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Abstract We start this study with last multipliers and the Liouville equation for a
symmetric and non-degenerate tensor field Z of (0, 2)-type on a given Riemannian
geometry (M, g) as a measure of how far away is Z from being divergence-free
(and hence g€-harmonic) with respect to g. The some topics are studied also for the
Riemannian curvature tensor of (M, g) and finally for a general tensor field of (1, k)-
type. Several examples are provided, some of them in relationship with Ricci solitons.
Inspired by the Riemannian setting, we introduce last multipliers in the abstract frame-
work of Dirichlet forms and symmetric Markov diffusion semigroups. For the last
framework, we use the Bakry-Emery carré du champ associated to the infinitesimal
generator of the semigroup.
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Introduction

The method of study dynamical systems through Jacobi last multipliers is well known,
and a modern approach can be found in [26]. Recently, we extend in [12] the notion
of last multiplier and its associated Liouville equation to vector fields on manifolds
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endowed with a volume form. Also, these objects are studied in some remarkable set-
tings: for Poisson geometry in [13], for weighted manifolds in [15], for Lie algebroids
in [17] and in a complex framework in [18].

All these works concern with vectors and multivectors. This paper starts with the
case of covariant tensor fields Z of second order and in a Riemannian geometry
(M, g). We impose two conditions of such Z: (1) the symmetry, in order to define the
divergence of Z with respect to g; (2) the non-degeneration, in order to deal with the
corresponding Liouville equation, see (1.5) below. It follows the birth of a remarkable
1-form, wz = Zﬁ_l(din), called the Jacobi form of the triple (M, g, Z). Then
the existence of last multipliers for Z with respect to g means that this form is an
exact one. Since exactness implies closedness, we arrive at a de Rham cohomology
[wz] € HY (M) when Z admits last multipliers.

The motivation for this subject is both geometrical and dynamical. From a geometric
point of view, we study several important cases of Z, some of them involved in the
Ricci flow theory (see for example [8] for general theory and the particular case of
Ricci solitons in [2]): the Ricci tensor of g, the Hessian of a smooth function, the
Lie derivative of g with respect to a given vector field. Also, since the divergence-free
nature of Z expresses the harmonicity of its (1, 1)-version with respect to the complete
lift of g (which is a semi-Riemannian metric, [21,22]), we connect our study with the
theory of harmonic self-maps of (T M, g€). From the dynamical point of view, the
divergence-free covariant tensors provide physical conservation laws (see the whole
of [6, Chap. 5]) and the generic example is the Einstein tensor of g discussed in Sect.
2.

In fact, the main result, namely Theorem 1.3, gives a condition for the existence of
last multipliers for a given Z with respect to g and also, their generic expression in
terms of a potential u € C°°(M) of the Jacobi form. This closedness condition, (1.7)
or equivalently (1.8), is expressed in terms of V=the Levi-Civita connection of g and
the (1, 1)-version of Z; so, there exist curvature restrictions generated by g as well as
the nature of Z. Also, this condition (1.7) involves the exterior differential d on M,
and hence there are de Rham cohomology restrictions. It follows that there exists Z
without last multipliers with respect to g.

The paper is organized as follows. The first section introduces the setting and its
main result, namely Theorem 1.3, discusses the existence and expression of the last
multipliers for a fixed Z. Several remarks are included towards a better picture of
this framework; for example the Jacobi form is expressed in an adapted orthonormal
co-frame.

The Sect. 2 is devoted to applications and some remarkable 2-tensor fields are dis-
cussed: the metric (as the simpler case), the Ricci tensor, Chen-Nagano harmonicity,
the Lie derivative of g with respect to a given vector field, the Hessian of a smooth func-
tion, the second fundamental of a hypersurface, and 2-tensors obtained from 1-forms.
We continue their study in Sect. 3 with concrete examples: rotationally symmetric
metrics, quasi-constant curvature manifolds, quasi-Einstein manifolds, Ricci solitons
and spheres. For Ricci solitons, we derive the (non-vanishing) Jacobi-Ricci form in
the gradient case while for the general (not necessary gradient) case the harmonicity of
(Ly g)* is equivalent with the constancy of the scalar curvature. Also for the gradient
case the measure and the diffusion operator (weighted Laplacian) of the canonically
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Last Multipliers for Riemannian Geometries

associated metric measure space are expressed by using the last multiplier instead of
the potential function u; in fact this was the initial motivation for this work, namely
to derive relationships between (gradient) Ricci solitons and last multipliers.

The fourth section concerns with two types of deformations: (1) conformal defor-
mations and the case of a traceless Z is discussed from the point of preserving the
exactness (closedness) character of the triple (M, g, Z); (2) the curvature deforma-
tions under the action of curvature operator of g. The following section discusses the
case of the Riemannian curvature tensor of g, and we finish with a general tensor field
T e ’];(1 (M) for which we express the Liouville equation. By using the Weitzenbock
formula, we express this equation for 7 = Va with « a k-form in terms of Laplacian
and the rho tensor field of «.

Inspired by a formula for last multipliers of vector fields from the Riemannian
geometry which involves the Laplacian, we extend this notion firstly for the setting of
Dirichlet forms and secondly for symmetric Markov diffusion semigroups in the last
section. For the last framework, we use the Bakry-Emery carré du champ I" associated
to the infinitesimal generator L of the semigroup and then an example of last multiplier
is put in relationship with the harmonicity with respect to L.

1 Last Multipliers for Symmetric Covariant 2-Tensors

Let (M", g) be a smooth, n-dimensional Riemannian manifold and fix an orthonormal
frame {e;; 1 <i <n} ={ey,...,e,} C X(M). As usual, we denote by C*°(M) the
algebra of smooth real functions on M, by X' (M) the C*°(M)-module of vector fields
and by QK (M) the C*®°(M)-module of differential k-forms on M with 1 < k < n.
We need also C{°(M) the cone of positive smooth functions on M. Let V be the
Levi-Civita connection of g and 7'r the trace operator with respect to g.

