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ON THE BOCHNER TYPE CURVATURE TENSOR OF
('R~ STRUCTURES

BY
V. OPROIU

Introduction. Iu the study of differential geometry there are some
tensor fields obtained from the curvature tensor fields of linear ronnections
on real or complex manifolds, with remarkable invariance properties. First
of all, I should point out the Wey! projective tensor field obtained {rom the
curvalure tensor field of a torsion free lincar connection on a rea! manifold
as an invariant tensor field under the projective transformations of the con-
nection {sce c.g. [3]). Then, the conformal Weyl tensor field is obtained in a
quite similar manner from the curvature tensor field ol the Riemranuian con
nection as an invariant under the confurmal transformations of the metric
on a Riemann space (sec e.g. [18]).

fn the case of the complex manifolds we have the - projective cur-
vature tensor field of a torsion [ree adapted connection obtained from the
cuivature tensor field as che invariant under the complex projective trans
{ormations {see e.g [17]). The Bochner curvature tensor ficld on a Kaehle
manifold is related in a certain way with the conformal changes of the metric
{see [19]}.

In the case of the quateriion manifolds a projective curvature tensor
feld arises in a natural way from the ivtegrability problan for the almost
juaternal structures (see [31.09]). '

L ail the cases presented above all the traces of the invariant carvature
tensor fields are zero.

In tite case of the normal almost contact structures we have the C-
projective curvature tensor field of a torsion free conneciion adapled to a
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nortal almost contact structue ([4]. see also {21.[*3], where a similar tensor
field is introduced in the case of vhe cosymplectic manifolds).

This is a survey vaper in which 1should intend 1o present sonie aspect:
of my joint work with dott-ssa Phlatzeu ﬁmn L Lipiversisy of Cagliard.
fraly [5).76] as well as sowe results obtained by my students G, 3]
and M.Munteann, [%1 concerning the Bochner l\ pe tessor of a pserdoconvex
C R— structure. The interested reader can find the corresponding proofts of
the results stated here in the cited papers. ‘The idea of the introducing of

a Bochuer tvpe tensor field started from the finding of @ class of alinost
contact structures subordinated 1o a pscudoconvex (R~ structur Thaen
we found some torsion free conuections associated with these ahumt rolact
structuses and, finally, we studied the changes of the cirvaiure teasor fiekds
oi these associated connections when one (hanp,f"» the subordinate almost
contart structure (hy the so called gauge iransformations). Next we lookedd
for some examples of psendoconvex ('R —struclures whose Bochner type
curvature tensors have some remarkable propertics {e.g. are trivial).

Remark that K. Sakamoto and Y. Takemura [11][12} obtained foo a
Bochner lype curvature tensor for a psendoconvex C!R— structure in terms
of a connection. called the Tanaka connection [H]. This connection has the
pioperty that all the tensor ficlds involved in the definition of a subordi-
nated almost contact structure are parallel, but it is not tersion {ree. The
expression of the Bochner type tensor obtained by ix amoto and Takeura
is quite complicated and is presented as a sum of twa tensors involving ot
onlv the Ricei 1ensor field but, alse. other traces of the curvature tenscy
fiold of the Tanaka connection. The expression found by the avthor an
P Matzea, in terms of the curvature tensor field of a 1orsion free associated
connection is very much similar to that of the Weyl and Bochuer carvature
rensor fields from the theory of the real and complex manifolds, Moreover,
we have been able to show that this ten=or does coincide witls that obtainerd
by Sakamoto and Takemura

1.  C'fi—structures. bLet A be a real ro—dimensionsl nani
fold. 1'M its tangent bundle and 7°Af the complexijication of TAI. A
C'R— structure on M is defined by a complex vecior subbundie H(Af) 1o
TAM such that:

iy HMYN A(M) =0 where A(M) = H( H(A
i) H(M) is complex involitive .ie. the brackel (2.1 of two
[ (AN} - valued complex vector fields Z, Wi v H (A1)~ valued too.
Denote by the same letter H(A) the (i(.‘(nlll])ll.,)\lfl(:lhun of H{M!
and by J the operator en H (M}, corresponding 10 the multipbication by

. T
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the Imaginary unit 7 (J° =
scetions in H{A) .

