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THE TOPOLOGY OF
DIFFERENTIAL SPACES

BY
MANFRED GERSTNER AND KLAUS BUCHNER

1. Introduction. There are many generalizations of differential man-
ifolds. One of the most popular among them is Sikorski’s Differential Space
where the differential structure is expressed by means of real valued func-
tions on this space. Sikorski’s definition [10] has recently been extended [3]
to allow for functions that are only locally defined. This was necessary in
order 1o apply the theory e.g. to cosmology and gravitational physics.

When working with local functions. the most convenient mathematical
formalism is of course sheaf theory. The problem here is that sheaves are
defined with respect to an a priory given topology, whereas in Sikorski’s
theorv, many important results are connected with the fact that the initial
topology of the differential structure is used.

The aim of the present paper is to show that one may begin with an ar-
bitrary sheal of functions, representing the differential structure. It is shown
that one can always find a coarsest topology and a corresponding sheaf of
functions that represents the same differential structure as our starting sheaf

independently of its special choice! The explicit construction justifies the
name initial topology. The resulting connection hetween the differentiable
structure and the underlying topology is necessary e.g. for the existence
of a partition of unity. The complete characterization of spaces allowing a
smooth partition of unity can be found in the last section.

Other authors [5], [6] work with a similar, but inequivalent general-
ization of Sikorski's spaces which was first introduced by Mostow [9]. Their
resulting theory is — as far as the sheaf of functions is concerned - a special
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case of the one discussed here. (it s fnited ta the eeneralization of ("
manifolds, whereas finite differentaniiily classes are tet possibie.l So Lhe
results of the present paper are dalso valid theveo in particular the existepce
of the minimel slackening and its properties, and the construction of the
aitial topoingy.

2. Differential Spaces. In this section. we repeat the basic defi-
nitions of Differential Spaces. !hey start from the observation, that many
propetties of a differential mawifnid W can be recognized by regarcing the
functions on M . for example the dimension. the differentiability class. and
much of the cohomology. Fle local voordinates of M are real valued fune

.

tions on an open subset ( C W Thus Sikorski considers o tonotogicai
space M and aset O of continous ivactions

Definition 1. (Sikorskit, Lot Mobe aset and O a et of function
M = R.If the following properties hoid:
a) M carries the inftial topology of
hi For all & € Ny, all a £ 07 RYRY and ol fi, . f e 00 also
ae(fi.....fx) €C
¢) Let g : M — R Dean arhitrary function with the property that cvery
point x € M has an open neighliorhood 17 C M satistying

gitm = A7

for some function [ € C. Then g belongs to €' then (' is called differ-
ential structure on M . and the pair (M. (') Differential Space in the
sense of Sikorski.

Axiom aj eusures that a pailition of wniis leeys exists with finetion
in (', provided [ is paracompaci. This is o great advantage ovey P liiaet
and Frochér manifolds,  Axiom b alfows the usnal computations s as
addition. wultiplication, exponentiation ete.

Although Sikorski’s Diflv o 4 o Space:
some important probiems cannol be dealt wiih in Uhelr frasuework, e ot
pact analytic manifolds and singubarities i Finstein's Cienerad B ivity,
This can be seen from the last axiom: While it uses ideas of sheaf the oy ¢
contains oniyv globally defined funciions. Therefure & shondd he rocda el

1

by a sheaf of tunctions. Thos has been Jone By oue of us i G3). [y iy

pry successiul ceie s,

different setting has been worked ot by Mostow v, 19
In order to avoid ambignities, we quote the Leniton of a =neal e fune

tions  techimicaly adapiod for our priposes cotn be changes of ool

— e B
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Definition 2. {shcaflof functions) Let M be a set and + a collection
of subsets © M forming a topology. For everv U € = et F{U'] be a set of
functions U = R such taat for Ve with V. Cl and every f € F(U}.
the restriction fIV isin F(VY. F.regarded as { FYU €+ ) is called
presheaf of functions. the local functions [ € F(U') are called (local)
sections in /. and tie topology ~ s called base system of F. If we
reler to the base svalem explicitly, we write (7.4 instead of F .