The main object of our study is a fixed symmetric tensor field of (0, 2)-type: Z €
TZO)X (M). Its associated (1, 1)-tensor field has two variants: 1) Z% : X (M) — X (M)
and 2) Z; : QL) - QL (m), respectively. The divergence of Z with respect to g is
div Z € Q'(M) defined by [2, p. 9]:

divZ = Tr(VZ" (1.1)

which means for X € X (M) that [1, p. 334]:

divZ(X) = Z(ve,. Z)(X, ¢;). (1.2)

i=1

Sometimes, a local expression is useful. In a local coordinate system (xi; 1<i<n)
on M, we have g = g,:,-a’x" ® dx’/ and Z = Z,:,-dx" ® dx’ with Zij = Zj;; hence
Z8Zy) = Zi]. % ®dx’ with Zi]. = g'9Z,j. Let (I'?.) be the set of Christoffel symbols
of V. Then

k

9Z"
: k j k J Ik k!l
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Fix also f € C*°(M). A straightforward computation gives
div(fZ) = Z:(df) + fdivZ. (1.4)

The aim of this paper is to study the following notion:

Definition 1.1 The function f € C°(M) is a last multiplier for Z with respect to g
if div(fZ) = 0. The corresponding equation

Z:(dIn f) = —divZ (1.5)

is called the Liouville equation of Z with respect to g.

In order to solve the Liouville equation, we need an additional hypothesis: Z is
non-degenerate i.e., Z* is non-singular operator. Let Tlli (M) be the cone of invertible

endomorphisms of the tangent bundle T M; then Z% € Tll ;(M). Hence our setting is
described by the following notions:

Definition 1.2 (i) The triple (M, g, Z) with non-degenerate Z is called exact
(closed) modular manifold if its Jacobi form wz = Z;](din) e QLM
is exact (closed).

(ii) In the first case above, the function u € C°°(M) is called potential if wy = du.
In the second case above, the cohomology class [wz] € H L(M) is called the
modular class of the closed modular manifold (M, g, Z).

We obtain a characterization for the existence of last multipliers:
Theorem 1.3 i. LetZ € ’Tzos (M) be non-degenerate. Then Z admits last multipliers

with respect to g if and ohly if (M, g, Z) is an exact modular manifold; hence if
u € C*®(M) is a potential of it then the last multipliers of Z have the form:

f = fc=Cexp(-u) (1.6)

for C > 0. It results that if f1 and f> are last multipliers then there exists a constant
C > 0 such that f» = Cfj.
ii. The triple (M, g, Z) is a closed modular manifold if and only if

divZ € Ker(d o Z;") (1.7)
equivalently
VARS Ker(doZu_l oTroV). (1.8)
iii. In particular, if Z is divergence-free then its last multipliers are the (positive)
constant functions.
€\ Springer
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Last Multipliers for Riemannian Geometries

Remark 1.4 (i) Letus denote the operator LMS8Z :=d o Z; 'o Tr o V involved in

(ii)

(iii)

@iv)

V)

condition (1.8). It results that L M8 Z has the decomposition:

—1

7o > o B 10m) = @' (m) % oQlon 4 2. 19)

Let us remark that the four operators involved above have different natures:
the middle terms (7'r, Zﬁ_ l) are algebraic while the extremal terms (V, d) are
differential. Two of them (V, Tr) depend on g; only one depends of Z, namely
Zﬁ_ 1, and the last, namely d, concerns with the nature of ambient setting M.
Following the case of weighted divergence for vector fields from [15], we define
the weighted f-divergence of Z as

div;Z = %div(fZ). (1.10)

Then the Liouville equation is div yZ = 0 and the set of last multipliers is a
“measure of how far away” is Z from being f-divergence-free with respect to
g.

In [21, p. 26] or [22, p. 127], it is remarked that the divergence-free character of
Z is equivalent with the harmonicity of the map Z* : (TM, g€) — (T M, %)
where g€ is the complete lift of g to the tangent bundle of M. Hence, if f is a
last multiplier we can say that Z% is f-harmonic with respect to g€.

We can consider a Frolicher-Nijenhuis type approach. For a 1-form w and a
(1, 1)-tensor field F, we can define the F'-differential of w by

dro(, ) =dw(F-,-) —d(Fi()). (1.11)

The condition (1.7) means d (Zﬁ_ ! (divZ)) = 0 and hence the Liouville equation
means in terms of 2-forms:

(dzgldin)(g ) =d(divZ)(ZF., ). (1.12)

The Liouville equation can be completely integrated in the 1-dimensional case:
g = g(x) > 0, Z = Z(x)dx ® dx. Since Z¥(Zy) = %% ® dx, the non-

degeneration of Z means Z # 0. The divergence of Z isdivZ = 1 (%)'dx where
we use the derivative with respect to variable x of M. The operator involved in
(1.7) is Z;l tw e Q' (M) > £o € Q' (M) and hence the formal equation

f(x) = exp (— / z;l(divz)dx) (1.13)

is expressed as

f(x) =exp <—/ % (?) dx) . (1.14)
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162 For example, if Z = g* then a straightforward computation yields: f(x) =
163 C exp(%) with the constant C > 0.

