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where V? and H® are the projectors corresponding to V. For the torsion
Tvo and the curvature R" of D0 we obtain

(52) Tre(Xho,yh) = TV(X,Y)" + yREY,

. T (X ut) = 5(X,u)", T, 0"} =0,
where S =D - D%,

h v g 4 oo I} b
(53) R;?,,O},.,DZ el= (R.\YZ) L’Ri\?h:.}'h._-_ 4] (R‘ Y H)
and zero in rest.

The case of tangent bundle, where the difference between our defini-
tions and those given before is more important, will be treated in another
work.
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POISSON-NIJENHUIS MANIFOLDS

BY
IZU VAISMAN

This expository paper is a summary of the author’s talk at the 25
Rumanian National Conference on Geometry and Topology held at the
“AL1.Cuza” University, Jassy (Rumania) in September 1995.

The author is grateful to the organizers of the Conference for their
kind invitation and support.

The results discussed here either belong to other authors, quoted in
references, or were published earlier by the present author. The difference
from our previous survey [30] is that, here. we concentrate on Poisson-
Nijenhuis structures of finite dimensional differentiable manifolds only. But,
for the benefit of the reader, we will add an extensive (but not exhaustive)

list of references, which also includes Poisson Nijenhuis structures in the
most. general algebraic setting.

1. The Basic Theorem. Poisson-Nijenhuis manifolds were studied
by Magri [18], [19], [6], and Y. Kosmann -Schwarzbach and Magri [13] as a
method in the theory of completely integrable Hamiltonian dynamical sys-
tems. Simultaneously. a corresponding general algebraic theory, and many
applications. were developed by Gelfand and Dorfman [8], [7]. We believe
that all these studies motivate a purely differential geometric study of finite
dimensional Poisson-Nijenhuis manifolds. ‘

In what follows, we assume that the reader is familiar with Poisson
manifolds. Otherwise, he should read about them first (e.g., [25]).

The starting point of Magri’s studies was to look for first integrals in
involution of a Hamiltonian dynamical system in the form of eigenvalues of

Conference presented at the 25-th National Clonference on Geometry and Topology,
September 18-23, 1995, lasi. Romania
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{1.1)-tensor fields which, for techuical reasons. should have a vanishing Ni
jenhuis torsion. More exactly. if the svstem Xy is defined by a Hamiltonian
H on a Poisson manifold (AL we want it to preserve a (1.1} tensor field
Aof M (ie. Lx,.4 =0 where L denotes the Lie derivative), such that

(L1) A(X,Y) = [AX. AY] = ALY AY] = 4[AX Y]+ AHX Y] =0,

where X.Y are vector fields on M.

Of course, we cannot expect to have a good theory unless there is a
good compatibility relation between .1 and 11. Geometers know such rela-
tions are provided by natural concomitants on the tensor fields involved. In
the case of a bivector and a (1,1)-tensor. such a concomitant was discovered
much earlier by Schouten (who used to study concomitants systematically
[23]). First. we will assume that the compositions of .1 and TT yields again
a bivector field Ty, characterized by §ll, = 4 o #I1. (Generally. 811 is defined
by < fno.3 >=1l{a,3).a. 3 € T=(Al)). This condition is equivalent to

(1.2} M. 30 A) = IT{a 0 A, 3},

and it is always assunmed in what follows. With this condition. the Schouten
concomitant is a T=M valued bivector given by

(1.3) (‘(n‘,ﬂ(ﬂ.j) = j o LunOA — OOLun-fA‘JF
d{M{a.3)) o 4 — d(Il{a o A, 5).
Using this concomitant. Magri gave

Definition 1.1. (T, A) above is a Poisson-Nijenhuis structure of M,
and (M. 11, 4) is a Poisson-Nijenhuis wmanifold, if (1.2) holds, and C1 4y =
0.

In particular, if the Poisson structure 11 belongs Lo a symplectic man-
ifold (M. o) (i.e., o is a closed nou degenerate 2 form of M. and 8ppob, =
Id. .b.(X) := i(X)o) a Poisson-Nijenhuis structure {AM.11. A) is called a
symplectic-Nijenhuis structure (M. a. A

l'or a Poisson- Nijenhuis structure it is enough to ask only that C_ay
(df,dg) = 0 for any f,g € C™(M). Computations will put this defining
property under the form [26]

{1.4) dgoly, A— HX )d(df o A} =1

where X; = §I1(df) (same for X,) as nsual. Frons (1.1) we see that. if a
Hamiltonian fis such that df o4 is a closed | lorm. we have Ly, A =0, It
is for such Hamiltonian svstems that Magri studied complete integrability
via Poisson -Nijenhuis stinctures.