= =1y ). Denote by TUT(M)) the set of the
Then the above conditions are (\pmqsod as follows:

PLH(AY) = 4X ~ i X | X e UL (M)}

(X.¥)] - (X JYTe PG . ¥XY < (M)
ALY = N IY =[N Y= X YN Y] = 0.V Y € LUH(M)

Thee £ 1= structures are structares induced naturally on the real sub-
If p € U C
submanifold A7 of the complex manifold A then the tangent space T,.M

manifobds of complex manilokds. M s a point in the real
ia a real veetor subspace in the complex vector space T, 1 and we may
fudisee

H{T,AM) = {e e T, M | iv & i M}

The dimeusion of H{T,A) way vary with the point p. if this dimension is
constant on A1 then we oblain a CR—structure H(TM) on Af induced
from the complex structure of M.

Phe mosi interesting case is ehtained whei M s a real hypersurface
it the coplex wanifold AL If (l'.mgﬁ =5 Lt | then dimpd = 2n +1
and the (real) fibre dimension of H(TM)is constanl equal to 2n. 1t is
chtained a (1= straciure of hypersurface type.

i the following we shall deal with (R siructures of by persurface
tvpe ondy, The Levi form, witich can be defined for a general (" —structure.
ait be exprossed. in this case, n a very convenient way. Let H{M) define

(' R— siructure of hypersurface tvpe on the {(2n -+ 1)— dimensional man-
old Af . Let Z,W be two HM) — valued complex vector fieids. The
bracket [Z. 1] is a complex vector fiekd on M and it is importaut to see
whether it is f7 (M) = valuwed o1 A(M) -~ valued or H (M )b A(M) valued.
lhm it is natural to consider the projection of {7, W1 on the quotient

FEAL/HEALY MM L The result of this projection is just the Levi form of
the considerad R <tructure. This forin can be expressed easily in terms
of the decomplexitication of fI{A1). Let 4 be a (locally defined; 1— form
defining the distribution H(AL} . If A is orientable then i can be chosen
globally on 3 . Then we have:

HiAMy={oeTM | pgie)=0}

The Levi form can be expressed by the form in([Z, ¥ which is a

complex valued sesquilinear form on H{M). The "R structure H (M)
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is pseudoconvex if its Levi fornt is nondegenerate, The condition for H (M)
to be pseudoconvex can be expressed siinply by the condition :

ghady” #£0

Choosing a particular 1—form n, defining the distribution H(AI),
we obtain an ahnost contact strncture subordinated to the pseudoconvex
C'R—structure F(M). This almost contact structure is defined by: the
tensor field ¢ .of tvpe (1.1}, the 1—form . considered above and the
vector field £ (called the Reels vector field) given by the conditions:

p=Jh . () =

where h =1 — 15 & is the projection operator on H{M). Remark that we
have also:

1, dgdy =10

==l +Eiy pE=0. =0

The complex involutivity condition for H {7} is equivalent Lo
S =0

(see [5]), where the tensor field 5 of type (1,2} is defined by:

(1.1} S(X,Y) = N (X.Y)+dn(A.Y)E+ X )p(Le)Y — (V) Lep) X

Here £ denotes the Lie derivative and N is the Nijenhuis tensor field of
¢. The tensor field $ has some interesting properties, expressed by the
formulas:

B(S{X.Y)) =dn(N.Y)-
S(X,€) = 0.

S(pX, oY) = —S(X. ¥,
2S{X, oY) = SN V) = {dy(X, ¥

dnp(eX. oY ),
(1.2)
diy(p X, pY)}E,

2. The canonical torsion-free connections of pseudo-convex
C' R -structures. Using an almost contact structure subordinated to a given
C R— structure {M. H(M})}, we obtain:

sn———

-t
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Theorem 2.1. If (.. 5} is the almost contact structure subordi-
nated to the pseudo-convex I -structure (A, H(M)) . then there exists
one and only one torsion-free connection ¥ such that for every XY €
A (M)

21 {{\—\-n\(}') =Ldyi X ¥, Vxdn=0.
<. - -
' (Vx et =20{X )Y — Jdnyt X, pY)E.

'he connection ¥V is deterinined by the formulas:

Vx&=0

(2.2) 20V xY)y=2X(niY )y~ dy(X.Y).