¢ (vi) There exists an orthonormal frame adapted to our setting. Indeed, since VAR

5 165 symmetric i.e., g-self-adjoint
o
=
N 166 g(Z*X,Y) = g(X, Z*Y), (1.15)
o
':'*5 167 there exists such an orthonormal frame and there exists {A{, ..., A,} C C®(M)
< 168 such that ¢; is unit of the eigenvector corresponding to the eigenvalue A;:
160 Zlei = Aie;. (1.16)
170 Let {e!,..., "} c Q' (M) be the dual frame. Then we express the divergence
171 of Z as
172 divZ = Aje/, A; =divZ(e)). (1.17)
173 In order to express the coefficient A j, we introduce the connection coefficients
174 {C {‘j} C C*°(M) of V with respect to the adapted orthonormal frame:
178 Veej = Cliex. (1.18)
176 Hence, a long but straightforward computation gives
n .
177 Aj Zej()"j)_Z(C;j)‘i_Ci]i)‘j)' (119)
i=1
178 It follows an expression of the Jacobi form. Since
179 Z: ek € QUM) — wpret € QL (M), (1.20)
180 we obtain that Z is non-degenerate if and only if all its eigenvalues A; are different
181 to zero and the inverse:
-1 k 1 Dk k 1
182 Z, ke’ € Q' (M) — Ee e Q' (M). (1.21)
183 In conclusion, the Jacobi form of (M, g, Z) expressed in the adapted dual frame
184 is
Aj
185 wy = —e’. (1.22)
Aj
186 Its differential is
A A Aj LA
187 doz=d|=L)rnel + Ldel =¢ | =L ek/\ef——JQIgAek (1.23)
Aj Aj Aj Aj
@ Springer
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188 with 9,'(/ the connection 1-forms of g, [2, p. 2]. But

189 r = Cix€ (1.24)
G
o
e 190 and then
[}
—
S Ag PA ik

dwz =|e;| — | — C/,— A e, 1.25

,s:g 191 wyz |:el ()»k) A A e Ne ( )
<

12 (vil) The 2-tensor field Z being symmetric and non-degenerate can be considered as

193 another Riemannian metric on M. To the pair of Riemannian metrics (g, Z) and
104 the application ¢ : M — M in [9, p. 337], it is associated as a map-Laplacian
105 Ag.z¢ = Trg(V¥%Zdg) (1.26)
196 with g X, Z := ¢! ® ¢*Z the natural bundle metric on T7*M ® ¢~ (T M) and
197 Vg&ﬂzdga the associated map-Hessian of dgo : TM — T M. Hence, with the
198 computation of the cited book on page 338, we get that the divergence of Z can
199 be computed in another way from

: ¢ 1
200 diveZ = (Ag,z1m); + Ed(TrgZ) (1.27)
201 with 1, the identity map of M and T'r, Z the trace of Z with respect to g. The
202 term A, 71y is a vector field along the map 1) and hence is a section in the
203 pull-back bundle IX,IITM = T M i.e., an usual vector field on M; the notation
204 from (1.27) gives its dual 1-form with respect to g. Then f is a last multiplier of
205 Z if and only if:

¢ 1

206 (Ag,fZIM)ﬁ + Ed(fTrgZ) =0. (1.28)

207 Hence we introduce a new type of multiplier:

208 Definition 1.5 Let M be endowed with the Riemannian metrics g, Z, and f €
200 CP(M). We call f as being a conformal harmonic multiplier for Z with respect
20 togifly : (M, g) — (M, fZ) is a harmonic map.

211 It follows that a conformal harmonic multiplier f is also a last multiplier for Z with
212 respect to g if and only if it has the expression %@Z supposing that T're Z # 0.

21z 2 Applications to Some Remarkable 2-Tensor Fields

214 In this section, we provide several examples of above settings. _
215 D Z=g.Letl e Tlli(M ) be the Kronecker endomorphism given locally by 8;.

26 Since Vg? = VI = 0 we have two results: (1) a well-known one: g is divergence-free;
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(2) the triple (M, g, g) is exact modular manifold with zero Jacobi form. Hence we
have the case iii of Theorem 1.3.

Moreover, if Z is a conformal deformation of g, i.e., Z = ug with u € CS’FO(M ),
then the triple (M, g, ug) is an exact modular manifold since Zﬁ_ L %I and its Jacobi
form is wz = d Inu; its modular class is zero. The Liouville equation yields the last
multipliers f = fc = % with C > 0.

(Il) Z = Ric the Ricci tensor field of g. Let us denote Q = Ric?, respectively,
S = Ricy and suppose that Ric is non-degenerate. Denote by R the scalar curvature
of g. The divergence of Ric is given by [27, p. 39]

1
divRic = ~dR 2.1)

and then we introduce the following:

Definition 2.1 If the Ricci tensor is non-degenerate then the Jacobi-Ricci form of
(M, g) is wric := S~'(dR) € Q'(M). The Riemannian manifold (M, g) is called
Ricci-exact (Ricci-closed) modular manifold if wgic s exact (closed). In the second
case, the de Rham cohomology class [wRric] € H L(M) is called the Ricci-modular
class of (M, g).

Hence Ric admits last multipliers with respect to g if and only if (M, g) is a Ricci-
exact modular manifold and if u is a potential for it, i.e. wric = du, then the last
multipliers of Ric have the form

f=fc=Cexp(-3) 2.2)

with C > 0. The Riemannian manifold (M, g) is a Ricci-closed modular manifold if
and only if

ReKer(doS 'od) (2.3)

and the Liouville equation for Ric is
1
dln f = —5®Ric- 2.4

In particular, if R is constant then Ric is divergence-free and the last multipliers of
Ric with respect to g are again the constant functions. Two related tensors are

(a) the Einstein tensor of g, [27, p. 106]: Einstein(g) := Ric — gg which is again
divergence-free and we have a variant of Proposition 3.1 from [21, p. 26]:

Proposition 2.2 For any Riemannian geometry (M,g), the map Q — gg

(TM,g€) — (TM,gC) is harmonic and in particular, the scalar curvature of g
is constant if and only if Q : (TM, g€) — (T M, g) is a harmonic map. Moreover,
if Ric is non-degenerate then the map 1y - (M, g) — (M, Ric) is harmonic.
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(b) the Schouten tensor of g, [27, p. 109], forn > 2: P = ﬁ(ZRic — %g). Its
divergence is div P = ﬁd R.

Let us point out that in [24,25] is considered a tensor field of type Z = Ric + ¢g
with ¢ € C°°(M) and its physical importance.