The fundamental property of a Poisson Nijenhuls strocture is
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Theorem 1.2. (The Poisson Hicrarchy Theorem [19], [13].) Let (M,
1, 4) be a Poisson Nijenhuis manifold. and put Ty := II. Then, there exists
a sequence of bivectors [ defined by 21l = A ol (k= 1,0....), which
are pairwise compatible Poisson structures on M. Moreover, all the pairs
(M. AP)(k.p = 0. 1.2,...) are again Poisson- Nijenhuis structures, and we
say that they form the Poisson hierarchy of M.

The proof involves rather lenghty computations and we refer either to
[19] or to {26] for it. Let us only recall that two Poisson structures 1. 1Y are
said to be compatible if [T+ TII" is again a Poisson structure or, equivalently.
[11,11] = 0, where the bracket is the Schouten Nijenhuis bracket (e.g.. [23]).
(Remember also that the characteristic property of a Poisson bivecior is
1,1 =0.)

For a symplectic-Nijenhuis structure there are also some other nice
characteristic properties.

Theorem 1.3. [19]i) Let (M, a) be a symplectic manifold. and A a
Nijenhuis tensor of M. Define

(1.5) 8(X,Y)=c(AX\Y) (XY e TM).

Then (M, a, A) is a symplectic-Nijenhuis manifold iff 6 is skew symmetric,
and d6 = 0. ii) Let (M, a) be a symplectic manifold, 8 a closed 2-form of M,
and A = —HlTob8 (fj10by = —1d.) Then (M, 11, A} is & symplectic- Nijenhuis
manifold iff the 2-form 6 defined by

(1.6) 8(X.Y)=0(AX,Y) = o(AX, AY)

is a closed 2-form.

Proof. i) The skew symmetric of 8 is equivalent to that of II, of
the Poisson hierarchy since it follows easily that 11, = 4118 for the natural
extension of 1. When skew symmetric, 8 is calied the associated form of
[I. Then, the definition of 8 yields
(17) < AX.a == —-6(X.10),
whence computations lead to

(1.8) <dgoly, A= i(X)d(df 0 4)Y >= —df(X . X, V]

Thus, (:'(r|__.;:, = (il 8 = (1
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il) Using again (1.7), one gets
(]..9) < ﬂ..\',q(.-\'. Y) == d8(AN . Y.ino) - d8{ AY, X.dna)+

HAB(X. Y. sy} + L NJ(X)8. (Y)Y ).
Sinee, d8 = 0. {11 11] = 0, and 25p is an isomorphism, Ny = o iff df = 0.

2. Complementary 2-Forms. \We defined and studied the notion
of a compleruentary 2-forms of a Poisson stricture in 271 This notion is
very helpful in the theory of Poisson Nijenhuis structures.

It is well known (e.g.. [25]) that the cotangent bundle of a Poisson
manifold (A, I1) has a natural structure of a Lic dfg.,obmul ol anchor map
d51. with the Lie bracket of 1 form given by

{2.1) {a. 3} = Lyyai ~ L da = d(1{a, 3)).

This bracket is a natural extension of the natural definition {df,dg}
d{f. ¢}, where the brackei of functions is the Poisson bracket of (AL TI).
Then. if recall that the usual formulas of calculus on maunifolds can be
transferred to any Lie algebroid (e.g.. [13]}, we may extend the bracket (2.1)
to Schouten-Nijenhuis bracket of the algebroid 7™M, and get what is called
the Woszul bracket of any two differential forms of M [14]. )

Definition 2.1. [27] The 2-form w of the Poisson manifold (M, 1)
is a complementary form of 11 if

(2.2) {w.,..r}n = 0.

The main result about complementary forms is

Theorem 2.2. [27] If w is a complementary 2-form of the Poisson
manifold (M.11), the formula
(23)  [X,Y) = [AX, Y]+ [X. AY] = ALX, V] + gni(X)s(Y )dw

defines a Lie algebroid structure of anchor A = fyy0b, on TA!. Furthermore,
if w Is closed, {I1, A} is a Poisson-Nijenihuis structure of M.

Proof. Formula (2.1} can be used for any “bivector”™ B € I' a* E,
where F'is an arbitrary Lie algebroid. in order to define a dual bracket of
B on TE*. We just have used the operations of the I/-calculus instead of
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same operations of usual calculus oncoun'tew(l in (2.1). And, it is known
that. if 3 is a £ Poisson bivector (i.e., [B, Bl = 0, for the Schouten
Nijenhuts bracket of F). the dual hracket makes £7 into a Lie algebroid of
anchor (anchor of )y ogp [13].

If we use this result for £ = T*M, B = w. and in view if (2.2}, we
obtain a Lie algebroid bracket of anchor g ob, on T°M. Then. by lengthy
computations which use £ calcutus, one will check that this bracket defined
by formula of type (2.1) is just the bracket {|]" of (2.3). We refer to [27] for
the artual computations.