Five well known notion of & germ of lunctions at .+ € M can be formulated
as equivalence class by the following relation: Tor f € F(V) (where v e V')
and g e FIWy jwhere o= W) we stare [~ ¢ & thereisan 17 € -
with ¢ Vol and fu git.  The set of'all germns of Foat a s called
stalk *, .

For suceesstully gluing local sections we geed an additional property: Let
(e =~ be acollection of sets in 5 77 = {7, and f:U =2 R
any Grnction with fIU, ¢ F(,) forall i 1. Then [ e Fili}.

£ a prosheal Fohas this nroperty, it is catiod a sheaf of functions, if in
additior all sections it F are continvous fupctions (with respect to the base
svstem ). then F s called a sheaf of continuous functions.

For example. the functions f @ R" — R with contintons derivatives
up to arder & form the sheaf (’,(;A') . For any point gy e R the stalk C;(f«),
consists of all €% cgerrne in n variables at the point g, .

For any preshive! o there is (up Lo isemorphism) a vaique sheaf ¢
with the same germs. le. F, = G, Vo € M . This sheal is called the
sheafification of F .

New we are able Lo give the new definition [3) of a differential space:

Definition 3. Lot AL be a topological space. The pair (M. D) is
calle:t a differential space (or d—space fr short) and D a differential
structure. iff D is a <kcaf of contmuous real valued functions on M whicl
forsn an algebra (w.r.f. pointwise operation).

With genms of funetions we can perform soine operations similar to
those witht funetions, Very importani s the fact, that function germs can
e concatenated, i they 'fit”™ together: AU any point o & M, take some
germs= Op....d, € oand any 7 function germ o € C!f{. where y =
{or{r} .. @ (r)) . The concatenation ¢ = n o (0)....0,) is a function
perm at the samne point 0 € A1 Tt can be obtained via representatives fi
ol ¢y and a of o as the germof eo(fy,... [,) at r.

So we can do much more than only add or multiply germs. We get a
richer “algebraic” structure on our structure sheaf than one is used to from
the realm of algebraic geometry. This heips us to overcome the problems
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with the usual definition of tangent vectors as derivations: It is well known
that such a definition fails even for manifolds, if the differentiability class is
finite.

3. Initial topology. On a differential manifold Af, the topology
and the differential structure are tightly interlocked, since both come locally
from the model space R" - in some cases there is even influence on the
global behavior of the topology. This is the fact for the compact case {(of
course). But besides there is the theorem of Radé that every holomorphic
manifold is second countable. This implies that there is, for instance, no
long line, and all is paracompact, even if not stated explicitly!

On d -spaces, there is by definition only a much weaker connection
between differential structure and base system. The requirement that the
function germs are continuous with respect to the base system is motivated
by some difficulties which come up with the concatenation of germs (cf [3]).
But if we ensure that all the germms have continuous representatives, then
everything works fine.

So we have a condition that makes germ concatenation possible as well
as a condition for our base system: the local sections must be continuous.
This yields a limit for our topology not being too coarse.

If on the other hand the topology becomes too fine, we also get some
unwanted results. Consider the following examples:

Of great importance is the class of soft sheaves, i.e. each section over
a closed subset has a global extension. The sheaf of sinooth functions on a
manifold is always soft. Now take M := R (with usual topology) and as d -
structure the sheaf of constant germs. As closed set choose a set consisting
of two different points and as germs simply take two constants with different
values. We won't find a global constant function with these two values. So
our d-structure is not soft. The intuitively obvious initial topology of the
constant d -structure is the trivial topology, and here our sheaf is soft!

A central role for global views in differential topology plays the parti-
tion of unity. On manifolds (considered as hausdorfl and second countable),
for each open covering there is always a subordinate srooth parfition of
unity. For our d -space counterexample let Af := R° with usual topology.
As differentiable structure we take all functions depending onlv on the fiest
coordinate. Now there are open coverings without a snbordinate partition of
unity. However, this was not the casc if M had its obvious initial topology
(i.e. open sets are stripes parallel to the second coordinate axis of R*).

