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A REPORT ON INVARIANT GAUGE FORMS
ON ASSOCIATED BUNDLES
OF AN ABELIAN PRINCIPAL BUNDLE

BY

L. HERNANDEZ ENCINAS,
F. MONTOYA VITINI AND J. MUNOZ MASQUE

The goal of this paper is to present, in a unified way, several results
which have been obtained separately by the authors in three previous papers.
Basically, these resuits concern the structure of the algebra of gauge invariant
differential forins on an abelian principal bundie: that iz, a principal bundle
whose structure group is a circle. The paper is divided into three parts.
In the first part, the trivial bundle is considered; that is, the bundle = :

= M x U{l) = M. of structure group G = U (1}. Then, the gauge
invariant differential forms on that trivial bundle are characterized. In the
second slep, the generalization of the above result to an arbitrary U (1)
hundle, not necessarily trivial, = : P — M with the same structure group
¢/ = U/ (1} is studied. Finally, in the third part, the results obtained in the
interacting case 7@ N xp E -+ M, ie., in the case of a gauge field on K
interneting with i particle field on I, are explained.

Introduction and Notations. et us consider a principal bundle
m: 1" = A over a base manifold M of ditnension m. whose structnre group
is (Coand let p: N = K (P) = M be the bindle of connections of P. Let
te also consider the gauge algebra of P, gauP, that is. the #-vertical G—
invariant vector ftelds on P, which can be identthed with the sections of the
adjoint bunhdle of P: ganl” = I' {M.ad}?). Moreover. the action of the group
of antomorphisms of P on the hundle of connections. K, induces a natural
representation of Lie algebras:
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gaulP — V(). XX,

A Lagrangian density w,, = Lday A de,, where L)V (K) =5 Ris a
real valued differentiable function defined on the - jet bundle of connections,
is gauge invariant if

I""'.n“"" =0.¥X € gaul’

where

SRS VITS RE

is the natural hifting of vector fields to jet bundles by infinitesimal contact
transformations.

This paper was initially motivated by what is now called the Geometric
Formulation of Utivama’s Theorem {[%]). This formulation states that a first
order Lagrangian density Ldory A oA diey, on the bundle of connections of
a principal bundle, K (), is gauge tnvariant il and only il the Lagrangian
L factors through the curvature mapping: €2, i.e., £ = £/ 02, by means of
a function £’ defined on the curvature bundle A%7™” (M) ad P, which must
also be invartant under the gauge algebra representation on that bundle (for
the details see [1]. [2] and [3]).

The curvature mapping is the mapping sending the I--jet prolongation
of a connection I'. j'I', onto its curvature form §2p.

Q: JYK)Y = AT (M) & ad P,

where ad P is the adjoint bundle. that is, the bundle associated to P by the
adjoint representation of (i on is Lie algebra g, and £ is a linetion

LY AT (M) o adP - R

As is well-known. Lagrangian densities are a very special kind of dif-
ferential forms on the bundle of connections because they are horizontal and
their degree is equal to the dimension of the base manifold. Due to the
importance of this notion in Gauge Theories, it sectns to be of interest to
extend this idea in two directions. First, to consider arbitrary differential
forms, not necessarily horizontal formns, on the hundle of connections and to
apply them the invariance condition. and second, to analyze the invariance
of differential forms not only under the gauge algebra. but also wnder the
full Lie algebra of G-invariant. not necessarily r-vertical, vector fields on
K.

3 A REPORT ON INVARIANT GAUGE FORMS ' T

in this paper we generalize this study to not recessarilv horizontal
forms of arbitrary degree.

1. First Part. In the first part, we consider the trivial principal
bundle m + P = M « {7 (1) - M of structure group U7 {1}. The starting
point is to conneci the two natural struciures appearning in Lhe colangent
bundle of a m dimensional manifold M. On one hand. T {3 is endowed
with a canonical symplectic form dw. where w stands for Liouville™ form on
T (M), and, on the other, T™ (M) can be canonically identified with the
bundle ol connections of the trivial principal bundle P = A x< U7 (1)

pr B (M U (1) =T (M) = M

Thi= identification is as follows: every connection form can be written
as: wp = (el + ()Y O Awhere wois a1 forin on M, A s the venera
tor of the standard | parameter group in [ (1), L.e.. the generator of the
paratnetrization: { — ¢, and @ is the angle in {7 (1). So. we can identify
the connection forms on the trivial {7 (1) principal bundie with the 1 forms
SHERY S