Furthermore, il dw = 0, the last term of (2.3) vanishes. and the Lie
algebroid condition AJA, Y] = [4X, AY] is exactly Ay = 0. Finally. if we
use (1.8) for w instead of 8, we see that do = 0 implies Cir.g) = 0. Q.ed

n particular, let (M, o, 4) be a symplectic-Nijehuis mdmfoid, and let
6 be the associated form of [{f; ob, = —Id.) defined in Theorer 1.3. Since
Ity = fn# helongs 1o the Poisson hierarchy of (i1, A), we have

(2.1} {8,803 = (11, 1) = 0

and. because Epis an isomorphism, {#.8}y = 0 hence, is a complementary
form of 1.

In other words. il follows that the symplectic-Nijenhuis structures are
in a 1-1 correspondence with pairs which consist of a symplectic form, and
a closed compleinentary form of the former.

Furthermore, on the same symplectic manifold, we have a -1 cor-
respondence between complementary forins and Poisson structures namely.
8 « {fn8). Moreover, on symplectic manifolds (A1, o), the following nice
formula can be checked (using local coordinates for instance):

(2.5} dA = {o, A}n,

where A is an arbitrary diffcrential form. Heuce, d# = 0 is equivalent with
{m. 8}y = 0 i.e.. with [I1,1;] = 0. Hence, our previous conclusion may be
turned around as follows: the syraplectic— Nijenhuis structures are in -1
correspondence with pairs of compatible Poisson structures, one of which
is symplectic. For this reason. many authors call the symplectic Nijenhuis
structures hi Hamiitonian structures.
Tlhe advantage of complementary forms is functoriality:

Theorem 2.8. [27] If  : (M|, 1)) — (M. [ly) is 2 Poisson mor-
phism. and if wy is a {closed) complementary form of Uy, then wy := @rw,y
i+ a (closed) complementary form of Ily.
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Proof. By definition, a Poisson morphism preserves the Poisson
hrackets of functions. One can sce that this implies the preservation of
the Noszul brackets of forms, and the conclusion becomes obvious. Q.e.d.

3. Examples of Poisson-Nijenhuis Manifolds. The case 4 =
+1d. is trivial, and will be excluded. As interesting examples we give:

a) ([26])) Let Al = TN be a cotangent bundle with the canonical
sviplectic form wo = Yd€, A da'. where &' are coordinates on N, and &
are corresponding convector coordinates. The functions of the torm ¢ =
m(X)+foll, where f € C(N), 11 :T"N = N, X = LX'(9/0+") is avector
field on N.and m{X) is the momentum of X defined by m(X') = ¥X'E, are
called affine functions on M.

A Poisson structure [T on M such that the bracket of two affine func-
tions is an affine function is called an affine Poisson structure. and it is
defined by the following brackets:

(3.1) {foll,go M}y =0, {m(X), fo Mn = (AX)f.
{m(X),m(Y)}n = &(X, Y} + m(¥(X,Y)),

where f.g € C®(N), X,Y are vector fields on N, ® is a scalar 2-form on
N, W is a TM-valued 2-form on N.[X,Y] := ¥(X,Y)} makes TAM into a
Lie algebroid of anchor map A, and @ is closed with respect to the exterior
differential d’ of this new Lie algebroid structure.

In particular, IT above is symplectic iff A is non singular and, then,
the corresponding symplectic form is

(3.2) wn = My + du,
where v € A*N is closed and given by
V(XY= -®(471X, 471y,
and g is the 1 form of M defined by
pelx) =E(AT'TLY) (E € T"N\ € TLITN).
Based on these results, we can prove

Proposition 3.1. The affine Poisson structure 11 of M = 1N s
compatible with the Poisson structure Ug of wy. and makes {M.wp) into a
symplectic Nijenhuis structure. iff d® =0, and

W(X.Y) = [AX. Y]+ X, 4Y] - 4[N, V]
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{thereby implying Ny = 0).

The proof follows by noticing that, the Poisson structure Hg + I must
also be afline, hence, defined by formlas of the tvpe (3.1). Then. the corre-
sponding conditions for (3.1) imply the conclusion of the present Proposition.

Proposition 3.1 shows us how to define an alline Pois=on Nijenhnis
structure on T*N if we have a closed 2 form v, and a Nijenhuis tensor
A on No o particular, if N is a Kihler manifold, and we take v to be
the INiihler form, and A the complex structure, we get a pair of symplectic
forms of 77N which have compatible Poisson structures. and make 7™\
into a sywplectic Nijenhuis manifold [26].

b ([27]) In a different direction, we give

Proposition 3.2. Let M be a compact Hermitian svmmetric space
with metric ¢ and Kahler form a; then, any harmonic 2-form w of M is a

closed complementary 2 form, and defines a symplectic-Nijenhuis structure
of (M. o).

