invitation and support.

The results discussed here either belong to other authors, quoted in
references, or were published earlier by the present author. The difference
from our previous survey [30] is that, here. we concentrate on Poisson-
Nijenhuis structures of finite dimensional differentiable manifolds only. But,
for the benefit of the reader, we will add an extensive (but not exhaustive)

list of references, which also includes Poisson Nijenhuis structures in the
most. general algebraic setting.

1. The Basic Theorem. Poisson-Nijenhuis manifolds were studied
by Magri [18], [19], [6], and Y. Kosmann -Schwarzbach and Magri [13] as a
method in the theory of completely integrable Hamiltonian dynamical sys-
tems. Simultaneously. a corresponding general algebraic theory, and many
applications. were developed by Gelfand and Dorfman [8], [7]. We believe
that all these studies motivate a purely differential geometric study of finite
dimensional Poisson-Nijenhuis manifolds. ‘

In what follows, we assume that the reader is familiar with Poisson
manifolds. Otherwise, he should read about them first (e.g., [25]).

The starting point of Magri’s studies was to look for first integrals in
involution of a Hamiltonian dynamical system in the form of eigenvalues of

Conference presented at the 25-th National Clonference on Geometry and Topology,
September 18-23, 1995, lasi. Romania