(IIT) (Chen—Nagano harmonicity) A common generalization of the cases I and I is
provided by the harmonicity in the Chen—Nagano (CN) sense. Recall, after [7], that the
metric Z is CN-harmonic with respect to g if the identity map 15, : (M, g) — (M, Z)
is harmonic. With the discussion of [21, p. 26], this is equivalent with the divergence-

free character of the tensor field: Z — % g. We derive:

Proposition 2.3 Suppose that Z is CH-harmonic with respect to g. Then (M, g, Z)
is a closed modular manifold if and only if

TrZ e Ker(doZ; ' od). (2.5)

In particular, if TrZ is constant (for example Z is traceless) then the last multipliers
of Z are the (positive) constant functions.

A more general case is when T'rZ is an eigenvalue of Zy: Z4(TrZ) = ATrZ with
A # 0. Then the last multipliers of Z have the expression: f = C exp(— Tzrkz ) with
C > 0. The case of traceless operators is discussed in the section 4.

(IV) Fix V € X (M) and consider Z = Ly g where Ly denotes the Lie derivative
with respect to g. Its local expression is

aVy

325~ Vilhy,, Zh=Vi+“Vie. 6

Zij =Viij + Vi, Vap=

The non-degeneration of this Z excludes the case of a Killing V. Let V" be the 1-form
dual of V with respect to g and A the Laplacian of g. The divergence of this Z is
expressed in Lemma 1.10 of [8, p. 6] as

divZ = (A + $)(V") + d(divV). 2.7)

The operator A + S can be considered as a ”Schrodinger” one on 1-forms and hence:

Proposition 2.4 The triple (M, g, Ly g) is a closed modular manifold if and only if
do(Lyg);' [(A+S8)(V")+d(divV)] =0. (2.8)

If V" is a solution of the ”Schridinger-Ricci” equation i.e.,
(A + S)(V?) = —d(divV) (2.9)

then (Cvg)’:I (TM, gC) — (TM, gc) is a harmonic map.
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In a local coordinate system the Schrodinger-Ricci equation is

[~
k §

and if V is divergence-free then it means that V° belongs to the kernel of A 4 S.
(V) Fix u € C°°(M) and consider Z = H (u) the Hessian of u with respect to g.
Its local components are

9%u ¢ ou

Hu)ij = -———

dxigxs  Ugxk’ 210

The class of smooth functions with vanishing Hessian are called linear in [27, p. 283]
and Killing potentials in [11] since their gradient are Killing vector fields. From (2.7)
we obtain

divH (u) = % [(A 4 S)(du) +d(Au)] (2.11)

and then we get, with § : QK(M) — Q¥~1(M) the co-differential induced by g:

Proposition 2.5 For a nonlinear function u, the triple (M, g, H (1)) is a closed mod-
ular manifold if and only if

d o (H(wu); " [(2ds + 8)(du)] = 0. (2.12)
If u is a solution of the "exact Schrodinger-Ricci” equation i.e.,
(2ds + S)(du) =0 (2.13)

then Hw)* : (TM, gc) — (TM, gc) is a harmonic map.

A combination of this application and II) consists in the Bakry-Emery Ricci tensor
Ric, := Ric + H (u) (2.14)
expressing the equation of gradient Ricci solitons and having the divergence
divRic, = % [(A+ S)(du) +d(R+ Au)]. (2.15)
This tensor field is divergence-free if and only if
(2dé + S)(du) = —dR (2.16)

and we will meet again in the following section. We finish this application with a
generalization of Ricci solitons:
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Definition 2.6 On the Riemannian manifold (M, g) endowed with Z € T20 (M) the
pair (u, 1) is a Z-gradient soliton if '

Hw) + Z + g = 0. 2.17)

(VD) Let n € Q'(M) and & € X(M) its g-dual. Consider Z = n ® n and its
(1, 1)-version Zﬁ(Zu) =1n®&. Then VZ! = Vi ® £ + n ® VE which yields

divZ = (divé)n + Ven. (2.18)

Since Z; : w € QY M) — w(E)n € Q1 (M), it results that condition (1.7) requires
(div&)n + Ven be a multiple of 5. The first term is already a multiple of 1, hence we
need the hypothesis

Ven = un (2.19)

fora givenu € C°° (M), which can be called the & -recurrence of n since is a particular
case of the recurrence Vi = un ® n. Then

Zﬁ_1 :divZ — wy € QI(M), wz (&) =divE +u (2.20)
and we derive:

Proposition 2.7 Let Z = n ® n be non-degenerate with n being & -recurrent with the
factor u € C°°(M). Suppose there exists wz € QY (M) such that

wz (&) = divé + u. (2.21)

Then Z admits last multipliers if and only if wz is an exact 1-form and the correspond-
ing Liouville equation is dIn f = —wz.

Hence, the Jacobi form of this example is exactly wz satisfying (2.21) and the
recurrence (2.19) can be expressed as Ve& = u&. An important particular case is
that of a geodesic vector field, Ve& = 0, for which its Jacobi form must satisfies
wz(§) = divs.

(VI Let A, B € X(M) and a, b € Q' (M) their g-dual. It is well-known that A
and B define the skew-symmetric operator: A Ag B : X € X(M) — g(A, X)B —
g(B, X)A € X(M). For example, (M, g) has constant curvature k if and only if its
curvature tensor Riem satisfies ([27, p. 84]) Riem(X,Y) = —kX Ay Y for all vector
fields X, Y.

The same vector fields define also a symmetric operator Z% = %(A ®b+a®B):
XeXWM) — %[g(A, X)B + g(B, X)A] € X(M), and hence we can consider its
(0, 2)-variant: Z = }(a®b+b®a). If locally we have A = A’ =%, B = B/ -L then

Zij = %(AiBj + A;B;). Its variant on 1-forms is Z; : w € QL) — %[a)(A)b +
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w(B)a] € Q1(M) and then ne QM) belongs to the domain of Z;l if and only if is
C®°(M)-combination of a and b. A straightforward computation gives the divergence:

1
divZ = S[Vab+ Vga + (divA)b + (divB)al. (2.22)

For a = b we reobtain the application VI.