3.1. Local initial topologies? Consider & set or a topological space
X, aspace Y, and a set F of (maybe continuous) fuiictions X — ¥ .
Changing the topology on X can change the behavior of [, for instance
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the continuity of its elements. But it does not influence the set F' and its
elements! This is trivially true ~ but not any longer if we leave the context
of 'Tunctions” and turn to sheaves in general. For, sheaves have the topology
strictly in their definition. In the next section we will see how the differential
structure can behave when the topology changes. But for now, we will try
to overcome these difficulties by renouncing the structure sheaf and using
only the (Jocally) initial topologies.

Now let M be a set, [(F,v) a sheaf of (nol necessarily continuous)
functions, For cach {7 ¢ 4 we consider the topological space (U, 7y} , where
ree is the initial topology on U, generated by the set F{{/} of real valued
functions on 7. So we've got a family

{(Uyre) U ey}

of topological spaces. Our demanded nitial topology o on M for this family
should be the coarsest of all those topologies, which induce 7 on each U,
i.e. '

alll =1y vl € 7.

The usual way to proceed is the following: Take the lattice Top (M) of all
lopologies on M and regard the subsystem T° C Top (M) consisting of
all those topologies a € Top (M) such that |l > ry (VU] i.e. all those
topologies, whose restriction to U is at least as fine as the given topology.
Then take the coarsest of all those members of T'. Of course T is not
empty, since the discrete topology belongs to T . But unfortunately there is
in general no minimal element in T . It is not hard to find an example for a
family (r¢) and two topologies o, 3 € T such that there is no element in
I which is sitnultdneously coarser than a and 3. So we have to give up
this idea.

Actually we are provided with more information than just the knowl-
edge of this directed systeimn of topologies' There still is our structure sheaf.

3.2. Modiftcations of the base topologies of a sheaf of func-
tions. What we are looking for, is a topology that setves as welt as base
system for the structure sheaf as for a topology that makes our function
germs continnons. So we regard some suitable changes of the base system.
Among thent there is a distinguished base system that will serve as our
initlal 1opology, as it is the coarsest one. For a given structure sheaf the
modified sheal with this initial topology should represent the same differen-
tial structure. In the sequel we will introduce those changes and prove the
existence and uniqueness of the initial topology.

Converning changes of the base topology that respect in some sense
the structure of the sheal we have two basic modifications. The first one
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makes the topology coarser and is always possible, whatever kind of sheafl
we have. The other refines the base system and makes use of the ability of
functions of being restrictable to any subset.

Let {(G.3) and (F.7) be twosheaveson M . We call G looser than
F (notation: ¢ — F ).l the base system of ¢ is coarser than that of F
(3 <~)andif G(I7) C F(U/) forall U € F. het o <y be any coarser
topologv. By Fla we denote the presheal (#,a}, defined by H{U) = F(U)
for U € o,

Note 1. Let Sh{M) be the set. of all sheaves ol functions on the
set A7 . Then (Sh{Af).~) is an ordered set. Any laniily (Filies of looser
sheaves F, — F than a given one has an infimum in Sh{M}.

Proof. Let (F,a;}ier be a{amily of function sheaves on A Fi - F
for all i € 1. Let # be the finest topology on M that is coarser than {or
equal (o) cach of the topologies «;, i.c. A is the infimum of the a;. By
G(U') :={Nig; Fi(U) for each U7 € 1 we get a presheal (G. /) of functions
on M which is obviously the infimum of the F;. To show that G actually
is a sheaf, we take any glucable collection (Ug. filrer of sections in G.
e, LpeB. fu:Up =R, fre@liy) forall ke k. L = U0l
FilUsk = filUyx for all j.k € I, The set U =g Uk lies in i since
it is the union of 3 -open seis, so U7 € a; forall i € 1. The uniquely
determined function f:0 = R. fllUy = fi liex in every Fi(l/} since each
F; is a sheafl. w0 [ € ﬂ,-e[f',-(lj) = G({{7). This shows that G is in fact a
sheal of functions. =

Note 2. For any (F.4) and any o < v the relation Fla—F holds.
According to the above note, Fla really is a sheal,

Now choose a sheal (F.%) and a < . Sometimes it is possible to
recover our original sheaf F from G := Fla . This is the case. if for every
Vg a.every fe F(V) thereis U € o, U DV and g € G(I7) wih
gV =/.