(2.3 2V Y. Z) = 2p( X ddylpY e Z) + 20(YV)dn(e X, ¢Z)+
+2Z(dp{ X. @Y 1+ dil[X, o Z], Y ) + dip([Y. 02} X )+
+ X (dnp(Y, Z)) + Ydn(X,2)) + dnp([X. Y], Z).

The obtained connection Vs called the canonical torsion free linear
counection associated with the almost contact stracture (@, 1,€).

3. Gauge transformations of almost contact structures. Re
mark that, instead of the 1—form # defining the distribution H(M), we
may use another 1— form 3’ obtained from 7 by the multiplication with a
nonvanishing function g on M, ie. 7' =g 5, ¢ #0. We have:

Proposition 3.1.  (see [11]) The two almost contact structures
(o, &) and (@', &'.n") are associated to the same pseudo-convex CR-
structure tff for some function f € C™(M) they satisfv

W =ccdp dy' = e/ {dn+ df A}
(3.1 P =ptnoAd € =cel{E+0A}
€=l

the vector field A is defined by the conditions
(3.2} (A =0, di{pA, X) = df (hX)
and Jdf(X)=X(f).
A transformation of 1, 9. € as above is called a gauge transformation.
The transformation of the canonical torsion free connections associated to

the two subordinated ahinost contact structures obtained by a gauge trans-
forination is given by:
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Theorem 3.2. A pauge transformation between two almost cantact
structures (@, €, 7) and (¢'.&. 0"} induces a transformation between their
associated torsion-free canonic df connections ¥ and V' given by
(3.3) ViV =ViY 4+ PIXLY) XY e A
where P is the symmetric tensor field of type (1.2) with the following ex-
pression

2P(X.Y) = df (hX)RY + df(RY )X + dy(X, oY) A=
—df (e X )Y — df(pY ) X + y( X {df (Y 5+f1f(h ) A=
— df (A)pY = 2df (oY) A = 25V )y A} + (Y {df (R X)
Fdf (hX)pd —df(A)pX — 2df (9 X) A —vah_\-.fl}%-

3
F 20000 N + df () 2A = [§0A) = SA(N)A +4V 4 4).

4. Curvature of torsion free canonical connections. The curva-
ture tensor field of a canonical torsion free linear connection associated with
an almost contact structure subordinated to a pscudo-convex ' H— struc-
ture has some interesting properties described by the formulas:

(di(RxyZ W) =
Ryy€=0

(41) S mRxyZ) =0
eRxyZ = RxyyeZ = 2dp(X. Y)uZ + p(X)dy(Y. v Z )~

—ﬂ’l](z. H_\')'H;)

| —n(Y)dn(X. 02)E + 20( X)) (Vv )2 = 20(Y )V s k)00
where " %E(p and
{4.2) RIW.Z,XY) = g(W. Rxy ZY = dyl oWV Ry 20

Now, studying the change of the eurvature tensor fielids of the canonical
torsion free connections. associated to almost contact «triicture subordinated
to a given €' R— structure. we obtain the main result:

-1
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Theorem 4.1. Let (@&, 1) be an almost contact structure on M
associated with the pseudo-convex CR-structure (M, H(M)). Then for
X. Y, Z e '(H(A) the tensor field

(13) B(R)xyv7Z = RxvZ + L(X,2)Y -
L{X.eZ)pY — {L(X

LY. Z)X + L{Y,0Z)p X —
t‘foy) - L(Yaﬂp‘}{)}‘roz_

b I ,
- S ZRY 4 Sdy(Y. 2)KX + ;dn(.k,ng)c,:KY—

= e |
— (X YN Z — Edq(}",c,aZ)goI\'X

where

n+1
21:.(n.+2)
1
Rn+ D(n+2)

(RY(X,Y) + 2dn(X, ¥Y)}+

(44) L(X,Y) = PUNXLY) — = p(R) (0 X, Y )+

2n(n +2)
T(R)dn(X, pY)

1
= 2wtz P
l
ETENITES)

(R)dn(X, pY),

and

1
SARX.Y) = L(X,Y)

ig invariant under gange transformations.

Next, we tried to find, in [6], the expression of the Bochner type tensor
of C'R—structures in the case of some classes of hypersurfaces in complex
or almost complex manifolds.