The gauge group of P, Gau?’, is the group ol the vertical automor-
plisms of P.ie.. the group of all equivariant automorphisims ® from P to
P inducing ithe identity on M. We have the following diagrawmn:

}) 3 })
TN v T
M

The gange group of £ acts on the bundle of connections in a natural
way (by pulling back connections forms): & = &, ® €Ganl’. In particilar
H P s the trivial principal bundle, Gao(d < U (1)) acts on T (AT,

Heuee we ohtain a representation of the gauge algebra of M o« U [1]
tnto the vector fields of T (3/):

gau (A < U (1)) = V(T {AN), N—= X
Remarks: )
i. Locally. a vector field X belongs to the gauge algebra of A7 < U1
X o2 gau(M < U {1y, o and only if X can be written s N =
g lgyectin) AT, where 47 is the fundamental vector ficld associated

to A,
2. The vector field X carresponding to the vector lield X is:
. dg 8

dy, dp;
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where (g;. p;) are the standard coordinates on T (A).

Now, we shall study the invariance of the differential forms under the
gauge algebra associated to the trivial principal bundie: gau(M x {7 (1)),

A differential form € on 17 (M) is said 1o be gau(M x U [1))-h-
variant if and onjy if for every X €ganl M = 7 {11 we have

[._\-(2 — {I

Theorem 1. A differential form €. Q & Q* (1~ (M) s
gau( M x U (1)) ~invariant if and onlv if there exist differential forms on the
base manifold, n; € Q* (M). such that:

Q= Z prin) A (da) .

i=0

where wstands for the Liouvilles fornt on the cotangent bundle | that s,
dw = dp; Ady;.

So ({4]), the algebra of gauge invariant forms on 1™ (A7) is the Q* (M) -
algebra generated by the canonical symplectic form of the cotangent bundle,
duw:

{gauge invariant forms on 1™ (M)} = p~Q°® (M) {dw] .

in this case, we can see that each differential foom Q. an T (A} of
desree e = dim M induces a Lagrangian densitv. n lact, we have '

M) JVT (M) = AT (MY, A (Jla) = (s7920,) (4) .

where s, : M — T (M} is the section of the cotaugen: bundle {tautological)
induced by the differential 1-form aon M. According 1o the previous the-
orem. if Q,, is gange invariant, then this Lagrangian density is also pauge
invariant. Moreover, as sTw = a, we can write an explicit expressicn for

AQ,):
MU (pa) = D0 @ Aldal,

@22 <m

with degrec{n,) = m - 2i.

Next, if we consider the fuli group of the amomorphisms of P, not
neceszsarily m-vertical, Autd’, then its Lie algelra, anif?, ie., the algebra
of infinitesimal automorphisms of 17, coincides with the (7 invarient veclor
fields on P, not necessarily m—vertical.
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The automorphism group acts naturally on the bundle of connections
of P by simply pulling back connections forins ([7]). In particular, if P is
the trivial principal bundle, Aut{M x U (1)) acts on T {AT).

If (Niq1y . gm)is a coordinate domain of M. a vector field X €
A (M s U (1)) s U (1) -invariant if and only if on 771 (N} can be written as

a .
X = filagro ety — +9{q1, .. A%,
X Tl ) a4 + g (@ 4rm)
Henee, we obtain a representation of the Lie algebra of infinitesimal
antomorphisins of M x U (1) into the vector ficlds of T~ {A1):

aut (M x U L1 = X (1 {(M). X=X,

where the local expression of X is:

. i ‘gg Oy 14
X = [i- e e N e

e, (f)q,— dy; ) dpy

Ve shall study the invariance of the differential forms under the full
 ie algebra of inifinitesimal automorphisins associated to the trivial principal
bundie A o L7 (1),

A differential form §2 on T {Al) is sald to be invariant under the
full Lic algebra of all (1) invariant vector ficlds. ce. aut(M x U (1))-
invariant. if and only if for every vector field X of this Lic algebra. we have:
L;2=0

Theorem 2. A differential form Q on T~ (M) is aut{M x U (1})
tnvariant i and only if there exist scalars A, € R such that

i

Q:Z&m&

=0
where w stands for Liouvilie’s form.