Of course such a recovery is not alwayvs possible. Consider C{]’ ol
M := R and choose n as the trivial topology {M.®}. where one can t gel
1/x as restriction of a global function.

So we sec that such base svstems are special, that preserve the shea!
in a recoverable way. Thus we define:

Definition 4. Let (F,9) be a sheaf. and w0 < 5 any coarser
topology. We call a a slackening of F . if F can be recovered from Flo.

For convenience we introduce the set [ F of all sections of (F,4) as
fF = Uye, FIU). Since functions with different domains are distincl.

the operator Def[.}: f F — 7 that assigns to any section f its domain [

1

i
i
i
1

{
h
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e fe Fl))is well defined. \Writing ¢ 3 [ iff Deflg] D Def[f] and
4 Def [f] = [ we get an ordered set (f F. 0.

Let SUF) be the set of all slackenings of a ziven gheal {F ~). Bv
o sual is-conrser-order o < 5 oamong topologies we gel an orivred set
SLF), <), Of conrse, S{F} is not empty. since 5 < S{F). The inllewing

oo lenninas will show that for any two topologies 7,7 € S{F] there is a
cparser topology € S(F) and that any descending chain of clements in

J(F) possesses an infimum in S(F) . So by Zorn's Lemma we have a unigue

mininal element in S{F). In other words:

Proposition 1. [lor any sheal of functions (F.~). there exists a

minimal sfackening.
The two lemmas are:

Lemma 1. For any two slackenings o.17 € S(F) ihere exists an
0 € S(FY such that y <o and p<7.

Proof. For anv section f € {F we will find an extension Fy 3 f
where  Def [F7] is as well in o asin 7. The collection {Def {#5]] f €
' F} then yields (as a subbasis) a topology 7 which is coarser than a and
.. By construction F can be recovered from Fln.so g is our slackening.

Solet f & [F bhe any section. Thereis a g1 € [ Flo with ¢ I f
isince o s a slackening). Especially. g; < fF. Nowthereisa /y € [ F|r
with by, D g1 (same reason) and so on. We get, Lwo sequences (9:) C [ Flo
and (b)) C [ Flr with i T C g & hicy ... The consequence for the
union of their domains U = ) Def [g) € ¢ and V= 1 Def [hil e 7 is
that U7 = V. By the sheal property of F there is a section # € F(U)
with F| Def {g;] =g, and F| Del [;] = h;. =

Lemma 2. FEvery chain 8 # C C S{F) has a lower Lound in S{F).

Proof. Let f € [ F be any section. We are looking for a ¢ € [ F
wich that g 2 f and Deffg} € o forall o € (. M we can show that
for any f there exists such a g the proof is finished since we can build a
clackentng out ef the set of all those g n the same way ag in lemma |

v a (' -extension of [ we denote a subset, [ G ' {which is also a
Coaind e index set, and a tamily {£ | @ € I} C [ F such that Def [F5] €
o oand I, D3 F, 3 f forall e el and 7 < 0. Let E denote the set
oF all ¢ extensions of f. E iz uot empty: lake any o € £ 0 and an
extension & 3 [ in Flo:since o is aslackening, such a h always exists, By
{ =12} F,:=h wegetan clement of E. We will show. that F helps us
to fined an appropiiate function ¢ 3 f we are Jooking for. ‘The existence will
be casuicd by the Lelp of Zorn's Lemma. So we have to establish an order
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on E: For any two families {}, oI} =Fe E{t,|reN})=:GeE
let < ifandonlvif I CK and F, =0/, lorall o, ie il Fis
a subfamtly of (/.

Now let € C E be any nonempty chain. The index set of cach element
in € is a subset of ', so the union K of all index sets in € is again a
subset of (' especially it is a chain, Tor every @ € K there is a family
in € whose index set containg this a. We define [/, as the corresponding
element in this family. This is (due 1o our order) well defined. The result is
afamily {F, |0 € A} which lies in E and is an upper bound for C. By
Zorn's Lemma. E has maximal elements.