Let (.}[..I) be a Kaehclerian manifold with dimeM = # + 1 ; denote
by § and ¥ the metric tensor field and the Levi Civita connection of M
tespectively. Assume that M = IW”H(('). Consider an orientable (2n +
1}— dimensional real bypersurface M ¢ .;\:i."""(r:)_; if N denotes the unit

normal of A1, an almost contact structure (g,&,7) is induced on W by
the formulas (sec {10})

=N g(X)=5(X. €. JX =X +n(X)N X e A M).
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Denote by A and YV the Weingarten wmapping and the Levi Civita
connection on M. We have:

V€= 24X (Van(Y) =g{wAX.Y)
(V) =Y jAN —g(AXN.Y)E, X, Ve A M)

AY

(1.5)

Geaerally. the vector field & defined by the almost contact structure
induced on the hypersuriace A . does not coincide with the Reeb vector frekd
associated with the induced (= structure on A7 . T fact, the nduced
SR— struclure could be not psendo-convex. We shall consider same cases
where 1he induced ("R- structure is psende-ronvex and the vector fietd &
15 an cigenvector of the Weingarten mapping. In these cases the veeror field
¢ does coincide with the Reeh vertor field defined by the L= torm g

The Levi Civita connection ¥ and the canenical torsion free connee
tion § are related by the formula:

V=V4Q

where Q is a tensor field of type (1,2) on M . which will be d dermined
in the considered cases.

The first class of hvpersurfaces we considered is the class of ihe hy
persurfaces for which:

i1.6) Heri= A
Fhen:
(;L-R) AL = “5!

and p(AX) = ey X} It {ollows:
(1.8} ATY —pAN - (Y - p{X)E) =0 X e A M.
Then we obtain the expression of the tensor idd @
O(X. Y)Y = gAY — ypi¥ipAX
It follows that. in this case. (M. (M) is Bochner fat.
The second class we considered is the class of hypersurfaces satisfrmeg

the condition:

(1.9) Ag + ol = ap, n # 1.

5 ON THE BOCHNER TYPE CURVATURE TENSOR OF .. G5

We have again AL wE and y(AX) = vy XY, Thew:
L) 244K = 204N + {20+ va) X =0,

true Tor every X € UEAAMD))

Hotllows that, in shis case, the tensor field () s given by:

ALY = gt X b 1Y = (Y ) AN + {iug( Vo2Y) - g(AX o
Doing the necessary computations, we find that. & this case, [
JLMY s pever Bochner fat
\nothor class of real hypersurfaces in almost compiex maadolds is
aiven v the unit targent buadie of a iGetanman manifold., Ler (a4 bu
m (n k1) dimensional Ricmannian manilold. Denote by TAT the tangent
bundle of the manifold X . Then we have the sphitting

PIM =VTA G HT M

defined by the Levi Civita connection aud tae wsuad almost complex struac-
sure on AL L defined by

i1.11) JXH = XV XY = - XH L X e (M)

itis well known that T4 with this aimost complex structure and the Sasaki
setrie has a structiure of aimost Kaehlerian manifold.

Consider the unit tangent bundle Ty M as the bundie of the nnit
pangent vectors at M So i e € T L then ¢ €7 M = gr.e) =1

Theorem ([7},{16]).  [he unit tangent bundle 5l of o Bicman-

cian mmnifold (ML) fas a Cauchy-Riemann structore indneed from the
cinl alinost B i herian stracture of T 0 and enlv i the base manifoud
Vo has coustat seetional curvatare,

Theorem {{8],118]). Let (M. gy Ceoa Ficmanaian maeiond of di
crinsic r-b LS 2 and TyM be the anit tangent bundle with the standard

Diemannian striscoure. Then the gatge tvariani #Boof (13 -1vpe

>

stiie Bovhier tvpe tensor as-ociated to the O straeture sduaced on A

el ac!

anishes, T and only 7Y, gy has constanl qurvature -4,



100 V. OPROIU BT

o

=1

8

)

10.

11.

16.

17.

1%,

19.

Bilair, D, - Contact manifolds jiu Riemannuian geometry. Springer-Verlag. Lecture
Nafes in AMathematics, 509, 1971,

B ok an, N.,.  C-hadomorphically projective translormations in a normal almost
contact manifold, Tensor N5 33 (1979), 189-199.

Eisenhart, LP.,  Now-Riemannian geometry, Amertean Math Soc., Colloguivm
IPublications, 9, 1990, 184 pp.