2. Second Part. In the second part, we gencralize the above result
to an arbitrary principal buadle, not necessarily teivial. 7 : P 3 M, of
structure group (= U (1) {([5]).

The first problem we have to deal with is how to endow the bun-
dle of connections with a svieplectic structure. To do this, we use the
affine structure of the bundie of conunections of P. In the general case, the
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bundle of connections of a principal bundle is an afline bundle modelled
over T™ (M) adP. but in the present case, as the structure group is the
abelian group U (1). the adjoint bundle is the trivial rank—1 bundle, i.c.,
ad P = M « R:so one can identify T~ (M} adf? = T (A1) with the cotan
gent bundle. and hence. the bundle of connections of P is an affine bundle
modelled over T ().

Now. the question is how to generalize the symplectic structure of

F7 (M) to K {P).insuch a way that for the wrivial bundle PP = A x (1)
the structure thus obtained coincides with dw, that is, with the exterior
differential of Liouviile’s form.

Theorem 3. On K {(P), the bundle of connections of a U {1)
principal bundle P . there exists a unique sviiplectic form wy. satisfving
the following properties:

1. The natural projection of the hundle of connections, p: K {F) = M.
is a Lagrangian foliation.
2. Let o« K{P) = K () be the translation induced by a differential
fm'rn «oon M o (that is. ¥s € K (P), ., r.(s) = wir) + s). Then,
S (w2) =ws 4 P (dw).
3. Ior every vector field X, X cautP, we hd\n L gwy = 0. Le., all vector
fields of the natural rt‘pmsmtanon ate infinftesimal synumetries of ws

Remarks:
1. For I’ = Al x {7 (1), ws = dw is the exterior differential of Liouville's
form.

2. The cobomology class of wy in H? (K (P). R) > H? (A, R), coincides
with the Chern class of the complex line bundle, P » (1) € associated

to P by the standard action of U (1) in C.

Now. we shall study the invariapce of the differential forms under the
gauge algebra and under the full Lie algebra associated to a non trivial
principal bundie I? of structure group U (1).

A differential form €2 on the bundle of connections of a & (1) principal
bundle. A {F?). is said to be gauge invariant (respectively, invariant nnder
the Lie algebra of all U (1) -invariant veetor fields) if and only if {or every
vector field X of the gauge algebra (respectively, for every vector field X of
the Lie algebra of all I7 (1} invariant vector ficlds), we bave

[J‘('Q = ).

Theorem 4. Let wy be the symplectic form defined above on the
bundle of connections of a U (1)-principal bundle P. Then,

<l
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[. The algebra of gauge invariant differential forms on the cotangent bun-
die of I is generated over p=Q® (M) by wy:

{gau P —invariant forms} = p"Q* (M) [ ]

2. The algebra of invariant differential forms under the full Lie algebra
of infinitesimal antomorphisms of P is generated over R by wy:

{aut I — invariant forms} = R [ws]

3. Third Part. In the third step, we shall try to extend the previouns
resulis 1o the case ol a gauge field interacting with a particle iield {[6]). We
this consider the fibered product K x5 = M of the bundie of connections
of P, K. i.c.. the bundle of the gauge fiekd, with the associated bhundle to P
by a linear representation of {7 (1) into a vector space V. i.e.. the bundle £
of the particle field.

Then, we have: E = P x" 0V = (Px V) ) /U7 (1) and the linear
representation is p U (1) = 777 (V).

We denote by {u, v] the orbit of {u, v) € P x V in E. The gauge group
of . Gau P°, acis on F as follows: @ €Gaunl’, &y [u,v] = [® (u]), v], where
we have

Eo2 E
4 1
MY

Hence, we obtain a representation of the gauge algebra of P into the
vector fields on E:

gan P’ — Y (F), X - Xg,
and finally. we obtain a represcutation of the gauge algebra of P into the Lie
algebra of vector flelds on K x a7 E. by simply adding both representations:
gau P — V(K xar £ X=X,

where X = X + Xg.
A dilleretillal form € on K xar E is said to be gau P invariant if for
every vector field X of the gange algebra of PP, gau P, we have