Now take anv maximal element {/, | ¢ € K} € E. let U =
Ugen Del [£:]. Since F is a sheaf there is a section g € F({') such that
g 2 1, forall ¢ € K. To finish the proof we show, that Del {g] € 7 for
all 7 € C as required. Now as a matler of fact. for each 7 &€ (7 there is an
n e K with 5 < 7. Because otherwise we could extend our family in the
following way: the index set is A" U {7} . the additional section is I, :=¢.
But this is a contradiction to the fact that our family was maxiinal. Since
Def [¢] € n for all n € K and since for any 7 € (' there is an 5 < 7, we
see that Def[g] € 7. m

In order to get a better understanding of what this miniinal slackening
looks like, we give the following

Lemma 3. Let (A, D) be a d space. Since D is a sheaf, the
ordered set ([ D,3) has maximal elements. Let S C [D denoie the sct
of all maxima. The system

{ Dl €S}

of subsets of M is a subbasis for a topology o on M . Then = and the
minimal slackening i are identical.

Proof. Toany f € 5 C [ D thereisanextension ¢ 3 f, Dol [g] € u
{since yu is a slackening). [ is maximal, so ¢ = [. Def [f] € ;. and we
conclude: o < p. On the other hand. for anv scetion g € | D there
is a maximal extension f 1 ¢. The topology # we get by Lhe subbasis
{ Def {f] | f € 5} therefore actually is a slackeuing; and since g is the
minimal slackening, g < o holds. =

3.3. The initial topology of a d—space. The minimal slackening
t¢ of a sheaf of functions F is, in other words. the coarsest of all 1opologies.
which preserve the sectional structure of F. 7 u is a sheal of jnnctions
but not a sheal of continuous functions (with respect to ) in general, So
we can't use g as initial topology. since for a given d space (M. D} we
won't get a d space (M. D).

9 FHE TOPOLOGY OF DIFFERENTIAIL SPACES 109

Let 59(D) denote the subset of all those slackenings 7 € S(D) where
Dir is a sheal of continuons functions. The order relation on S{D) induces
an order on S(D). Moreover, (5°(D). <) has a minimal element, too.
The existence of the minitmum can be proved quite in the same manner as
above (by using these two facts: [f functions are continuous with respect
to every topology out of a given collection, then they are continuous with
respect to the infimun of this collection, too. If 5 is a slackening of (F,v),
then any topology @ with 5 < g < 4 is a slackening too). We will show the
existence in a different and more constructive way, to emphasize the closely
related nature of this tupology to usual initial topologies.

Definition 5. [loragiven d -space (M. D). the minimal continuous
slackening p of D s called initial topology, D|i is called initial d -
structure.

Note 3. (M. D|u) isa d space. Obviously D|u does not carry more
information about the differential structure than D, since it is looser. On
the other hand, D can be recovered from Dy, so no information is lost.
We say that D and Dy represent the same differential structure.

The following leinma shows explicitly, how the initial topology can be
constricted. Together with lemma 3, one gets in this way some idea about
its role in actual caleulations.

Lemma 4. Let (M, D) bea d space and v the minimal slackening
of D, Toany U € v. f € D'} and any open V T R, we regard
=" U as a subsct of M (since U C M ). So we get a system

{(fT'"V |V CRopen. Uc€w fecDU)}

of subsets of M . It is a subbasis of a topology ¢ on M . This o is equal
to the initial topology of (A, D).

Proof. Every slackening base system 7. where D|r is a sheal of
conlinuens functions. cantains at least the sets of our given <ubbasis; so
o < 7. By the minimality of the initial topology 1 we get o =p.

4. Further remarks.

4.1. Partition of the unity. d-spaces are generalizations of defini-
tion | 1 the following way: Starting with a given Differential Space (M, C) ,
we pet a d ospace (M, D) by D7) :={fIU | f €} forallopen U C M,
accamnplished by the shealification process. Lven more, I is an initial d
structure (due to definttion ta. ¢f. lemma 4). The original set € can be
regained as the set of all global sections ¢ = D(M) (due to definition Lc).
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Obviously there are d -spaces that can’t he constructed from Diflerential
Spaces in this manner.

We cav. a Differential Space (L") has the Pol property, il for
every open covering of 3 there i a subordinate partition of unity in (.
A d space is said to have the Pol property. il the partition of wnity can
be buiit out of the global sections. In [8] is shown, that every Differential
Space has the Pot property. For o spaces the [ollowing disappointing fact

holds:

Lemma 5. A d space (M. D) with initial d ~structure has the Pol
property if and ondy if it devives {rom a Differcntial Space.