(VIII) Suppose that M is a hypersurface in N"*! and let g be its first fundamental
form and Z = b its second fundamental form. Let A be the Weingarten (or shape)
operator of M and suppose that A is invertible. The divergence of b with respect to g is

divb =d(TrA) =ndH (2.23)
with H the mean curvature. The condition (1.7) becomes
H e Ker(do Aﬁ_l od). (2.24)
Hence we define the Jacobi-shape form of the hypersurface M as
wy = A; ' (dH) (2.25)
while the Liouville equation is
dln f = —noy. (2.26)

In conclusion, the CMC hypersurfaces admit as last multipliers the positive con-
stant functions. For a general hypersurface let {eq, ..., e,} its principal directions and
{X1, ..., A,} its principal curvatures. As in item vi) of Remarks 1.4 we obtain the
Jacobi-shape form of M:

n

o= eii—'_q)e" (2.27)
i=1 !

for H =4 3"_ 4.

(IX) A generalization of the previous application concerns with smooth maps. Let
¢ : (M,g) — (N,h) be a smooth map between Riemannian manifolds and let
Z = ¢*h be the first fundamental form of ¢. With the formula (1.28) we get that
f € C(M) is alast multiplier for ¢*h with respect to g if and only if

(Mg roenlan)f + %d(fudcpn;gw*h) = 0. (2.28)

(X) Suppose that (M, g) supports a Riemannian (static) continuum body charac-
terized by i) the mass density p € C®(M); ii) the mass force F € QY(M). It is
well known that the behavior of this continuous deformable medium is described by
the stress tensor ¢ € 72(,)‘; (M) of Cauchy, see [23]. Hence, the equation of motion is
described by the first Cauchy law of equilibrium

@ Springer

a Journal: 12220 Article No.: 9775 [ TYPESET [__] DISK [_JLE [__] CP Disp.:2017/2/10 Pages: 26 Layout: Small-X




S
o
o
il
[a W
-
o
=
+—
=
<

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

Last Multipliers for Riemannian Geometries

dive + pF =0 (2.29)

and we suppose that the stress tensor is non-degenerate. It follows the Jacobi form of
this body:

we = —0 N (pF). (2.30)

3 Examples of Jacobi-Ricci Forms

In this section, we discuss some explicit examples with computable Jacobi-Ricci form.

3.1 Rotationally Symmetric Metrics

Following [27, p. 118] we consider a general rotationally symmetric metric
g =dr* 4 p*(ryds?_, (3.1)
with ds,%_1 the canonical metric of $”1. Its scalar curvature is [27, p-121]

1—p
p*

R=—2(n— 1)% + (-1 —2) (3.2)

and then we are interested in the behavior of Q on 3% and from the same citation:

O\_ _n_pnPll
Q(a—r)_ (=17 (3.3)

Hence for n = 2 we suppose that % # 0 and its Jacobi-Ricci form is

2
wric = dIn (%) (3.4)

which yields the following:

Proposition 3.1 A 2D rotationally symmetric metric (3.1) with p # 0 admits last
multipliers having the expression

2
f=fcn=C (%) (3.3)
with C > 0.
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For n > 3 we obtain the Jacobi-Ricci form

ey 2 .. .
2 —-1) -
wRic:dln(ﬁ) t@omPP= Db
P PP

dr (3.6)

and then (M, g) is a Ricci-exact (Ricci-closed) modular manifold if and only if the

1-form [% — %] dr is an exact (closed) form.

3.2 Quasi-Constant Curvature Manifolds

As in application VI let a unit form n € Q'(M) and & = n* € X (M) its g-dual. The
triple (M, g, &) with n = dimM > 3 is called quasi-constant curvature manifold if
there exists a, b € C°° (M) such that the curvature tensor field is ([S, p. 237])

RX,Y)=aX Ang Y +b[n(X)Y’ = n(¥)X"] & + b[n(Y)X — n(X)Y1n (3.7)

with X” the g-dual form of X; we denote M ;’ (&) this manifold. It follows the Ricci
tensor field

S=[n—-—Da+bll+(n—-2)bnR & (3.8)
and the scalar curvature
R = — 1)(na+2b). (3.9

In order to obtain a computable Jacobi-Ricci form, we introduce the following type
of M Z »(&):
Definition 3.2 The quasi-constant curvature manifold is called special if

(i) itis regular ([S, p. 238]): a + b # 0; and
(ii) da and db are parallel with 7 i.e., there exists non-zero o, 8 € C°°(M) such
that

==""= (3.10)

We derive immediately the following:

Proposition 3.3 The Jacobi-Ricci form of a special M ;’ »(&) is the closed 1-form

no + 28
a+b 7

WRic =

1
= d 2b). 3.11
> (na +2b) (3.11)

In conclusion, a special M ;’ »(&) is a closed modular manifold. In the particular case
a = b > 0, we have that the special M;; ,(§) is an exact modular manifold with

WRic = #d In a and its last multipliers have the form f = fc = % with C > 0.
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3.3 Quasi-Einstein Manifolds

Inspired by (3.8) the triple (M", g, £) as above is called quasi-Einstein manifold exists
a, b € C*(M) such that the Ricci tensor field is

S=al +bnQE. (3.12)

The given quasi-Einstein is called special if the conditions of definition 3.2 holds; the
notion of regular quasi-Einstein manifold was introduced in [14, p. 363].
Since the scalar curvature of a quasi-Einstein manifold is R = na + b it follows:

Proposition 3.4 The Jacobi-Ricci form of a special quasi-Einstein M;” »(&) is the
closed 1-form

no+ 1
e = = d b). 3.13
WRic a+bn axb (na +b) (3.13)

In conclusion, a special quasi-Einstein M}, , (&) is a closed modular manifold. In the
particular case a = b > 0, we have that the special quasi-Einstein M} ,(§) is an
exact modular manifold with wgic = %d In a and its last multipliers have the form

f=fc=SwithC > 0.

