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ASYMPTOTIC SPECTRA FOR WEYL GEOMETRIES
BY

N. BOKAN, P. B. GILKEY AND U. SIMON

1 Preliminaries on Weyl structures. A Weyl structure W on a
smooth (€*) manifold Al of dimension m > 2 consists of a torsion free
connection V. called the Weyl connection, a conformal class € = {h} of
semi-Riemanuian metrics (here and in the following we identify metrics in
C which merely differ by a constant positive factor), and a class T := {6y |
h € C} of 1-forms satisfying the compatibility conditions

(1.1) Vh =200 h:=28,0h

The compatibility condition described in equation (1.1) is invariant under
so-called gauge transformations

(1.2) hes h# =8h, 8- 0% =04 LdigB,

where 0 < 8 € C™(M). Wecall (M, W)= (M. V.C, T} a Weyl manifold.

it is well known that a Wey! structure W can be generated from a
given pair {h@} (where h is a semi-Riemannian metric and where 8 is
a 1-form) in the following way. Let u,v,w,... be vector fields on M . let
V := V(h) be the Levi-Civita connection of h, and let 6 he the vector
field defined by

{1.3) I8, v) = 8{v)
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The construction Vv = Vi — {é(u)r + é(v)u - h{u, v}8} gives a torsion
{ree connection V which, together with {h,#} . satisfies the compatibility
condition given in equation (1.1). We use equation (1.2} to generate the
classes € and T from the given par {4, ) and thus get a Weyl structure;
see for example [11, p.1256]) or [1].

For h € C, Weyl introduced the 2-form  £(v. ) : aléh{ll w) as a
gange invariant of a given Weyl structure. He called it the lengt h curvature
or distance curvalure [I I, p.124]. We denote by {2 the curvature tensor of

the Weyl connection T where we adopt the sign convention of [8] for the
curvature tensors. We have that ' and R are refated by the equation

(1.4) hiz, R(u,v)z) = Fu.v)h(z, 2}

Weyl defined the directional curvature A" by
(1.5) KN{u,vjw := Ruw.v)w — Flu,v)w

Relations (1.4) and (1.5) imply the orthogonality relation h{h'(x, v, w) =

0 forany h € C and for any vector field w. Moreover, F and K satisfy the
following symmetry relations h{F(u,v)w.z) = h{F(u, v}z w), and skew-
symmetry relations A(K{u, v)w,z} = —h{K{u,v)jz.w). As a local result
the following is known: if the Weyl connection Vs :netr:c then the leagth
curvature vanishes identically. (omehelv, if F=df, =0, equation (1.2)
implies that the cohomology class [6,(W)] € H' (M) of the closed form
8,(W) does not depend on the choice of a metric in W . Higa (7] has shown

that the distance curvature £ and the cohomology class [9; (W)] are the
obstructions to having ¥V be a metric connection:

1.6 Proposition (Higa}. Let V be the Weyl connection of a Weyl
structure W on M . Then the following two conditions are equivalent:

a) We have F(W) =10 and {Bh( =0
b) There is a Riemannian metric h in C{W) such that Vh=0.

2 Weyl structures and Coedazzi structures. In this section. we
shall investigate the relations between Weyl structures and Codazzi stric-
tures on M . We introduce the following notational conventions. Recall
that two torsion [ree connections V and V# are projectively equivalent if
and only if there exists a T-form 7 such Lhat
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(2.1 VHp - Vo =r(u)v+ 7(0)u

or equivalently if the unparametrized geodesics of ¥ and V# coincide, see
I3, 832} for details. The projective class P{V} is the set of torsion free
connections which are projectively equivalent to V7,

There is an interesting relation between a projective class P of torsion
free connections and a conformal class € of semi-Riemann metrics, defined
via Codazzi equations, see [9. §3; 1, §6; 10, §1.6]. We call P and ¢ Codazzi
compatible if there exists a pair {V,h} with ¥ € P and with h € C such
that both satisfy Codazzi equations

(2.2} (Vo (v, w) = (V,h)(u, w);

we shall call {V,h} a Codazzi pair. This relation is preserved under a so
called Codazzi transformation

(2.3) foes W = Bh, Vi V¥,

where V# satisfies equation (2.1) for 7 = dlog(3). with 8 € C"°(M) and
3 > 0. A Codazzi structure {P,C} consists of Codazzi compatible classes
P and C

2.4 Remark. The class P uneed not to be Ricci-symmetric, in this case we
don’t have a palrmg in general, but only an injective mapping € — P.
For a given Weyl structure W = {V,C, T}, we consider a fixed pair

{h.08} € C x T satisfying equation (1.1). We usc equation (1.3) to define
the symmetric (1.2)-tensor field ¢ = ('(h,6) and the associated totally
symmetric cubic form C=C(h, 0] by

Cv,w) = 8(v)w + 8(w)e + h(v, w)é

Cluv,w) = h{C{u, v}, w) = é(u)h(v._ w) + é(-u)h(u*, u) + é(w)h(u, ).
The connections V™ = V+C and V := V- are torsion free and depend
on the given pair {h,8}.