Proof. The Koszul bracket -of forms can also be expressed by the
Koszul forniufa [14]

(3.3) (M pdn = 6AA 4+ (—D2NNA S — S(X A p).

where: & := i{Il)d—di(I1). Moreover, in the symplectic case 4 is Libermann’s
operator [15], and in the Kahler case § = ("§,(", where 4, is the Riemannian
codifferential and C is the Weil operator

(CXN(X1, . X)) = A X1, T X,

where .J is the complex structure of the manifold.
In our case,

fww} =2C8,Cw) Aw — (Co,CHw Aw) =0,

sitce w amd, therelure, Cw wAw. ({wAw) are harmonic forms as well. {On a
compact. Riemannian, svimmetric space the harmonic forms are the invariant
orms. and the exterior product of harmonie forms is harmonic. And, on any
IK@hier manifold, A and C'A are harmonic simuitaneously.) Q.e.d.

¢) (]27]) Let G be a linite dimensional Lie algebra. Then. the dual
space G™ has the Lie Poisson structure A defined by

(3.4) {fg¥an) =<y 4d, f,d.g] > (fge TG )y el
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where the right hand side bracket is in G (e.g.. [25]).
.On the other hand. one has the famous classical Yang-Baxter equation

(e.g., [25])
(3.5 [rr] =0, reA‘g,

where, [,] is the Schouten-Nijenhuis bracket of G.
Now, what we get is

Proposition 3.3. Any solution r of (3.5) mayv be seen as a closed
complementary 2—form of (G, A). Furthermore, if (i is a Lie group of Lie
algebra G, which acts on the symplectic manifold (M, o) by a Hamiltonian
action with the equivariant momentumn J : M — G~,.J r is a closed, com-
plementary forin, and it yields a symplectic-Nijenhuis structure of (M, o).

Proof. r may be seen as a 2 form with constant coefficients on G*;
hence, a closed form. Then. one can see that {r,r}s = [r, 7], and (3.5}
shows that we have a complementary form. For the second assertion, it is
enough to remember that .J is a Poisson morphisin, and use the functoriality
of complementary forms. Q.e.d.

d) [29] The symplectic reduction can be extended o Poisson manifolds
by the following definition of Marsden-Ratiu [20]. Let (A, H) be a Poisson
manifold, : : N — M a submanifold, and £ C TM|N a subbundle such
that: i) ENTN foliates N by the fibres of a submersion Il := N — Q,ii) if
for @,y € C* (M) one has dp|E = 0,dp|E = 0, then d{p.%}|E = 0. Then,
if there exists a Poisson structure TT" on @Q such that

(3.6) {fig}Y ol ={p, ¥} o,

Vf,g € C*™(Q), and where ¢, v € C(M) extend [, g, respectively. such
that dp|E = 0,d¢"|E = 0.(Q, I") is the reduction of (M, 11} via (N. E}.
Now, for Poisson-Nijenhuis manifolds, one can prove

Theorem 3.4. Let (M, 11, A) be a Poisson Nijenhuis manifold. and
let (N. E) be as above. Suppose that: A(TN) C TN, A(E) C f. AN sends
I1-projectable vector fields to Il projectable vector fields, 4y (Anunihilator
E) C TN. Then, the reduced Poisson structure Il' of () exists, A indices a
Nijenhuis tensor field A’ on Q. and (Q.11, A’} is a Poisson - Nijerthnis mani-
fold (the reduction of (M,Il, A)).

Proof. The hypotheses imply the Marsden Ratiu existence condition
of TI' [20], and ensure the existence of A’. Then, one can check that the
Schouten concomitant Cr a4y = 0. Q.e.d. {See [29] for details.)
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ASYMPTOTIC SPECTRA FOR WEYL GEOMETRIES
BY

N. BOKAN, P. B. GILKEY AND U. SIMON

1 Preliminaries on Weyl structures. A Weyl structure W on a
smooth (€*) manifold Al of dimension m > 2 consists of a torsion free
connection V. called the Weyl connection, a conformal class € = {h} of
semi-Riemanuian metrics (here and in the following we identify metrics in
C which merely differ by a constant positive factor), and a class T := {6y |
h € C} of 1-forms satisfying the compatibility conditions

(1.1) Vh =200 h:=28,0h

The compatibility condition described in equation (1.1) is invariant under
so-called gauge transformations

(1.2) hes h# =8h, 8- 0% =04 LdigB,

where 0 < 8 € C™(M). Wecall (M, W)= (M. V.C, T} a Weyl manifold.

it is well known that a Wey! structure W can be generated from a
given pair {h@} (where h is a semi-Riemannian metric and where 8 is
a 1-form) in the following way. Let u,v,w,... be vector fields on M . let
V := V(h) be the Levi-Civita connection of h, and let 6 he the vector
field defined by

{1.3) I8, v) = 8{v)
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