3.4 Ricci solitons

The vector field V of application IV) is a generator of a Ricci soliton on (M, g) if
there exists a scalar A such that ([14, p. 362])

Lyvg+2Ric+2rg = 0. (3.14)
Then (Lyg)y = —2(S + A1) and tracing (3.14) we obtain the divergence of V
divV = —R — An. (3.15)

The Lemma 1.10 of [8, p. 6] states that yb belongs to the kernel of A + S and then the
Schrodinger—Ricci equation (2.9) admits V° as solution if and only if V is divergence-
free or equivalently R is constant:

Proposition 3.5 Let (M, g, V, L) be a Ricci soliton with constant scalar curvature
and non-degenerate Ricci tensor. Then wgic = 0 and the maps Q and (ﬁvg)ti :
(TM,g¢) — (TM, g) are harmonic. More generally, if the given data are an
almost Ricci soliton i.e., A is a smooth function then the second harmonicity holds if
and only if the function R + nX is a constant.

For the gradient Ricci solitons, V = Vu, the formula (1.27) of [8, p. 8] (which is
the same with (1.31) of page 9) states that
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1
S(du) = EdR (3.16)
and then the following:
Proposition 3.6 The Jacobi-Ricci form of a gradient Ricci soliton (M, g, u, \) is
wRic = d(2u) (3.17)

and then (M, g) is a Ricci-exact modular manifold with the last multipliers of Ric
having the form

f = fc = Cexp(—u). (3.18)
For the example of Gaussian soliton (M, g) = (R", can), we have u(x) = —% llx|%
which yields fc(x) = Ce3 I with | - || the Euclidean n-norm and arbitrary scalar

A. Let us remark that the proper setting for the data (M, g, u) of this paper is the
smooth metric measure space (M, g, exp(—u)dg) with du, the canonical volume
form (measure) induced by g; another usual name is that of weighted manifold conform
[15,16]. It follows that for a gradient Ricci soliton its associated metric measure space
has the volume form

W= exp(—wdpg = fdpg (3.19)

with f] the (unit) last multiplier of Ric from (3.18) and the Bakry-Emery Ricci tensor
(2.14) is self-adjoint with respect to the L?-inner product of functions using this
measure. Also, the diffusion operator of this space, called weighted Laplacian

Ay =e'divie ™ V) = A —g(Vu, V), (3.20)
can be expressed in terms of last multipliers and weighted divergence (1.10) as

ALF = fidiv(fIVF) =div, (VF) (3.21)
1

for any smooth function F' on M. For the example of a closed M, the Perelman’s
energy functional is [8, p. 191]

F(g, u) ;:/ (R+ | Vull3)e ™ dpug (3.22)
M

which

(a) in terms of last multipliers it becomes

Flg,u) = /M(R I 1) fidg (3.23)
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(b) can be generalized to arbitrary Z-solitons (2.17) through
F(g, Z,u) = /M(Trgz+ IVull3)e™ . (3.24)

Returning to the general case of proposition 3.5, let us remark that for a constant
scalar curvature the tensor field (Ly ) is zero in the steady situation: A = 0. Indeed,
with the Lemma 1.11 of [8, p. 6] we have

AR + 2|Ric|?> = V(R) — 2AR (3.25)
and hence a constant R yields
S(du) =0, |Ric|®> = —AR (3.26)

which means that du is a zero of S and if AR # 0 then R and A have opposite sign;
let us point out that this fact holds for a general (i.e., with R not a constant) shrinking
(A < 0) closed Ricci soliton from Proposition 1.13 of [8, p. 7]. For A = 0, it results
Ric = 0i.e., (M, g) is Ricci-flat and the definition (3.14) gives that V is a Killing
vector field.

In [4], it is proved that compact almost Ricci solitons with constant scalar curvature
are gradient. Non-steady gradient Ricci solitons with constant scalar curvature are
studied in [19] where a main consequence of the constancy of R is the fact that the
potential function u is an isoparametric one meaning that its level sets are parallel
hypersurfaces of constant principal curvatures and hence constant mean curvature.
Then the last multipliers (3.18) of Ric are also isoparametric functions.

The general case (not necessary compact or gradient) of non-steady Ricci solitons
with constant scalar curvature R on complete Riemannian geometries can be described
with the classification provided by Theorem 8.2 of [2, p. 463]:

(I expanding (A > 0). We have —nA < R <0 and
(I1) if R = —nA then V is Killing vector field and (M, g) is Einstein,
(I2) if R = 0 then V is a homothetic vector field and (M, g) is Ricci-flat.
I) shrinking (A < 0). We have 0 < R < —nX and
(I11) if R = 0 then V is a homothetic vector field and (M, g) is flat,
(I12) if R = —nA then V is Killing vector field and (M, g) is a compact Einstein
manifold.

It follows that a proper (Ly g)¥, i.e., not a constant multiple of Kronecker tensor, is
attained for possible intermediary values R € (—nA, 0),respectively, R € (0, —ni).In
the gradient case, from Theorem 1 of [19], it results that only the intermediary discrete
values are possible: R € {—(n — )X, ..., —\}, respectively, R € {—2A, ..., —(n —
1)A} which excludes the dimension n = 2 and fixes the value R = —2 for dimension
n = 3 in the shrinking case; from (3.15) it results that the Laplacian of u is constant.
Also, from Theorem 2 of the cited paper, the complete non-steady gradient Ricci
solitons with non-degenerate Ricci tensor having the constant rank »n are rigid which
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means that (M, g) is isometric to N X R¥ where N is Einstein, R¥ has the Gaussian
soliton structure and I" acts freely on N and by orthogonal transformations on R¥.