2.5 Proposition. The ciass P* = {V* = V+C|{hBelCxT
satisfying equation (1.1} } is a projective class generated by the gange trans-
formations described in equation (1.2) of the Wey! structure. Furthermore,
we have P7 = ’P(‘f"} :

The following two propositions deal with the relations between Weyl
structures and Codazzi structures on a manifold A7, Leor that purpose
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we sketch how to construct a Wevl structure from a given Codazzi structure
{P.C}. Consider afixed pair {V.h} € PxC and the Levi-Clivita connection
v of h. Define the symmetric (1.2)-tensor ¢ = \ V and a l-form 8
by its trace {m + 2)8 1= Tr{¢). According to section 1, the pair {h,é}
generates a Weyl structure, and then a Codazzi transformation of {P,C}
induces a gauge transformation in W.

2.6 Proposition. A Weyl structure W = {V, (. T} on M induces
a Codazzi structure {P*.C}. where P~ = P(V) is as above, We call it the
canonical Codazzi structure of W. A gauge transformation as described
in cquation {1.2) induces a Codazzi transformation as defined in equation

(2.3).

2.7 Proposition. Let {P.C} and {P.C} be two Codazzi struc-
tures. Then we have
a) There is a unique. symmetric (1.2)-tensor field ~ such that for any two
Codazzi pairs {V.h} and {V.h} we have 7 (v, w) =V, w—V,w.
b) The Codazzi structures {P.C} and {P.C} define the same Wey!
structure if and onlv if 4 is polar. This means that Tr {u — 3 (u, 3} =

0.

3 Second order differential operators on Weyl manifolds

3.1 Definition. Let ¥ be an affine connection on Al .

a) Let f € ("™ (M) and let u and v be tangent vector fields. The
Hessian Hof is the (0.2) tensor field given by (Hessg f}(u,v) =
u(v(f))—df (V,v). We have that the serond order differential operator
Hessy is symmetric, i.e. (Hessw f)(w.v) = (Hesse f)(v, u) if and only
if ¥V is torsion free.

b) We say that a second order partial differential operator D on % (M)
is of Laplace type if its Jeading symbol is positive definite and thus
defines a Riemannian metric h on A . This means in any system
of local coordinates that we may express = (k' + A'd, + B)
where we adopt the Einstein convention and sum over repeated indices
1 <ij<m=dimM.

¢c) We foliow the sign-convention of [8] for the Ricci tensor Ric(V) of V.
Let p(V) := L(Ric(V)(u. v) + Ric(V) (v, u)) be the symmetrization of
Ric (V). Wesay that ¥ is Ricci-symmetric if Ric(V) is syinmetric
on M . Wesay w is a parallel volume forni if and only if Vw =0 Y
is Ricci-svmmetric if and only if 'V locally admits a parallel volume
form w .
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(]

d) Let = ¥# be a projective transformation as in equation (2.1). We
use [3. p.159] to relate the Ricei tensors:

e (Ric'ﬁ- = Rie) = m(V,7 —myry) = (Vi — 7y
note that the sign conventions for the Rieci tensor differ in [3] from those
used in our paper.

3.2 Lemma. Consider a projective transformation V — v# asin
equition (2.1).
a) We have that p(S#), = p(V) — (m = DN+ Vi) /2 —nimi}
h) I+ = dlog(3) for some function 0 < e C™(M). then

p(V#) = p(V) + {m — BHw (7).

3.3 Differential operators of Laplace type. Lct ¥V be a torsion free
connection and let b be semi-Riemannian metric. Let f & (°(A). We
define the second order operators H(YV) and D(h,V):

H(V) S == (Hessg + (m — 1} Ypo) fand D f == D(h, V) f = —=Trp(H(V)f).

Clearly the operator i) is of Laplace type if and only if £ is a Riemann
metric. We refer to [9] for the proof of the following Lemma; there the proof
is given for Ricci-symmetric connections.