Matzen Poand O proin V.. ('— projective curvature of normal almost
contact manifolds, Rend. Sem. Mat. Unev. Politecn. Torino, 45 ,2 (1987}, 41-38,

Matzew, P.and O proiuw. V., The Bochuer type curvature tensor of pseudo-convex
'R — suract ures, SUT Journal of Mathematics, 31 (1995), 1-16

Matzen, Poand Oproiu V., - The Bochuer type carvature tensor of pseudo-cunvex
{ ' — structures on real hypersurfaces in complex space forms, to appear.8

Mitrica (G, - {'"R— stractures on the unit. sphere bundle in the tangent hun-
dle of a Riemannian manifold. Preprint Nr. 32, Facultatea e matematicd Liniv
Timigoara, 1991, 9pp.

Munteanuw M., ('H= structures ou the unit tangemt hundle aud Bochner type
tensor, Lo appear.

. O pratu Vo - Almost gquaternal structures . An. St. Univ. AL Coza”, lagi, Mat.

23 (1977),287-198

O protu, V.. - fotegrahility of almost quatermon structeres, An. St. Univ,
"AlLLCuza”, lagt. Mat.. 30 (1984} {5).75-85,

Sakamoto K. andTakemura, Y., Onalmost contact structures belonging
to a ('R -structure. Kodai Math.J. 3 (1980}, 144-161.

. Sakamoto K. andTakemura, Y. Curvature invariacans of ('R -manifolds,

Kodai Math.J. 4 (1981, 251-265.

.Smaranda, D, - Asupra conexiunilor proiective, in the volume "Conexinuni pe

varietiiti diferentiabile”, Univ. Bucuresti, Scminarul Ae Geometrie " G .Vianceanu”,
1980, 91-115 B

Tanaka, N, - A differential geometric study on strongly psewdoconvex manifolds,
[ectures in Math., Kyoto University, 9, 1975.

.Tanno,S., - The Bochner (vpe curvature tensor of contact Riemannian structuse,

Hokkaidoe Math.l. 19 {1990}, 55-066.

Tanno,S., - The standard O R— structure on the unit tangent bundle, Tohoku
Math.J. 44 {1992} 535-543.

Y ano, K., - Differential geometry on comples and almost complex spaces, Pergamon
Press, 1965.

Y ano K,
PP

Yano, k., and K o n, M., C'I}— sihmanifolds of Kaehlerian and Sasakian
manifolds, Birkhauser. Progress in Mathematics, 30, 11983

Y ano, K., Oncomplex conformal vonnections, Nodai Math, Sem. Rep. 26
(1975), 137-151.

fntegral formulas in Riemannian geometry, Marcel Dekker 1970, 184

Received : 1011, 1696 Farnltarea de Matematica
Universitatea "ALLCuza”, lagi

Romania

ANALELE STHNTHICE ALK UNIVERSFTATH “AL. L CUZA" TASI
Towul XEH, Supliment, s.l.a. Matematici, 1996

THE TOPOLOGY OF
DIFFERENTIAL SPACES

BY
MANFRED GERSTNER AND KLAUS BUCHNER

1. Introduction. There are many generalizations of differential man-
ifolds. One of the most popular among them is Sikorski’s Differential Space
where the differential structure is expressed by means of real valued func-
tions on this space. Sikorski’s definition [10] has recently been extended [3]
to allow for functions that are only locally defined. This was necessary in
order 1o apply the theory e.g. to cosmology and gravitational physics.

When working with local functions. the most convenient mathematical
formalism is of course sheaf theory. The problem here is that sheaves are
defined with respect to an a priory given topology, whereas in Sikorski’s
theorv, many important results are connected with the fact that the initial
topology of the differential structure is used.

The aim of the present paper is to show that one may begin with an ar-
bitrary sheal of functions, representing the differential structure. It is shown
that one can always find a coarsest topology and a corresponding sheaf of
functions that represents the same differential structure as our starting sheaf

independently of its special choice! The explicit construction justifies the
name initial topology. The resulting connection hetween the differentiable
structure and the underlying topology is necessary e.g. for the existence
of a partition of unity. The complete characterization of spaces allowing a
smooth partition of unity can be found in the last section.

Other authors [5], [6] work with a similar, but inequivalent general-
ization of Sikorski's spaces which was first introduced by Mostow [9]. Their
resulting theory is — as far as the sheaf of functions is concerned - a special
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