Concerning the level sets S : u = ¢ € R of the potential function u of a gradient
Ricci soliton (with non-constant R) let us remark from (3.18) that these coincide
with the level sets Sgi,(. of the last multiplier fc. Also, from (3.16) and the non-
degeneration of S, it results that the level sets of u coincide with the level sets of R.
Let I I be the second fundamental form of S supposing that u is strictly convex. With
the computations of [10] we have

~1 lil
Il = -H, = ———H, (3.27)
T Vullg T dIn fillg "

which becomes for our setting:

2
Il = (Ric + 1g). (3.28)
”wRiC“g

3.5 Spheres

Let S" (r) be the n-dimensional sphere with its canonical metric g of constant curvature
c= %2 It is well known that its Laplacian spectrum has the first positive eigenvalue
A1 = n with the multiplicity n and eigenvectors u € C°(S"(r)) called first-order
spherical harmonics. These functions appear in the Obata characterization of the
Euclidean sphere.

So, for a first spherical harmonic # we have

u -1 r2
Hu)=—-—>g, Hw, =-—I (3.29)
r u
and
d
Au=—2u, divHw) = -5 (3.30)
r r
It follows the Jacobi form associated to H (u)
—1,4: du
oHw = Hu), (divH (u)) = = d(Inu) (3.31)

and then (8" (r), g, H(u)) is an exact-modular manifolds with the last multipliers for
H (1) having the form

(3.32)
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4 Conformal and Curvature Deformations

Returning to the general setting let u € C{°(M) be fixed. The aim of this section is to
compare the Jacobi form of the triples (M, g, Z) and (M, g := ug, Z). Let us remark
that the (1, 1)-version of Z with respect to g is Z; = %Zt and hence Zﬁ_l = uZu_I.

With the well-known formula for the difference between the Levi-Civita connection
of g and g ([27, p. 156]), we derive

2(divgZ — divgZ) = nZ:(dInu) — (TrZ*)dInu 4.1)

where TrZ? is the trace of Z*; in a local chart we have TrZ* = ", Z!. Then the
tilde Jacobi form @z = Z;l(di\/g,Z) is

w7 = uwy + %[ndu — (TrZu)Zﬁ_l(du)] 4.2)

which yields the following:

Proposition 4.1 Suppose that Z € Tz(,)s (M) is non-degenerate and traceless.

i. If(M, g, Z) is a closed modular manifold and du is parallel to wz, i.e., du Awz =
0, then (M, g, Z) is also a closed modular manifold.
ii. In particular, suppose that (M, g, Z) is an exact modular manifold with the poten-

tialu. Then (M, g, Z) is also an exact modular manifold with the potential ”2#

Let us remark that the subspace 7—2(,)s,t M) c 7'2(?‘? (M) of traceless tensors appears
naturally in our study. Indeed, it is well known that pointwise we have that Tz(,)s (M)
splits into O (T, M )-irreducible subspaces as ’Tfs M) = 7'2(,)& (M) ®Rg; in the words
of [27, p. 110]: the homotheties and traceless matrices are perpendicular.

In the second part of this section, we study the case of curvature deformation. Recall
that g yields the curvature operator:

RS 1 T (M)~ T (M), Z=(Zij)— R%(Z)=(R*(2)ij:=RiapjZ°"). (4.3)
The symmetries of the (0, 4)-curvature tensor field Riem = (R;ji) guarantee that
this operator is proper defined; remark also that RS is a g-self-adjoint operator on

T9,(M).
For a fixed Z, the (1, 1)-variant of its curvature transformation R8(Z) is

RE(Z)% = M R8(2)ij = "' Rivej 2" = g" Rjpei 2 = R, 27 (4.4)
and then
RE(Z)fy; = Rijpey 27 + R Zjf. 4.5)
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It follows the j-component of divergence of the curvature transformation:

n
[divRS(2)]; = D [R%y;, 27 + REy ZPF1. (4.6)
i=1

With the second Bianchi identity ([2, p. 17]) it follows that
n
> Ripei = Rjes = Ripie 4.7
i=1

and due to the symmetry of Z we have

n
[divRS(2)]; = Y R, Zf¢ (4.8)
i=1

which means globally
[divRé(Z)](X) = Trace [(U, V) — g(R(X,U)V, (VZ)(U, V))] (4.9)
with Z = (Z7b) the contravariant version of Z.

5 Curvature Last Multipliers and the General Case of Tensors

Itis well known that the divergence of the Riemannian curvature tensor is ([27, p. 104])
(divRiem)(X, Y, Z) = (VxRic)(Y, Z) — (VyRic)(X, Z) 5.1

for any vector fields X, Y, and Z. We introduce a new class of last multipliers:

Definition 5.1 The function f € C3°(M) is called curvature last multiplier for g if
f Riem is divergence-free or, in other words, the tensor field f Riem is conservative
or (M, g) has harmonic curvature.

A direct computation gives
div(fRiem)(X, Y, Z) = f(divRiem)(X, Y, Z) + R(X, Y)Z(f) (5.2)

and then f is a curvature last multiplier if and only if the following Liouville equation
holds for any X, Y and Z:

Riem(X, Y)Z(In f) = (VyRic)(X, Z) — (VxRic)(Y, Z). (5.3)

In particular, if Ric is a Codazzi tensor i.e., the right-hand side of (5.3) is zero then
f is a first integral of the curvature: Riem(X, Y)Z(f) = 0 for all X, Y, and Z; this
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equation appears for a problem concerning the vertical lift of a Killing potential in
Proposition 11 of [11, p. 175]. For example, if (M, g) is a space-form M i.e., it has
the constant curvature ¢ then the only functions satisfying the last equations are the
constants.

At this moment, we have discussed the last multipliers f of three types of tensor
fields:

(1) vector field X € 761 (M); the Liouville equation of f is ([12, p. 458])
X(n f) = —divX (5.4)
which means
d(ln f)o X = —divX. (5.5)

(2) endomorphism F € ’Tl] (M); the Liouville equation is the contravariant version
of (1.5)

d(n f) o F = —divF (5.6)

and for a non-degenerate F one have the Jacobi form: wp := divF o F~1,
(3) curvature Riem € 7;1 (M); again the Liouville equation (5.3) reads as

d(In f) o Riem = —divRiem. 5.7

Concerning the gradient vector fields X = Vu and complete metrics g with Theo-
rem 2.18 from [2, p. 126], we have that any nonnegative and div y-superharmonic
ue C2(M)yN LY M, fdV,) is constant if (M, g) is div /| gradients-stochastically
complete.