LYQ = 0.
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The basic procedure to get new differential forms is the following:

.Theorem 5. Let A(V) be the algebra of differential forms on V
given by:
AV ={Q e Q* (M) ;i 02 =0.i4-d2 =0},

where A* is the fundamental vector field associated to the representation
p:U(1) = GL(V).
1. Each differential form Q € A (V') induces a differential fort Qg on the
vector bundle E, uniquely determined by the following condition: for
every Xi, .., Xy € Ty ) (P x V)

QE (qm/\'l: G600 q..-‘{,-) =0 ((ﬂ"g)_‘ X 10 oo (71'2)* Y.ﬁ) .

where ¢ is the canonical projection and my is the projection on the
second factor:

PxV s E=(PxV)/U(1)

2 |
V
2. Qg is gauge invariant. that is. for every vertical automorphism
® cGau P, is
P 0p = Q.

Notation: We call A (£) the induced invariant differential forms on
E by the forms in A(V): A(E) = {Qp:Q e A (V)]
Remarks:

L. The invariance under the gauge group implies the invariance npder the
gauge algebra. Hence. Qp is a gauge invariant differential forin on F
and also on I x .y E.

2. Gauge invariant forms on A and gauge invariamt forms on F do sot
generate all gauge invariant forms on IV x g B, Le. ga P2 invariant oif
ferential forms on A" x 37 F are not gencrate by wy in A{F). Although
the previous procedure provides a wav to obtain all gange invariant
forms on F.

For the sake of simplicity. in what folliws we assume that the vector
space V' is the complex plane. V' = C. and that pis the tepresentation given
by the formula:

p[(l]—)Gl(C)‘ [)(f'ﬁ)il_:’)—f”.a;_
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where r e Zor > 0.

This restriction is not essential since every (1) -representation is
rijuivalent to a direct sum of some copies of the above representation plus,
sventually, the trivial representation.

Now, the local coordinates in A x5y E are the following: in A these
coordinates are (¢ p,) and in £ the coordinates are (g,.2 = 2 + yv/—1).

Moreover, the local expression of the representation is as follows:

Then we haves

Theorem 6. \Vith the above assumptions. let a : E — R . be the
function given by
a(fuv]) =z 3 =a* 4+ 4%,

and let 3 be the |- formon K xp I given by
B=rdy—yde+r(z®+y°)p dg.

Then, v, dev, 3,df and wy span over O™ (M) the algebra of gauge invariant
differential forms on K" x5 E.

Remarks:

. a da € A(E). but 3,dp do not belong to A (F);

2. 3 contains the characteristic exponent r of the representation. So,
different. representations induce different gauge invariant forms;

3. 3 has an intrinsic meaning.
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RIEMANNIAN CONVEXITY IN PROGRAMMING (1)

BY
CONSTANTIN UDRISTE

Introduction. The techniques and analysis presented in this
paper lor convex programs on Riemannian manifolds are generalizations
of some ideas on Euclidean spaces. These generalizations arc important
because many optimization problems require naturally the structure of a
diferentiable maunifold endowed with a Riemannian metric.

§1 is devoted 1o the Newton algorithm on Riernannian manifolds for
finding zeros of a C'™ differential [-form {or of a vector field}.

§2 depls with properties of the Newton method near the central path
of a convex program {one unit Newton step stays iuside the fesible set,
quadratic convergence results, upper bound for the difference of two barrier
function values, and upper bound for the difference of two objective function
values) obtained using simultaneously the original Rientanuian metric and
a Hessian Riemannian metric.

§3 gives upper bounds for the total number of outer and inner itera-
tions for the logarithinic barrier algorithm applied to a convex program on
4 Riemannian maunifold. '

The theorems in §§2 - 3 have their origin in the Euclidean variants
exposed in [1], (2] and in the Riemannian point of view aboul convex pro-
gramming developed in [6], [71.

1. Newton method on Riemannian manifolds. The generaliza
nons of nuinerical techriques on Euclidean space to a Riemaunian manifold
arve realized via an intrinsic approach which leads one from the extrinsic idea
i vector addition to the exponential map and parallcl translation, frow the
carch along straight lines to the search along geodesics, and from partial
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