Proof can be found in [31. According to the remarks about the initial
topology it is necessary that the differential =y e ds dnatial

4.2, Pullback of a 4 -space. As compared to differential mamiolds,
it is a great advantage of « spaces that a puliback exists for arbitrary maps:

Let (M. D) bea d space. 4 beanysetand f: A= M anarbitrary
map. There exists a unique sheal f#D of continuous lunctions such that
(A, f#D) is a d-space and behaves as the initial structure of f.

Note.: The usual sheaf theeretical puilback f*D is (in general) quite
different (rot isomorphic) to our =pecial constiirtion f#*D.

But even if (M. D) hasits mnitial d structure, the pullback (.4, [#D)
in general has not.

Fortunately the following lemma holds:

Lemma 6. Let, as in above, (M, D) be an initial d structure,
f:A = M auy mapping fron an arbitrary ser V to M . Denote by T the
topology of M and by o the iopology pulled back on 4, Le  the initial
topology of f. If f is an open mapping between these two topological
spaces. then f#D is an initial d structure.

The use of this lemia is vestricted from quite a different point of view:
With manifolds, the projection = @ UM — M of the tangent bundie is au
open mapping. Although one can cztablish the machinery of bundles quite
in similar way for d spaces (see [3]). the projection is in general not open!
So lemma 6 1s of no help in this case,

For a deeper examination on constructic - like initial d spaces, exam
ples for initial, but not winimal slackening. counterexamples in the non-open
case and so on, see [3].

4.3. Product of d-spaces. Also. 1b+ product of two o spaces 1=
a d-space in a canonical way (see [3]), and noreover. it is compatibie with
the initially of ¢ structures:
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Lemma 7. Let (M, D} and (N.D’) be two d spaces with initial
d steucture. Then the product structure is an etial o -structire, too.

The prool is not straight forward. 1t can be found in [3}.

4.4. Consequences for cosmology. I'he initial topology can be
nsed to determine the topology near singularities of space times, e.g. of
black hotes or the big bang. There the construction of Schimidt’s b-boundary
viclds rather strange results [2]. [7]. So the only neighborhood of the initial
big bang is the whole of Friedimann’s solution, including the final singular-
ity (i it existsh. I contrast, the metiiod developed in the present paper
deterimines a topology as expected from the behavior of particles near the
stngnlarity. This will be discussed in detail in a forthcoming paper [1].

REFERENCIES

L Abdel Megied Aband Bochner, Koand Gad RAMM.  Zur Topologie
stnguldrer Raum-Zeiten, Lo appear. '
. Boasshard B Onthe b =houndarv of the closed Friedmann-model, Commun.
Mathematical Physics 46 (197G), 263 2068,
. Gerstrner. M. d Raume, Eine Verallgemeinernng der Differentialriume mittels
Funktionsgarbeu. Dissertation. TU Miinchen 1995,
1. Gerstner. Mand Buehner K. Differential spaces, based on local functions,
to appear in Scientific Bulletin, “Politehnica” University of Bucharest, Romania,
S Heller MoandSasin, W The structnre of the b ~completion of space time,
General Relativity and Gravitation 26 (1994), 797 - &11
6. Heller M and Sasiu. W, Structured spaces and the application to relativistic
phvsics, J. Mathematical Physics 36 (1995, 3614 - 36062
Jdohnson RA The bundle boundary in some special cases, J. Mathematical
Physics 18 [1977). RO% 902,
4 Nowalezyk A On Partitions of Unity in Differential Spaces, Bulletin de
PAcademie Polonaise des Scionces 2% (198(0), 301 395, :
9 Mostow MA. Thedifferentiable space structures of Milnor classifving spaces. sim-

plicial complexes. and geometric realizations. |, Differential Geowetry 14 {1979),
255 243

[ £

0, sikorski iU Abstracr covariane derivative, Collogquinm Mathematicumn 18
(19GT), 251 - 272
Roecepved o R 11900 Mathematisches Institut

T Miichen
80290 Afiinchen
(rermany