3.4 Transformation Lemma. [Let 7 = dlog(3). We use equa-
tion (2.1} to define a projective change V — V# . Then H(V#)(Bf) =
BHNSY I B# = 3h, then D(R#*,YFYBF) = DL V)([).

3.5 Heat equation asymptotics. Let A7 be a closed manifold and let A
be Riemannian. Let {\,} be the eigenvalues of D = D(h,V} where each
eigenvalue is repeated according to its multiplicity and where Ay < Az < ...
If >0, then ¢ P is trace class on L*(M) and -

Triz{e™P) = S,c7
this series converges nniformly on compact subsets of {0, 2c] since the cigen-
values satisfv the growth estimate A, ~ ¢*/™ for v large. As { | 0, there

is an asvimptotic series of the form:

TI‘L.‘({ f!)} ~ Sn_#[}ﬂn(‘D.”E”““”/E-
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The coefficients a, (D) are spectral invariants which are locally computable
in the following sense. Let dv = dvy be the Riemannian teasure on M.
There exist local invariants a,(z, ) of the geometry of {V.h} defined for
v € M so that a,(D) = fm,an(;t'. DYduwy,.

3.6 Application to Weyl manifoids. Let W be a Weyl structure and
let {P*,C} be its canonical Codazzi structure. Note that in general the
projective class is not Ricci-symmetric; ie. V* ¢ P* may have a non-
symmetric Ricci tensor. We use {P~,C} to define the class of operators

(D(h,V7) | {V*,h} € P™ »C}.

A gauge transformation as described in equation (1.2) of W induces a Co-
dazzi transformation as defined in equation (2.3): the induced transforma-
tion of operators D(h, V*) = D(h#*,V"#) is described by the transforma-
tion Lemma 3.4.

In [1] we studied such operators and their invariants under Codazzi
transformations in case of Ricci-symmetric projective classes. The transfor-
mation Lemma 3.4 is the key for an extension to general projeciive classes.
This procedure leads to new gauge invariants of Weyl geometries. The fol-
lowing lemma provides the basic formulas that are necessary to calculate
an{D) ; we refer to see [5,6] for further details.

3.7 Lemma. Let h be a Riemannian metric. Let D = —(h* 8,0, +
A¥d, + B) be an operator of Laplace type on C™(M). Let Thyus”. Th,
lonll, and ||Rs|| be the Christoffel symbols, the scalar curvature, the norm
of the Ricci curvature, and norm of full curvature tensor for the Levi-Clivita
connection defined by h.

a) There exists a unique connection Vp on C (M) and a unique func-
tion Ep € C®(M) so that D = ~(T1(Vh) + Ep). If wp is the
connection 1-form of Vp, then we have that wps = %h_.,a(A” +
Ry 40¥) and that Ep = B—h""{Juwp n+wp,o@D,u wal b))
Let Q2p; be the curvature of the connection defined by 7.

b) ag(x, D) = (4x) "™/,

¢) as(x, D) =6"1{dm)"Hm + 6ED}.

d} aqir. D)= 360"1(41r)”””2{60(1?:)1;:{;« + 60T, gy + 180(Ep)*
+30Qp,:, 0. + 12(Th hikn + 5(rp)? - ‘Znﬂi:H? + QHHhHQ}-

We apply these formulas to the setting al hand:
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. 3.8 Lemma. lLet [) = D(h. V") = ~tr;(Hesse- + {m — 1}7Ric”) .
1en :

a) AF = - i:'-’l‘:"f". B=(m- l)_lh’-"li’.i'J cand wps = =271 m +2)f;5 .
B Epo= 7Y(m + 2)(0m — 1)1 TruRic — m(m — 2)k) .
o) Qpy =27 4 V()6 — V(R)i6; ).

We combine Lemina 3.7 and Lemma 3.8 to prove the following Theo-
rem. Note that 7, == wi{m — L)k

3.9 Theorem.
then

al wgla. Dy = (Am)=mie,

Let D = DM.N*)Y on C(M). If M is closed,

b ag(r D) = 1270 (4m) =2 (4 — )k 4 3(m 4 2) (in — 1)_"l‘th_ic} .

el ap(D) = 127 Cm) =2 (4 - T?I)H-f—fj(rn--—?)(i’ﬂ—1)_1Tl‘hR-.'iC}dUh.

d) ag(D) = 360 () =™ f{5(m(ne = 1)Kk + 6Ep)? + 301Qp|]?
+2([|Refl* = lpalt?) }doy, .

