Tutorial 14. Integrale reductibile la integrale
rationale

Orice integrala de forma
/ R(x,Vax? + bx + c) dx,

cu R(u,v) o functie rationala, este reductibila la o integrala rationala prin (cel
putin) una din urmatoarele substitutii implicite:

Cazul I, dacd a > 0. Var?+ bz +c= +/ax +t;

Cazul I, dacd A > 0. +/a(z —a)(z — 8) = £(x — a)t;

Cazul III, dacd ¢ > 0. Vaa? + bz + ¢ = £/c £ tz;

In aceste substitutii semnele + se aleg astfel incat pe intervalele care se lu-
creaza substitutia sa fie inversabila, deoarece se aplica metoda a doua de schim-
bare de variabila.

Formal, metoda consta in urmatorii pasi:

Pasul 1. Explicitam din substitutia aleasa pe = ca functie de t, x = X (¢);
Pasul 2. Calculam dz = X'(t)dt;
Pasul 3. Calculam radicalul ca functie de t, vaz? + bx + ¢ = S(t);

Pasul 4. Inlocuim in integrala initiala si obtinem o integrala rationala in ¢
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Pasul 5. Calculam integrala in ¢, eventual prin descompunere in fractii
simple (dupa scoaterea intregilor din fractie)
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Pasul 6. Inversam substitutia x = X(t) <t = T(z) si revenim in integrala
initiala:

/R Vaz? + bz + ¢)dx = F(T(x)) + C.

Exemplul 1.

1
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Aplicam cazul I, avem a = 1 > 0, alegem semnele astfel

Va?+2r+2=—x+t.



Dupa ridicare la patrat si alte cateva calcule, obtinem
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Integrala initiala devine
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Dupa descompunerea in fractii simple avem
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si inlocuind cu

t=x+ Va2 +2r+2

obtinem
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Exemplul 2.
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Aplicdm cazul IT, A = 9 > 0, avem 7z — 10 — 22 = (z — 2)(5 — z) i efectudm

substitutia
Vi —=2)(5—-2)=(z —2)t.

Dupa ridicare la patrat gi simplificare cu (z — 2) obtinem
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Integrala devine
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avem 1n final

Exemplul 3.
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Aplicam cazul III, ¢ = 1 > 0, utilizam substitutia
Vi+z—22=1—tx.
Dupa ridicare la patrat si simplificare prin z, gasim
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/(#dt = 2arctg (t+1) + C.
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