These cases yield the following general definition:

Definition 5.2 Let7T € ’];{1 (M, g)befixedand f € C°(M). fiscalled last multiplier
of T with respect to g if the Liouville equation holds

d(n f)oT = —div,T, (5.8)

which means the vanishing of the drift (or drifting) divergence: divyT = %div( fT).
The both members of Liouville equation belongs to ’Z;(O (M) and following the terms

of item ii) of Remarks 1.4 we say that T is f-divergence-free with respect to g or f-

conservative with respect to g. If f1 and f> are two last multipliers it follows that the
image of T is a subspace in the annihilator of the exact 1-form d(In %).

For example let « € QX(M) and T = Va € ’Z;grl(M, g) ~, TM(M,g). The
Weitzenbock formula is ([29, p. 303])

Aa = —divT + p(a) (5.9)
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and then the Liouville equation for T is
d(In f) o (Vo) = Aa — p(@). (5.10)

In particular, for a harmonic k-form we have d(In f) o (V&) = —p(«).

6 Last Multipliers with Respect to Dirichlet Forms
Returning to equation (5.5) if X = Vu then we get the relation (3.2) of [12, p. 462]:
g(Vu,V(n f)) = —Au. 6.1)
This relation permits to define last multipliers in the setting of Dirichlet forms.
More precisely, let M be a connected locally compact separable space and let & be
a positive Radon measure on M. Fix £ a regular and strongly local Dirichlet form on
M with domain D C L2(M ,dp) i.e., £ is a positive, symmetric, closed bilinear form

on LZ(M, u) such that unit contractions operate on &, [20]. This form £ admits an
energy measure I' such that

5(u,v)=/ dl'(u, v) (6.2)
M

for u,v € D. Let also A be the self-adjoint operator uniquely associated with the
Dirichlet space (M, £, L>(M, du))

Em,v) = (Au, v) := / (—Au)vdu (6.3)
M

for u € D(A) = D and v € D. The well-known example is that of Riemannian
manifolds (M, g) where

dl(u,v) = g(Vu, Vv)dug, A=A (6.4)

with du, the Riemannian measure. Hence (6.1) can be written as

Eg(u, 1) =/ (—Au)dug =/ dl'(u,In f) = Eg(u, In f). (6.5)
M M

We arrive at the following general definition:

Definition 6.1 Let the Dirichlet space (M, £, L>(M, du)) and u € D. The positive
m € D is called a last multiplier for u if

Ew, 1) =Eu,m). (6.6)
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For an arbitrary v € D the previous relation becomes

8(u,v)=/ vdI (u, m) 6.7)
M

while the linearity of £ gives the following form of (6.6) which we call Liouville
equation for u

Ewu,m—1)=0. (6.8)

If £ possesses the local property then the hypothesis supplu] N supp[m — 1] = @
implies (6.8) where, as usual, supp[u] denotes the support of the measure u - 1.

Example 6.2 As in example 1 of [28, p. 57] on the manifold M let us consider a
measure p with positive smooth density with respect to the Lebesgue measure on
each local chart. Fix also the smooth vector fields {X1, ..., X} and we define the
operator

-
Fu,v) =) Xi)Xi(v) (6.9)
i=1
and & through (6.2). Hence m € C°(M) is a last multiplier for a fixed u if and only
if
-
> Xi)Xi(m) =0. (6.10)
i=1

For example, if all X; admit a common first integral m then m is an “universal last
multiplier” i.e., last multiplier for all u. O

A main source of Dirichlet forms is provided by symmetric Markov diffusion
semigroups as it is pointed out in [3]. Fix now a symmetric Markov semigroup P =
(Py)r=0 with the infinitesimal generator given by

1
Lf :=1lim — (P, —f). 6.11
f t{r(l)t(t(f) )] (6.11)
The associated Bakry-Emery carré du champ is

1
L(f. 8) =5 (L(f8) — gLf — fLg) (6.12)

and we recall the Definition 1.11.1 of [3, p. 43]:

Definition 6.3 L is a diffusion operator if
Ly (f) =¥ (HLF +¥"(OTS ) (6.13)
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for every i : R — R of class at least C? and every suitable smooth function f.

The more used example of symmetric Markov diffusion semigroups is provided by
a Riemannian manifold (M, g) with L being the Laplacian A = A, and I'g (1, v) =
g(Vu, Vv). Remark hence that the Eq. (6.1) reads

0= fAu+gVu,Vf)= fLu+T(u, f) (6.14)

and then we arrive at the following notion of last multiplier:

Definition 6.4 Let SM DS = (P, L, I') be a symmetric Markov diffusion semigroup
and a fixed u. Then f is a last multiplier for u with respect to SM DS if

fLu+T(u, f)=0. (6.15)
which we call the Liouville equation for u.

Fix now a function ¢ : R — R as in Definition 6.3 and search for f as being ¥ (u):

Proposition 6.5 Let ¥ = f Y be the antiderivative of . Then f = ¥ (u) is a last
multiplier of u with respect to the given SMDS if and only if V(u) is L-harmonic:
LY (u) =0.
Proof The diffusion property (6.12) yields for our f as follows:

LV (u) = fLu+ ¢ )T (u, u), (6.16)
while the relation (1.11.5) of [3, p. 44] gives the chain rule

Y @) (u, u) =T, ¥(u) = f). (6.17)

Hence the Liouville expression becomes
fLu+T(u, f) = LY (u), (6.18)
and we have the conclusion. O
Remark 6.6 In Proposition 3.1 of [12, p. 463], we obtain that in a Riemannian geom-
etry (M, g) a given function u is last multiplier for its gradient V,u if and only if u®

is a harmonic function. It follows that this example is provided by the last proposition
with i being the identity function.
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