Tema 5. Ecuatii liniare si ecuatii Bernoulli

§1. Ecuatii diferentiale liniare de ordinul intai

Ecuatia liniara
' = a(t)x +b(t),

cu a = a(t) si b= 0b(t) functii continue, se rezolva cu formula

x = el @0 <C + /efa(t)dtb(t)dt),

unde prin [ -dt intelegem o singurd primitivd a functiei integrate.

Exercitiul 1.1. Sa se integreze ecuatia
/ 2 3
xr = —;x +t7, t>0.

Rezolvare. Avem o ecuatie liniara cu

2 2 1 1
at) === = [a@)dt = — | Zdt = —2Int — /9O =z —
t t 2
si
6
b(t) =3 — /e_f“(t)dtb(t)dt = /t2 3dt = %.
Obtinem
1 £ c 1
x = el @V (C + /e_f“(t)dtb(t)dt) = (C + E) =5+ 6t4'

Verificare: calculam membrul stang al ecuatiei
c 1,\' 20 4
"=+t ="+ f°
() (t2+6) 7 6

si membrul drept

2 2/C 1 2C 4
—Crt)+ =S+t = -+ =
)+ t<t2+6)+ R
si observam ca sunt egali.

Exercitiul 1.2. Integrati urmatoarele ecuatii diferentiale liniare $i comparati
solutia gasita cu cea indicata

a) *' = xtgt + cost, r = (C+ it + 1sin2t);
b) 2’ =2tx +t— 13, z=Ce” + %tz;
¢) o' = —ax + bePt r=Ce "+ e, atp#0;



d) o' z = Ct2et + 12
e)tx’—H—lac—t—l—l—O r=(C+ 1 +1);
f) 2'tgt —x = a, x = Csint — a;
g) (1+ )2 —2tw = (1 +?)?, r=(1+t*)(C +1);
h) (1 -tz +tx —a=0, r=CV1—1+at;
i) (2 —1)2dx + (* + 3ta /2 — 1)dt = 0 r= (2 —1)72(C - 1);
7) \/mdx+(t+x—\/m)dtzo,
xr = 2+t (C+a In(t + Va2 +12));
k) 242t —1a' —(t+Dax=t—1, r=CVE2+2t— 1+t
) thntz' =z +t3(3Int — 1), r=Clnt+t%
m) (a® — t*)2' + tz = a?, r=+a?— 120+t
n) t(t* + 1)’ + (263 — 1)z — 52 =0, r=Czg+ 4
0) ' = hr + (t+1)"e” r=(t+1)"(C+¢e);
p) (2 t—l)w’=2x+1;{“, r=(2t—-1)C+1
r) (32 —2t)x' = (6t — 2)z — 2(9t — 4), r = (3t = 2t)C + %,
Exercitiul 1.3. Rezolvati urmatoarele probleme Cauchy:
a) to' +x =€’ x(a) =D, Solufie : x = 7(ab— e* —€);
b) o' = r+ 1+t z(0)=0, x:\/%-%(tm+arcsint);
¢) @' =tgtez+ —, z(0)=0, xr =t/ cost;
d) tr' =nx+t"nt, z(1) =0, x:t”(}l—§+§lnt);
e) tr' = nx +t"et, x(1) =1, r=1t"(e" —e+1);
f) @’ + xcost =sintcost, x(0)=1, x=2e " fgint — 1;
9) ¥’ = Zpr+2t+2, x(0)=-3, =342 - 21);
h) to' + (262 — Dz =202 — 1, x(1)=1—1/e, x=Cte ™ +1;
i) o =2x —t% x(0) =1/4, = 1(2t2 + 2t + 1);

Exercitiul 1.4 Integrati urmatoarele ecuatii diferentiale prin trecere la ecuatia
functiei inverse, t = t(z):

a) (x? — 6t)x’ + 22 =0, Solutie : t = Cx® + 2%/2;



b) (t —2tx —z*)x’ + 2* =0, t = Caer + a2
¢) #'(tcosx +sin2z) —1=0, z(-2)=m, t=Ce™* — 2sinz — 2;
e) (2t —a?)r' =z, t =2*(C —Inx);

3
)

)

) @

) )
f) @@ —t) -2 =0, t=21C+2)
g) e*dt + (te* — 2x)dx = 0, t=e(C+2?);
h) x(1+ a?)dt — (t + ta* + 2*)dzx = 0, = z(C + arctg x);
i) 2(1+2)2dt — (t + ta? + 2?)dx = 0, t:cxe%+g;

§2. Ecuatii Bernoulli
Ecuatia de forma
' =a(t)x + b(t)z*, = >0, (E.Bernoulli)
cu a # 1, se reduce la o ecuatie liniara daca impartim la z®
v = a(t)z' ™ + b(t)

si notam
y = xl—a'

Avem
y = (1—a)z %

si ecuatia devine
Yy =(1—a)alt)y + (1 — a)b(t).

Exercitiul 2.1. Sa se integreze ecuatia

4
x’:¥x+t\/5, t>0, >0,

Rezolvare. Avem o ecuatie Bernoulli cu a = % Impartim cu /z si obtinem

¥ 4
=z +t,
NS t\/_
notam y =/, avem y' = 5 \f, deci ecuatia devine

2t
y=397y

Avem o ecuatie liniara cu

2
at):¥—>/a(t) / Zdt = 21Int — el oWt — I _ 42

3



si

t t 1
b(t) =5 = / e~ Jabdty(yar = / 5 t—th 5t

Obtinem

y = el ot (C’ + /ef“(t)dtb(t)dt> =t <C + %ln t)

si inversand substitutia

y=+vz & x=19°

obtinem solutia generala a ecuatiei initiale

:#@+1

5 Int)%

Exercitiul 2.2. Integrali urmatoarele ecuatii Bernoulli si comparati solutia

gasita cu cea indicata

a) x’' = é:c—l—t\/i z=t4C+ 3 Int)%
b) o — ta? zt(C +1t) =1,
) 2trr’ —x? +t=0 22 =t(C + Int);
d) 3tr’ —z(1+tsint — 3x3sint) =0 23(3 4 Ce>t) =t;
e) 7' + 2z = elx? z(Ce? +e') =1,
f) 7' = s+ 55 2?2 =12 —1(C+ V2 - 1);
g) @ = ztgt+ xcost r73 = cos® t(C — 3tgt);
h) trdr = (2* + t)dt z? = Ct* — 2t;
i) tr’s’ =t* + 2° 3 = Ct3 — 3%
J) \/md:p—l—(t—i—x—\/m)dt—O

T = a2+t (C + a?In(t + Va® + £2));
k) z" Y ax' + )=t na" = Ce™'a +nt + a;
) ta' + 2 =tax’Int xzm;

m) 2z’ + 2t3x = 2%(1 + 2t?) L= e + 1

n) (1+t%)a' =tz + 222 e = 7 (C = stVEP + 1+ It + V2 +1));
0) (t* + 2ta®)dt + (2* + 3t*a?)dx = 0 3+ 322 + 2% = C

Exercitiul 2.3. Rezolvati urmatoarele probleme Cauchy si reperezentati

grafic solutiile gasite, definite pe domeniul lor maxim de definitie:

a) ' = F=r+t/x, x(0)=13, t e (-1,1), z>0;
b) o =2tz +2t32% x(0) =1, = > 0;
¢) 3x%' + 23+t =0, (0) = V2, v >0;