These results lead to the following theorem

3.10 Theorem. Let M bhe a closed Wey! manifold of dimension

L

a) a, (D) is a global Wey! invariant. Note that u,,(D) =0 if m is odd.
b) If m = 1. then the following expressions are global Weyl invariants:

(D)f((m(m Ne + 6Ep)dy, . flIQDH'Jdu.n,, JANRRI? — Iloall? Y.
{1y .

We are going to study relations between such invariants in [2].
REFERENCES

. Ahlbrandt, €D Lativalonce of Discrete Euler Fquations and Discrete
Hamiltunian Svstemr. ). of Math, Anal. and Appl, 18D{1993), p. 498-517. 1. Bo
kan, N, Gilkes. Poand Simon, U - Applications of Spectral Geumetry to
Affine aud Profective Geametry, Contribution to Algebra and Geometry bfm 35
{1999}, 285 314,

L Bokan N, Gilkev. " andSimon, b,

Ceometry of differential operators on
Woevl imanifolds. (In preparation).

L Eisenbhart L.P Non Riemannian geometry, AMS Coflogquinm Pubheations. vol

B. 5 i printing. 19614
LFolland GR o Wevlmanifelds I, IHE Geour., vol. 4 {1970), 145 153



90 ' N BOKAN P, B. GILKLEY AND UDO SIMON 8

5. Gilkew Po- The spectral grometry of a Riemannian mamfold. 1. DIfl. Geo. 10
(1975). GO1-G1=.

G Gilkey P Invariance Theory the Heat Eguation. and the Ativah-Singer Index
Theorent ('Z"'d edition ), 15BN 0-8103.7R7 -4, CRC Press. Boca Raton. Florida,
1991,

7. Higa. T. - Weyl mamfolds and Einsrein-Weyl manifolds, Comm. Kath, liniv. Sancti
Pauli. 42(2) (1993}, 143 160l

& Kobayashti S apd Nomiwu I
Intersc. Publ, N.Y., 1803,

9 Pinkall, U and Schowen k- Scehellschmidi A andSimon
V. - Geometric methods for solving Codazzi and Maonge-Amdre eqnations, Math
Annalen 298 (1994}, =3 100

10, Simon. U, - Transformation techniques for PDITs on projectively Hat manifolds,
Result Math. 27 (1993}, 0187,

11, We vyl H. Space-time matter. Daowver Puld., 1922,

Foundations of Differential Geometry viel |,

Faculty of Mathematics,

tiniversity of Belgrade,

studentski tig 16. PP 550,

15000 Beograd. Yugoslavia.

e-mail: eprfim0Gayuhgss2i hg.ac.yu

Received : 101V 1996

iathematics Department. University of Oregon,
Iougene Qregon 97103, USA

e-mail. gitkey@math uoregon.edu

Fachherreich AMathematik MA &3,

Technische Lniversicat Berlin.

Strasse des 17. Juni 135

12-10623 Berlin, Deutschland

e-mail: simon<isfb288 math.tu-berlin.de

ANALELE §TUNTIFICE AL UNIVERST ATIE“AL. L CUOZA™ 1AG]

Tomul XLIL Supliment, s.1.0. Matematicd, 1996

ON THE BOCHNER TYPE CURVATURE TENSOR OF
('R~ STRUCTURES

BY
V. OPROIU

Introduction. Iu the study of differential geometry there are some
tensor fields obtained from the curvature tensor fields of linear ronnections
on real or complex manifolds, with remarkable invariance properties. First
of all, I should point out the Wey! projective tensor field obtained {rom the
curvalure tensor field of a torsion free lincar connection on a rea! manifold
as an invariant tensor field under the projective transformations of the con-
nection {sce c.g. [3]). Then, the conformal Weyl tensor field is obtained in a
quite similar manner from the curvature tensor field ol the Riemranuian con
nection as an invariant under the confurmal transformations of the metric
on a Riemann space (sec e.g. [18]).

fn the case of the complex manifolds we have the - projective cur-
vature tensor field of a torsion [ree adapted connection obtained from the
cuivature tensor field as che invariant under the complex projective trans
{ormations {see e.g [17]). The Bochner curvature tensor ficld on a Kaehle
manifold is related in a certain way with the conformal changes of the metric
{see [19]}.

In the case of the quateriion manifolds a projective curvature tensor
feld arises in a natural way from the ivtegrability problan for the almost
juaternal structures (see [31.09]). '

L ail the cases presented above all the traces of the invariant carvature
tensor fields are zero.

In tite case of the normal almost contact structures we have the C-
projective curvature tensor field of a torsion free conneciion adapled to a
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